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Abstract

In this paper we study the controllability, reachability and
strong conmnectivity of discrete —time linear systems with control
constraints. Necessary and sufficient conditions are given to test

these properties. Their interrelation is revealed.
Introduction

The study of discrete~—time systems of the form
Xy =AX, +BU,y k=0, 1+,

where X4, €R*, A is a real constant nXn matrix, and B is an aXm
real constant matrix, has received considerable attention during the
last twenty years. Kalman (1) introduced the concept of complete
controllability, and derived an elegant algebraic test for this pro-
perty when (for the above system) U,ER", k=0, 1--,
Further he (2] advanced the concepts of complete reachability and
strong connectivity and discovered their equivalency when det A0,
Ur€R™, k=0, 1-. Later some 'people considered these problems
in the case of control constraints, The best results are in Ref (3],

In this paper we examine the reachability and strong con-
nectivity of the system (A,B) with control conStraints, and indi-

cate their relationship and difference.
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Preliminaries

The norms of input can be iniroduced (3,43

WU Useilo=1 (Uo . ]l
U,
Uk .
for a control sequence U, U, <+ U, of length k, where p€ {1, 2,00}

They represent control fuel, control energy and ‘controller opening,

respectively. The sets of admissible control can be defined
Qs )2 {UyeUsy ¢ U:ER" and [Ty Upy 1,1}, k=0, 1,

where [ is the resources maximum.

Definition 2,1 The system (A,B) with control resources constraint
is said to be completely controllable if for every state X there
exists an admissible control sequence U,+Us, €Q,(k,I) of length
k=k(X) such that the state can be forced from X to =zero in k
interation tlmes

For s1mp11c1ty, we denote 1t by

CCF When p=1,
(4,B) € CCS iCCE » p=2
CCO - p=oco,
Definition 2,2 The system (A,B) with control resources constraint
is said to be completely reachable if for every state X there exists
an admissible control sequence U, Ui, €Q,(k,1) of length k=Fk(X)
such that the state can be forced from origin to X in k iteration
times. . N
For :simpliéitjf, we denote it by
CRF when p=1,
(4,B) € CRS < CRE p=2,
CRO p=00,
Deflnltlon 2.8 The system (A B) Wlth conirol resources constraint

~

is said to - be strongly cor;nected if for any both states X s X there
exists an_ admissible control sequence UgerUp-y €2,k 1) of length

k=k(%,},(\) such that the state can be forced frcim X to}ﬁ in k
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iteration times,
For simplicity, we denote it by
SCF when p=1,
(4,B) € SCS ;SCE »=2,
SCO p=co,

The notation (A,B) € CC means that (A,B) is completely
controllable (Kalman meaning). Kalman 1] found that (A,B)€CC
iff rank W,=n where Wn=[A"‘lB,i;-AB,B], Recent results (3) are
given as the following lemma,

Lemma 2.3

1) (A,B)cCCF iff rank W,== and max |4;(4)[<1;
i

2) (A,B)€CCE iff rank W,=#n and max |4;(4)[<1;

1

3) (A,B)€CCO iff rank W,=n and max [1;(4)|<1,

1
where 4;(A) represent the eigenvalues of A.
Remark The conclusions of Lemma 2,3 do not depend on the magni-

tude of control resources, i. e., having nothing to do with I
Reachability

Given a initial state X, and a control sequence UyeoUp-y of
- length k, then the state can be forced to the state X, in k iteration
times where

Xk’—’-'.AkXD +Ak—lBU0 I eee “4'ABUk=.2 +BUnkQ3

From this the controllable set of (A,B) with control consiraint
in k iteration times is given as

U, y
Ci;(A,B)%{XD:X(,:—EA'!B,A~zB,...A-kBJ : J JUgeoUiy EQuks D)} s
WUk,

the reachable set of (A,B) with control constraint in % iteration
times is given as

U,
RI;)(A,B) é’{ng= [AkulBs"'yA—BsB] 9 Uo"‘Uk‘—n EQp(k,l)},

U,
the system (4~!, - A"!'B) is called to be an inverse of the system
(A,B) when detd=0, Obviously, (A,B) and (4-',-A4"'B) are
inverse each other, ‘ e



