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Necessary and Sufficient Conditions of Generalized Exponential

Stability for Retarded Dynamic Systems
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(Department of Automatic Control Engineering, South China University of Technology* Guangzhou, 510640, P.R.China)

Abstract; In this paper, the necessary and sufficient conditions of generalized exponential stability for general type of re-
tarded dynamic systems are established. The exponential decay estimates on the transient responses for the systems are present-
ed. A generalized exponential stability result with respect to a time-varying decay degree for a special class of retarded dynamic
systems is also presented based on the matrix measures as the application of the established conditions. It is revealed that the es-
tablished estimates can be less conservative than those obtained only by using the sufficient stability conditions in the literature.
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1 Introduction

As we know, the main time-domain methods for
stability analysis of the retarded dynamic systems de-
scribed by an n-dimensional retarded functionai differen-
tial equation are Lyapunov methods! !/ including the well-
known Lyapunov functional methods and Lyapunov
function methods with Razumikhin-type techniques. So
far most of the existing results have not provided decay
estimates on the transient responses for general retarded
dynamic systems. Recently, by using differential in-
equalities techniques and the matrix measures, Mori et
al.!2% Wang et al.™', Hmamed"’, and Lehman and
Shujaee[ﬁ] have established some exponential decay esti-
mates on the transient responses for a special class of re-
tarded dynamic systems which have a linear retard-free
term. But their results are all obtained under the suffi-
cient stability conditions. As a matter of fact, it is nec-
essary to establish not only sufficient but also necessary
conditions of exponential stability for retarded dynamic

systems so that as less conservative decay estimates as
possible can be obtained.

In this paper, the necessary and sufficient condi-
tions of the exponential stability for general type of re-
tarded dynamic systems are established. Based on the
conditions, the exponential decay estimates on the tran-
sient responses for the systems are presented. An appli-
cation of the established conditions for a class of retarded
dynamic systems is also suggested
2 Preliminaries

Let J2" denote an n-dimensional linear vector space
over the reals with any convenient norm || + || in it, let
= (=0,0),k, =[0,0),Jy=1[0,°),and J, =
[-7,0) forgiven r = 0. Let C, = C([ - 7,0],I")

be the Banach space of continuous functions mapping the

interval [ = 7,0] into 2"

with the topology of uniform
convergence. For given $ € C,, we define || ¢ |, =
sup_.<o<o | $CO) I ,8(8) € ™. Let x, € C, be de-

fined by x,(0) = x(t + 8),0 € [~ r,0].
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Let us consider a retarded dynamic system de-
scribed by the following n-dimensional retarded func-
tional differential equation'!!

i(e) = f(e,m), (1)
where “*” denotes the right-hand derivative and f; J, x
C,— k" is continuous and sufficiently smooth so that for
any initial function », = $att =ty & Jy, system (1)
has a unique solution x (g, $)(¢) on [tg - 7, % ). We
assume that £(¢,0) = O for all ¢ so that x* = Ois an
equilibrium of system (1) . For simplicity, we also de-
note the value of the solution x(¢y,$)(¢) by x(z) and
x,(t0,$)(8),6 € [ 7,0],by x, for ¢ = 1, without
confusion.

Definition 1"
d(t):[tp, %) = (0,0),10 € Jo, with d(2) < 0,
where “+” denotes the right-hand derivative. If the solu-

A decay function is defined as

tion x (g, ) () of system (1) through any given (o,
$) € Jo x C, satisfies

2o, ) () I < d(e,8), Vit=t0, (2)
then the decay gain of the function d( ¢, ¢) is defined as

F(l) = d”(;’”d)) >0, ¢ = o, (3)

with the initial decay gain I"(¢y) , and the decay degree
of the function d{(¢,$) is defined as

y{(t) =_§!—E§:—i§ >0, t=t. (4)

Remark 1!

tions in Definition 1 depends on the initial instant ¢, €

The definition of the decay func-

Jo and the different t, may imply the different decay
function. Definitions (3) and (4) imply that I'(¢) and
7(t) depend only on ¢ > t, for given (t9,%) € Jo x
C,. The physical meaning of I'() is obvious and as
d(t,$) = - (1/y(1))d(t,$), the physical meaning
of 1/7(t) at t = s = to can be regarded as the time
taken by d(¢,$) from d(s,$) to O when keeping the
Velocity — d (s, 9).

Definition 2!’
Eeneralized exponentially stable with respect to an initial
decay gain I and decay degree y(t) if the solution
(1, $)(t) of system (1) through any (to,9) € Jg x
C, Satisfies

System (1) is said to be globally

I5Go, ) | < D181 expt- | v(0al,

0

Vi = to, (5)
where I = 1 is a constant and ¥ : Jo— (0, % ) is a con-
tinuous positive function.

