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Abstract

Explicit formulas for doubly coprime fractional representations of the
transfer matrix of a generalized dynamical system are gi#en in terms of a
stabilizable and detectable state—space realization of the transfer matrlx.’
These formulas establlsh a p0551b]e way to use the fractional representatxon

approaCh in the synthesxs of the generalxzed dynamical systems

1. Introduction

Both the fractional representation approach and the generalized
dynamical system theory have received a great deal of attention over
the past few years (see (2][5‘][6] and the references therein), It has.
been shown that fractional representation approach is a powerful tool
in the analysis and synthesis of linear feedback system, A connection
between state—space and doubly coprime fractional representations
has been given recently in [Sj by Nett, Jacobson and Balas, However,
little has been done to apply this powerful method into the correspon-
ding problems in the generalized dynamical systems, In‘ this note we
extend the result in (3] to the generalized dynamiéal “system, The
extension establishes a way to use the fractionaal representations in

the generalized dynamical system,

2, Preliminaries

Let Q=C denote any closed superset of the closed rightw;hafif
M.._m ! S
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complex plane which is symmetric with respect to the real axis, Let H
denote the ring of proper rational functions which are analytic in £,
A ratxonal matrix Xe H(s)"”" is said to be Q= stable- if it has entrxes}}
in H, ;

A pair of real matnces (E, A) is sald to be Q- HurW1tz if . matrix
(sE- A)~! exists and is Q-stable, A triple of real matrices (E, 4, B)e
R x R™*" x R"*" is said to be Q-stabilizable if there exist a KeR™*
such that (E, A-BK) is 2-Hurwitz, Similarly, a triple of real matrices
(C,E,A)eR?*" SR X R™*" is said to be Q-detectable if theré exists a
matrix FeR™™® such that (E,A-FC) is Q-Hurwitz,

8. Main Resuits

Consider a generalized dynamical system described by the equa-

tions

=Ax+Bi¢ k | G

y=Cx | o (2)
where E,AcR™", BeR"*", CeR?*" are real matrices. As done by Rosen-
brock (4] we henceforth make the standard assumption that |sE - A| %0,
The transfer matrix of the system is G(s) =C(sE—A4)"'B, Our objective
is to derive the doubly coprime factorizations of G(s), Three facto-

rizations obtained are given in the following theorems, '

Theorem 1 Given the system (1)—(2), suppose the triples (E,A,B)y,
(C,E,A) are Q- stabilizable and detectable, respectively, Select matrices
KeR™" FeR'™? such that both (E,A-BK) and (E,A-FC) are @-Hur-

witz, Define

N(sy=CH3'B, D(s) =I- KH;'B (3)

U(s)y=KH;'F, V(s)=1 + KH;'B . R (4)

N(s)= CH3'B,D(s)=1- CH3'F S &)

U(s)= KHz'F,V(s)=I+ CH;'F , (8)
where -

Hc(s)y=H(s)+BK, H (s)=H(s) +FC, H(s)=sE- A 7))
then '

i) all eight matrices described by (3)—(6) are - stable

ii ) D(s) and D(s) are nonsingular
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1ii) G(s) = N(s)D(s)"' = D(s) "' N(s)
vy

- N(s) TD(S) N(s) Vs 0 I
Remarks The above theorem is an straightforward extension of
the theorem given in (3) where E=1, i,e, the normal dynamical sys-

tem was considered, As said in (3], this result is readily extended

to the case G(s) =C(sE-A) !B+ W, where We H?*™, by 1) adding WD
(s) to the expression for N(s), 2) adding D()W to the expression
for N(s), 3) subtracting U(s)W {from the expression for V(s), and4)

subtracting WU (s) from the expression for V(s).
Proof 1) follows immediately from the definition of an Q-Hurwitz

pair of matrices, ii) Consider equations
D(s) =I~KH;lB:I_K(HJFBK)—lB ~ (I+KH"'B)"!
and
|Hel=|H+BK|=|H||I+H 'BK|=|H||I+BKH | =|H||I+KH 'B|
it follows that -

|H(s) |
D(s)| = mmmtl
1D(s)| ASY
which indicates that |D(s)]| 0.,
Similarly, one shows |D(s)]| = rjlzl:}f.((—j))_]{ %0,

iii) Write
N(s)D ' (s)=CH¢ " *B(I-KH:"'*B)=CH;" ' (I-BKH ') !B
=C((I-BKH;"")H:) 'B=C(H.-BK) !B ‘
=CH 'B=G(s)
the matrix identity B(I-A4B) '=(I-BA) !B is used in the’ ébove

second step,

In a similar fashion, one shows G(s) = D(s) ' N(s),
iV) We only need to verify three equalities, the fourth being con-

tained in jii), Now,

U(s)N(s) +V(s) D(s) = (KH;'F)( CHg'B) + (I+ KHy'B)(I— KHz'B)



32 CONTROL THEORY AND APPLICATIONS Vol,6

_KH:' FCHz'B+I1+ KH;'B— KHg'B— KH;' BKHG'B
- [+ KH: (FC+He-H,-BEK)H:'B

=I+K‘H;’(FC+BK—FC—BK)Hg‘B =1
Also
Vi U(s) = (I+KH;'B) (KHg' F) =K (I + H7'BK) He'F

=KH;'(H,+BK) H;' F =KH;'(Hc;+FCYH:'F
,=KH;1(I+FCH5‘ yF =KH;'F(I+CH;'F)

=U)Vs)

Finally, one shows NHU(s) + D(s) V(s)=1 by manipulations similar
to those above,

The next two results were motivated by the state and state deriva-

tive feedback wu=-K;x-K, x,

Theorem 2.a Suppose there exist matrices K, K,eR™", FeR"*’ such
that 1) matrix E+BK, is nonsingular, 2) (E+BK,, A-BK,) and (E,4
~FC) are -Hurwitz, 3) lim K,(sE-A+FC)~"'B=0 and lim K, (sK ~

S—>»CO $~» 0
A+ FC)~"1F=0, Then Theorem 1 still holds if one replaces K in the
expression (3)—(7) by K, +sK,.

Remarks the condition 1) in the above theorem is the necessary
and sufficient condition for»the generalized dynamical system (1) to
be normalizable(8), Conditions 1) and 2) are equivalent to that
all uncontrollable modes of (E,4,B) lying in C-£01,83, Conditon 3)
is satisfied when E is nonsingular (i,e., the normal dynamical system),

The proof of the above theorem is entirely analogous to that of
theorem 1,

The following result is dual to the theorem 2.a,

Theorem 2.b Suppose there exist matrices KeR™", F,, F,eR"? such
that 1) (E,A-BK) and (E+F,C,A-F,C) are & £-Hurwitz, 2) Matrix
E+F,C is nonsingular, and 3) lim C(sE-A+BK) 'F,=0and lim K(sE

§—»CO §—»CO
—A+BK)-'F, =0, Then theorem 1 still holds if one replaces F in the
expression (3)—(7) by I'y+sF,,
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