Controllabjlity, Reachability, and Strong Connectivity of

No,4 Discrete- Time Systems With Control Constrajnts 103

k _ pk
Lemma 3.1 Cp(A,B)" Rp(A",-A‘lB)’

k _ nk
Roca,B)= Cpea-t, - 4-1B)y-

Proof Note the following relations

U,
“EA"B,A‘?‘B,---,A“’?B][
Us-y
Uiy
= (A= A1) o AN (= A7'B), (—=4-'BYY| i |,
U,
U,
(A""B,"*,AB,B][
U,

Us-y
= =AY THATB) (A7) T2 (=47 B) 4, (A“)"‘(A"B)][ i ],
U,
UB

U,
ll» =”( ]”p’ p€{1,2,0},
U,

Us-,

We can assert that this lemma is true.
Now we state our main result for this section — the necessary and
sufficient condition for complete reachability of (4,B) with control
constraint.
Theorem 8.2
1) (A,B) ECRF iff rank W,=» and min |4,(4)|>1s

1

2) (A,B)&CRE iff rank W,=# and min |4;(4)|=1;
i

3) (A,B)ECRO iff rank W,.=n and min [ (A =1.
i

O

Proof (A,B) €CRS ifka Rz(A,B) =R",by Lemma 3,1 that is
: =0

> ok

(A,B) €ECRS ifka Cp(A-l ~ 4-'B) =R" i. e.,, (A~',—-A"'B) €CCS,

=0 4

By Lemmsa 2.3,
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recall that _
(A7) =1/2,(4)

and rank [(A"l)"'l(—A'!B),"-A"l(—A'!B),(—A’IB)]

=rank {47"(B, 4B, < A"-1B7}

=rank (4"-!'B, «AB, B3,
we have immediately finished the proof
Remark :
(i) The conclusions of Themorem 3 .2 do not depend on the
magnitude of control resources, i.c. » having nothing to do with i,
(i) It is easy to verify that the.system (A,B) € CRS when A

singular. (omitted here)

strong connectivity

First we give the following lemma, then draw Theorem 4,2,
Lemma 4,1
(A,B) €°SCS iff (A,B)€ CCS and (A,B) € CRS,
Proof The “ONLY IF” part is very obvious. We will only show the
“IF” Part. :

Given any both states ’5&1, )}, ‘by the assumption (A,B) € CCSs

there exists a iteration time ky and an input sequence Uy - Uk RS
. . 1

2y (k1sa,0) such ‘that it drive the event* (o,)?) to (k,,0.), by - the
assumption (A,B) € CRS,; there exists a iteration time %, and

A~

an input sequence U, - E/'k 1 € Q (kys0,0) such that it d'r:ive‘s the
1 .

event (ky,0.) to (k, +k,, )?)_therel

=1/2 p=1s
% *\ a, =1/\/? D=2
%, =1 p=oco,

Link up the two input sequences, we obtain a new input sequence of
Iength k1+k2

U’D...Ukl_1 Ukl ven Ukl+k2-l--= UO'"U l-lUO."Ukz-l

It drives the event (0,X) to (k, +hoy X\) cin (ks +k,)  iteration

® Event (£,X) is ysed as a state at time t, see Ref (1,47,
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e

times, at the same time we can show U, = U, -1 Uk "'Ukmkz-le
1 1

@ (kuwkasl). Tn fact, [UgUy g U Oy gyl =100yl W0

Ukz'l i <20,l=1l
Wy U -Up g be= 0o Ty B0y Ly 1127
<3t =l

WU, Tp y Up o Up gy o= max (T Up s W0 Uy o)

<a,l=I,

o

From lemma 4,1 above we deduce our main result for this section
Theorem 4,2

1) The case (A,B) € SCF has never been possibles

2) (A,B)€E SCE iff rank Wo=n and [A4;(4)| =1 for all Ai(A)s

3) (A,B)E SCO iff rank Wo=n and [4;(4A)|=1 for all 4;(4)s
where A;(4) represent the eigenvalues of A,

Remark The conclusions of this theorem do not depend on the

magnitude of control resources, i. e., having nothing to do with I,

Conclusion

The controllability, reachability, and strong connectivity of
discrete — time systems with control constraints are three profound
concepts. Besides the controllability matrix, they are connected with
system pole location, respectively. Necessary and sufficient conditions
are given to test these properties. They may be significant in
practice.
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