Lemma 1'*  Let f: (a,b) — K. The computa-

tion law for D* is as follows:
D" (f)(1) = D* f(1)g(e) + f(r) 4841,

(6)
where g (¢) is differentiable, g(¢) = Oforall ¢t € (a,
b), and D* denotes the Dini derivative.

In the following sections, we let | « ||, denote
the corresponding nom2~® for s = 1 or 2 or ® and
4, (+) denote the mairix measure derived from the ma-
trix norm for6 = 1 or 2 or o,

3 Necessary and sufficient conditions

This section presents the necessary and sufficient
conditions of exponential stability for general retarded
dynamic systems described by the retarded functional
differential Equation (1) .

Theorem 1 Assume that 7, : J, —> (0,® ) is a
continuous positive function. System (1) is globally
generalized exponentially stable with respect to the initial
decay gain I' =1 and the decay degree y,(¢) if and on-
ly if along the solution x(ty,$)(¢) of system (1)
through (zy,%) € Jo x C,,

D* =), <-7v@lx(e)l, (7

whenever

15y = 181 opl-] v(0dt], 1300,

Il e 2 () el | 700t 1300
(8)
Proof Let r > 0 without loss of generality. For
any (ty,9) € Jo x C,, along the solution x( ¢y, $)(¢)
of system (1), we have
latio+ 0 1o <l # 1. <
b+ 0
191 expl= [ 7)ot
0
vee[-r,0], (9)
where 7,(¢) = 7,(0) for all ¢t € [ - r,0]. Suppose

there exists some s = ¢, such that

=

IaCs + O o< 181 el [ r(0ail <

0
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| ¢ 1l expl- J:_T)’,,(t)dt},

véeE[-r7,0], (10)
as well as

Fa() o = 18 1o expl = | 7, 0)ae]

0

(11)
and

l%(e)ll, > N ¢l o expl- J: 7,(t)de}

(]

(12)
ont€ (s,s+r)forsomer > 0. (10) and (11) imply

Il < Ha(o) L, expt]” 7(0)det. (13)
Let

W(t,x) =1, exp{J: v, (t)dt},

0

t=to, b€ Jo, x € R

(14)
Along the solution x(zy,$)(t) of system (1) and by
Lemma 1, (7),(8),(11)and (13), we obtain

D* W(t,x(2)) =[D* [ x() 4 +
7u() 12(0) | ] expl] 7, 0)ae]

(15)
at any ¢ = to and
D* I x(s)l, <= v.(H) N x()l, =

7 18 expl= | 7 (el

0
(16)
att = s = tg. Then, we have
D* W(s,x(s)) <0. (17)
(17) implies that for a sufficient small A > Oand s + h
€ (s,s + r), we have
W(s + h,x(s + b)) < W(s,x(s)). (18)
By (11),(14) and (18), we obtain

s+h
lxCs+ B 1y < Dalo) |y expl= | 7ol =

S

s+h
141 espl= | voCodi)

0

(19)
(19) contradicts (12) . In this way, we show that along
the solution x(tg,#)(z) of system (1) through any
(t9,$) € Jo x C,, if conditions (7) and (8) are satis-

fied, we have

laCe+ ) 1o <l $ 1wl [y (00atl,

0

for all t = to, where ¥,(¢) = 7,(0) forall t € [ - z,0].
(20)is equivalent to

080 o < 181 expl = | 2,001

Vit (21)
for all (¢9,$) € Jo x C,. By Definition 2, system (1)
is globally generalized exponentially stable with respect
to the initial decay gain I' = 1 and the decay degree
7,(t). The proof of the sufficiency is thus completed.
Now, let us prove the necessity by contradiction.
Assume that system (1) is globally generalized exponen-
tially stable with respect to thd initial decay gain I = 1
and the decay degree 7,(t) ,i.e.(20) or (21) holds
but
D [ x(s) N, >=- 7)), (22)

when
1) 1 = 181 mexpl- [ 70}, 5 > o,

(23)
(20) and (23) imply

ol e < 1 aCo) 1y expl|” 7, (00det
(24)
According to the above assumption and (21) and
(23), along the solution x(ty,$)(¢) of system (1),
we obtain at ¢ = s

D* “ .’XJ(S) “ o =

limsup - [ 25 + B 1o = 12D 00T <

h—>0+

) 1 s+h
tim L1 # 1 el | (e} -

0

11 expl- | 7,(0)d1] =
| ¢ || o expl- J; 7,()det -

lim l[ expl — JHh)’g(t)dt} —Nj =

h—0s R
| x(s) Il , lim [ - %,{s + h) -
h—0+

s+ h
expl - JS y,()det] =
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- Y. () =), =
N 2O FY Py A e

(25) contradicts (22) . The proof of the necessity is thus
completed. Q.E.D.

