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Abstract

This paper deals with a constrained 1.Q problem and gives

suf-

ficient and necessary condition for its solubility. The form of the optimal

synthesis function is presented, Also, the sufficient condition for the op-

timal closed—loop system to be globally asymptotically stable is given, The

results have been satisfactorily applied to control the temperature of

vinylon solution in a vinylon fibre mill, achieving thegiven temperature of

vinylon solution rapidly without overshoot and oscillation,

§ 1, Introduction

‘Let us consider a single —input 1.Q problem with the control variable

being constrained,
x = Ax + bu,
7[u]=—;[ (x"Qx +ru*1dt,
A 0

lul <M,

where x E‘R"’ AGR"K"’ bER"“, HERI; ]V[>09 >0, O=CIC

nonnegative definite symmetric matrix,
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It is known that when there is no constraint on the scalar con-
trol u in (1,1) and (1,2), under certain conditinos, for example, (A,b)
is completely 'cdﬁv{'r'o‘l-l'able‘ and (A, ©) 'i;'égéomplete"ly observable, the
optimal synthesis function #*(x) of (1,1) and (1,2) has the following
{orm, PRI AIDOD

"t(*(x) = —-')"1bTP"f,\’, . (1.,4)

where P* is the unidﬁﬁ- 'pos-iii\;e’ defin{te":.s;y.mmetric solution matrix
of the Riccati matrix equation;

PA+ ATP+0Q—1r"'Php*P=0,., (1,5)

Moreover, the optimal closed—loop system

= (A= b P (1.6)
is globally asymptotically stable {13,

In some engineering problems, such as in the temperature control
of vinylon solution, the amplitude of the control variable is bounded.
Generally speaking, the restriction on the control variable u may be
characterized by (1,3). So it is interesting to discuss the following
problems. whether an optimal control exists when there is a constra-
int on the control variable in (1,1) and (1,2)? What about the sta-
“bility of the corresponding optimal closed = loop system? If these pro-
blems are solved, a lot of constrained optimal regulation problems
occuring in praétice can be solved at least theoetically,

[n paper (2)asingle—input linear system with relay control was
discussed. The necessary aud sufficient condition for the opti'mal
closed — loop system to be locally stable was obtained. In paper 32
a constrained LQ problem was discussed. By constructing a solution
for Bellman equation a sufficient condition for the problem to be
solvabe is presented, but the stability ol closed — loop 'system was not
discussed. In paper (4] the author coansidered a nonlinear optimal
control law for a linear system in a [inite— time interval (i), It
was shown that the optimal arcs may end up with a singular trajec-
tory.

This paper will discuss the problem mentioned above, that is,
ihe constrained LQ problem. The existence condition and the ana-
lytical form of the solution of the constrained LQ problem.are obta-
ined. The sufficient condition for the optimal closed — loop system to

be globally symptotically stable is presented. Moreover, the estimatjo®
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formula.for the transition time of a solution of the optimal closed
—loop system is also given. The results have been satisfactorily ap-
plied to control the temperature in the heating process of vinylon solu-
tion in a vinylon fibre mill. As a result, the given temper;iture has been
technologically achieved rapidly {without overshoot and oscillation.
The control law obtained is intuitive enough to be understood by

engineers and it is convenient for use in practice.
§ 2, Solution of the Problem and Stability

Throughout the paper we assume that (A, b) is completely controllable.
Let Uy, = {u()| u(t) is piecewise continuous on [0, +o0), and lu(t) ]
<M, the solution x(t) of (1,1) corresponding to u(¢) with the initial

value x(0) = x, satisfies lim x(¢) = 0.},
{—>»co

It is easy to prove that uy is a nonempty set under the assump-
tion of controllability for those x, belonging to a neighborhood of
X =0n,
Let P, be a positive definite symmetric solution matrix of the
Riccati algebraic matrix equation;
- PA+ATP+Q= 1" Pbb™P = 0, (2.1)
we now take some u({) Cuy , The solution of (1,1) corresponding
to u(t) is denoted by x(t).

It is easy to see that;
—é—lt-—xf(t)P,.x(t) = = (2T 0x (1) +rut (1) I +rlu(t) +77 " Pax (1) 3%,