Remark 2 An advantage of Theorem 1 is that it
provides the following estimate on the transient response

of system (1):
20,80 1o < 18 1 expl= [ 75(0)al

0
Viz=t. (26)
Besides, it is easy to show that Theorem 1 still holds if
we use ¥, instead of 7,(¢) in (7) and (8), where ¥, >
Qis a constant. Then, another estimate on the transient
response for system (1) is given by
| (o, ) ll, < Ml &1l expl— 7, (¢t - tp)t,
Viz=t. (27)
Remark 3 Theorem 1 enables us to employ a
special Lyapunov function || « || , instead of Lyapunov
functional to study the exponential stability for general
retarded dynamic systems. For more general case of
Lyapunov functions, some results have been established
in [7].
Remark 4 1t should be pointed out that all of the
results established in this section hold for case r = 0.
4 An application
Let us consider the following system
i(t) = A()x(e) + F(t,x,), t=0
.

where x(t) € ", A(¢) € H™" is continuous on

" (28)

x0=¢9

[0,0),F.[0,®) x C, — " is continuous and has a
bound
I FCex) g < Bl ol s
for all (¢,5,) € [0,0) x C,.
Theorem 2 Assume that 1,(A(t)) < 0 is non-

B >0, (29)

increasing on t = 0. System (28) is globally generalized
€Xponentially stable with respect to the initial decay gain
I' = 1 and the time-varying decay degree ¥,(t) if and
only if the following equation
7,(1) =~ 4, (A(8)) - 7, 120
(30)
has the unique non-decreasing positive solution ¥, (t) >

0. An estimate on the transient response is given by

[ 2 lo < 181 o exp- | 7(0det, 15 0.
(31)

Proof As 7,(t) is non-decreasing on ¢ = ol we

¢
have exp{J 7,(t)dt} < exply,(t)z| which holds at
t—t

any ¢ = 0, where ¥,(t) = ¥,(0) forall: € [ - 7,0].
Along the solution % (£, %) (t) of system (28) and by
conditions (7) and (8) of Theorem 1, we obtain

Dt [ x()l, =

lim sup 5[ wCe 4 B I, - [ x(0) 11,] =
h=0+ 1

lirhr}_g}lp_}ll‘[ | x(e) + RACe)x(t) +

WFCtm) + o) I, - 1 x() 1] <

lim 5 CC T+ RAG) |, =D 50 4]+
Bl z Ml oe = (Al N x() Nl o + Bl 2 Il e <
[ (4D + Boxpl| 7, (DA 11201, <

L, (AC)) + Bexply, ()t x() [, =
-7 =), =

S ZO1EY PRI PAGTY

(32)

Due to the uniqueness of the solution ¥,(t) {see

[6]) of Equation (30) and Theorem 1, the proof of
Q.E.D.

For the system in Theorem 2,

Theorem 2 is completed.
Remark 5
Lehman and Shujaee[(’] has obtained the estimate (31)
based on the sufficient stability condition
- u,(A(2)) > B (33)
but we prove Theorem 2 based on the necessary and suf-
ficient conditions established in Theorem 1. If only using
the sufficient stability condition (33), we can always
find a constant 7, > O such that
= sup,oou, (A(L)) = B + 7,.  (34)
On the basis of the proof of the sufficiency in
Theorem 1, we obtain another estimate on the transient
response for system (28) as follows:
[x(e)ll, < I 81 eexpl= ¥2t, ¢=0.
(35)
Asy, < v,(t) for all ¢ = 0, the estimate (31) is better
than estimate (35). This shows clearly that there is no

guarantee of obtaining less conservative results only
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based on the sufficient stability conditions.
5 Conclusion

The necessary and sufficient conditions of general-
ized exponential stability for general type of retarded dy-
namic systems are established. Based on the established
necessary and sufficient conditions, an exponential decay
estimate on the transient response for general retarded
dynamic system is presented. All of the results are de-
rived from a special Lyapunov function. An application
by using the established conditions for a sapecial class of
retarded dynamic systems is also studied. It is revealed
that the established estimates can be less conservative
than those obtained by only using the sufficient stability

conditions in the literature.
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