Integrating above equation from 0 to +oo and noticing lim x(t) = 0ns
{—>»00

we .hlave; ‘
JCu® 3= x5Pux, + | 1Ca() +r 5 P, (2.2)
. 0 N
Tt follows from (2.2) that under constraint condition (1,3) th}e
necessary and sufficient condition for JTu(#)] to be minimum is that
u*(t) possesses the following form. o ‘
oM, TYParm=-M,
() =4 P, - M=y P (=M, (2.3)
-M, r WPk () =M,
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From here we can prove that the optimal synthesis vfunot'ion u*(x)
of (1,1), (1,2) and (1,3) has the form, '
Af, 'T—lbr‘anS "AfQ .
u*(x) = ‘“7'A—lePnX, ,—1"{37"'11)1’?"}:':;1"1‘?, o (2.4)
-M, r TP =M, :
Substituting «*(x) in (2,4) into (1,1) we obtain the optimal
closed = loop system of (1,1), (1,2) and (1,3) as follows.
% = Ax + bu*(x), (2.,5)
which is nonlinear, Let G, G{" and G;™ be regions defined
as. .
G(n).:_ I;r-lbrpﬂxlgﬁ,f’
Gi":  TPa<-M,
Gi™, PP =M
Since in the interior of Gi‘"" the optimal c]o_se»c'i—‘ loop system is, N
v = (A= bR,y (2.6)
and (A-+7'0b"P,) is .a stable matrix, so . the optimal closed loop
system (2,5) is locally asymptotically stable, ’ ‘
, It can be shown that for the following two - dimensional cons-
trained LQ problem.
Xy 0 1 Xy Ny 00N
-0 0 )0
X 1 0 X 1
v 7@3‘=I E2%+x§+uzjdf
0
lul <1
the optimal control law exists but the optimal closed - loop system
is not globally stable. The phase diagram of the optimal closed -~ loop
- system is shown in Fig 1, . EEIE A T
Let f(A)=A"+a,_\I" '+ +a,A+a, be the characterlstlc polyno-
mial of the nxn matrix A in (1.1). Then we have
Theorem If the coefficients of f(4) satlsfy
| 800, a0, >0,
-~20f 1ah*1+7ah zaﬁ+9+ ("1)}-123 azr-1>0 . 2.7 7)

h=2, 3, «n-1, as=1, a,=0, Vk>n, Then we can choose a dxagonal
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positive definite symetric matrix Q in (1,2). to make the optimal
closed - loop system (2,5) be globally asymptotically stable,

The pro\of of the Theorem can be found in appendix 1.

From the Theorem it is not (hfflcult to obtain the estimation
formila ‘of the optimal transition time and the optimal pexf_ormance
index value. That is, the estimation formula of transition 'time T,
reaching the set x| =¢of the optimal trajectory 'x=x*(t) starting
from x, ER" is given by

i . l P‘ : .-
’ A_( _’f) ¥, €GI™

T+;‘)V+(P:)1ﬂ et ],
’ “xh Prx,
A/-(P:)‘ N B i B ¥ “
-, (PH In| —————? | x, EG™
< + o . 0
T.< < x5 Prx,
_ A_(PH) v
T_-2,(P¥)In| —¢* |, %, €6,
IP%x._

and the optimal performance index value J* is in the f@'rm:

xE‘Z’IxQ +4[:+ (M +v7 0% P) x*(1)J% o dit: -' .» 2, €GLM

S xE:P:'xo xo cgm

] "5P"*"*’*‘I:'C~—M+waP:,x*_unz cdty . 5 €GST

where T,=C-M=r"b B3/ (P W) o o 5 €6

T.=(=M+y 20 "Prx, /M (v 'biqu) */* x, GGy
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—
. T, '
x+:cAF+x0‘+MJ A1) pogy x, EG{™
: 0
, T . oo
x,=eAr~x0—-M[ - (AT _-1) pogy “ X, €EGL™M
0 ,

gwn is the element on n—th row and n—th column of Q=diag (g,

dy5 **qwn) in the Theorem. P} is a positive definite symmetric solution
matrix of (2,1) satisfying b"PfA=0., A,(PF), A_( P¥) is the maxi-

mal, minimal eigenvalue of P} respectively,

§ 3. Si'mplified Mathematical Model for Controlling

a Température of Vinylon Solution

Suppose that there is some vinylon solution being: ‘heated: in
a vessel. Let ¢i, g, be the heat quantity entering and dissipating
from the vessel during a unit time respectively. Thus the haat stored
in the vessel is ¢;—¢,, Let T, be the temperature of vinylon solu-
tion and m be the corresponding displacement of the control valve.
The target temperature and corlespondmg dlsplacement is denoted
by T.;,my respectively, 0<T, <Ta;-ObV1ously q;=q; (Ta,m),q;-q T,
mp), Utilizing Q,=Mc+4l;, the Equilibrium Law, dQ,/dt=q¢;-q,

and taking the 1-st approxmlauonsof Aq,‘= g;—q, we have.
' L ddT,
A + AT, = KAq0+K,,,Am, (3.1)
0 f : y oo a i i
whereT = ¢ 4 >0, K ( aq / 9:
GT,, Ta = Ta/ i Ta = To/
m=my m=my

K,= —1/-—4— s M. is the total heat capacity, 4T;,=T,<T,,
. a ! ) ’

dm=m—my, Aq, is considered as a constant disturbance, that is; ddq,/dt
=0, |dm|<a, (some positive constant), |dq,|<a.

Introducing the notations. x; = AT, Z, =.Aqo, u=Adm,a, = 1/T>0,
as=K,/T,b,=K./T,y,=2,=x,, we obtain a simplified mathematical

model of a temperature control process of heated vmylon solutxon

Xy = —a,x, +a;x, -Fblu',
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Xo = O. (302)
In the next paragraph we will find out the control law u=dm
in(3,2) which makes the temperature of vinylon solution attain

the target value rapidly without overshoot and oscillation,

§ 4, Solution of the Temperature Control Problem

We are going to find the control law of u=4m in the following
way; Design a “servo compensator” to cancel out the disturbance
and design a “optimal regulator” to make the system be internally
stable. According to “Internal Model Principle” the 'servo compensa-
tor cancelling out disturbanc_e X, i

x‘cgéxl : (4.1)
and when a;=0, we can choose u such that the corresponding
closed - loop system becomes globally stable (6), Now, let us consider

the following constrained LQ problem,

Xy = —a;x,y +blu
JEuJ=J’mEx’sz+ru23 o dt (4,3
0
lu] <a, | 4

where x"=(xcys k;], Q. =diag (@G22 45235 7>0s ¢5,>0,
Based on the results obtained in §2 we have the nonlinear
optimal closed - loop system
{ ’..‘02”'1 (4.5)
xy=—axy Hhut(xey, xp)
which is globally asymptotically stable, where u*(x.,, x,) is in the

following form;

¥ ¥

a P by (ProXey Fhaax )<~

u*(xecps 5‘11): "Tdbl(PTaXcz + P22x1)9 17'—11/'1(17’r29€c2'*'1’22751)1<0f
=4 v 77 (PTzk”cz+szffx)>a

P?.z;al('fbfzqzz)lr/zy P’gz:(?'bTZQM)”,Z; the phas ediagram of (4,5)

is as follows,
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Fig, 2

From the phase diagram of (4,5)it is clear that when the

point (Xepgs x19) €GY’ (0r€G ), trajectory of (4,5 ) starting from

this point will reach L3 (or L}) quickly without overshoot and

oscillation. Moreover, the optimal closed~ loop system with a
constant disturbance x,

Xy = —4a,x, +azx, +b1u*(Xc2y xl)
.

Xeg =X

.

x2=0

possesses the following property: lim x,(:)=0, The following graph
is the time-temperature curve in the real process of heating
vinylon solution in the vinylon fibre mill,

(T

Fig. 3
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Appendix 1, Proof of the Theorem

We prove that under condition (2,7) it is possible to choose a
positive definite symmetric matrix Q in (1,2) so that the following
simultaneous equations

PA+ AP+ Q="' PhpP=0,,, (4),
PPA=07 ' | (4),

have a unique positive definite symmetric matrix solution.
“Without loss of generality we suppose that (A,b)is ‘in

controllable canonical {form,

1 0 0
0 1
A= ] , b= |: ‘,‘ b, 0
o 0 0 0 e 1
-4y —a; —a —ay v = ey b,

Let Q=diaglg,: g11°°dm] and ¢;;>0(i=1, 2, -, n), We choose
g;; such that a positive definite symmetric matrix P= (p;,) of (4),
satisfies (A),. It follows from (A4), and (A4), that
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— 77157 Pbb™ Pb+b"0b =0y OF pun= (rb7%qun) ' /*

,
Pin=0G1Puns pzn"_"azpmx’ sy Ducyn = Que (Pan
By simple computation it is not difficult to obtain.
Pin=C(rb1%q ) 3, qyy = @iquns Py, = (a, +7_1b%?12)171u9 gy, = (ai—-
28,a3) 7071 Guns Gin= (@} = 2a4-y@ps + - + (= 1) 128 a4 )rb % Gnn A

for k=2, 3, -, n and a,=1, ay=0(k>n, h<0),
Based on condition (2,7 ) of the Theorem, the ¢ defined by

(A)% is positive provided gu..>>0, therefore, O=diag (g, @, qun) is

a positive definite symmetric matrix, Having those gqu (A=1,
2y, *y n) we can find out from (4), pij 7, j=1, 2, -+, n, By the
condition of complete controllability of (A,vb) and the fact of

p1:1>>0,it can be proved that the solution Py =(p;;) of(A4), found

out in this way is unique positive definite symmetric solution

of (4), and (4),,
Since b"Py A =07, it is casy to sec.
T']MbTP:b=T'I b:;.M?;kn R xec(lﬁ)

—j;- (r~ 157 P* x) = (A,
: — 7 IMBT PFh= -y pEMpY, rEGY

Relationship (4); shows the trajectory of the optimal closed—
loop system starting from a point belonging to (G4’ ) (G4’ ) will

reach the boundary of G after some finite time and will go into
the interior of G, In the interior of G the optimal closed—

loop system is in the form,
v=(A=r"1 b6" P¥)x (A

Since A-r"! bb® P¥ is stable matrix, the all trajectories of (A4),

starting from an interior point of G will tend to x=0., Thus

the optimal closed-loop system is globally asymptotically stable.
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