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Optimal Birth Control of A Nonlinear Population Diffusion
with External Constraint”
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‘Abstract ; The optimal birth (boundary) control of age-dependent population dynamics with uni-
lateral constraint diffusion are considered. Existence of optimal control and the necessary conditions
for optimality are presented. o
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1 Introduction

In 1973, M. E. Gurtinf] introduced the first model of age-dependent population with dif-
fusion in a bounded set of R3. Since then, many similar models were proposed and the existence
and uniqueness of their solutions were considered by using various methods (see [2~~6]). On the
other hand there has been much interest in the optimal control of age-dependent population models
(without diffusion) ([7~ 107]). For a variational inequality model, Anita S. (1] recently con-
sidered an “optimal harvesting” problem with only distributed control.

In this paper, in the spirit of [8,9,11], we consider the optimal birth control of population
diffusion with unilateral constraint and in which both the birth. rate and death rate are dependent
of the spatial variable. By using approximate smooth methods!?], we obtain the existence as well
as the necessary conditions for optimality.

“Assumne that a population is free to move in &, a bounded.and open set of R3, with 3% of
Cl-class. The dynamics of population is described by a function l(a,a;,t) s which represents the
density of the individuals of age a at time ¢ and at position z. We study the general variational in-
equalities model.
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‘%-—0, ) 0T, 0<a< A, =& 38, ‘ H
1(0,a,z) = ly(a,z), 0<Ca<< 4, € O, S
" :
1(0,0,2) == Lﬁ(ﬁ,aym)l(t,a,:v)da, 120, z& 9

Here, u(¢,q,z) is the rate of mortality; S represents the rate of fertility; » is the exterioy
normal of &, (1) shows that [({,a,2) permanently remains less than or-equal to p(¢,a;2) Va

given function.

Let Q== (0 TYX (0,4), & and 3, the partial differentiation in D' (@; (HL(SD)*). In order

to obtain the existence and uniqueness of solution of (1), we need the following hypotheses(®!,
(/”')1: ﬂGOO(EO9T]>< [09A]><5—3) s u(t,a 9$)>—09 in [09T]X [O;AJXQ,

' 0<lt<ZA, z&8, iim[:y('r,awt_%—f,z)dfzéo,

B : : s A, . i - S

(s ‘

E 74,

(Wss Vue[L=@XDT,

(B BEL>(@XD), '

(ﬂ)z: ﬁ(i,a,x)?/(}, a. €. .in (QXQ)s

4
0<t<T, z2€Q, l'imJ u(t—a+a,a,2)do==co;
: 0

A
(Bs: sup Jo[ﬂz(t,a,x)+ l V,B;Z(t,a,x)]da<0 < oo,

G E O KT
OIF ZO@LZ((O A); H(D)), io(a,x)>0, a.¢. in 0, 4) X 9.

The “obstacle” ¥ is a regular function, more plecxsely, ¥ satisfies

P € LAQHAQ)),
(¥ 4%20, R ’ o thXéa,Q:,i
@+ awe e x o, o
$(sa,) =0, ae.in@Q X 9,
oy 19€0,0,0) < lo(aya), ‘  acein (0,4) X 9,
$(¢,0,2) <I:ﬁ(tsaax)¢(é»ay$)dav a.e in (0,7) X @,

05 for » <Z (-

Let (r) == . .
® {R+, for » == (.

(1) can be written as;

—"”%- +M“‘AJ+¢(¢“¢) 0, a) € QX 4,

z | ;
{; 0, ace.in (0,4) X 99, (,2)
10,a,2) = l(a,2), o e € (0,4 X9,

1t,0,2) = f:ﬁ(t,a»x)l(tga;$)da9 ey € (0,1 X o

Lemma 1, 18] Under the above hYpotheseé, the equation (1) (or’ (2)) admits a unique
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solution 1€ LA(Q; H'(£3)) and g%+—a;%+ w & LE(Q X Q). Other properties about the solution
were presented in [al.
92 Optimal Birth Control Problems

In this section, we consider several optimal problems by taking the rate of fertility f as a
boundary control.
2.1 Maximizing the Total Birth Quantities

First, we study '

‘ (P,) Maximize

| | JTJ‘ l(t,o,x)dﬁdt = JTJAJ ﬁ(iad,z)i(t,a,x)dzdadia
) 0@ : oJoJg

subject to (1) (or (2)), w.r.t. .
k Problem (P;) means that under the constraint “I<{¢” one maximizes the total birth quanti-
ties. ’
~ Denoted by U, the admissible set :
{ BEWH(Q XD, 0K fisaein@ X Q }

Uy ==

d [Blwr= < Boy  9(6,0,2) = J:,B(t,a,m)d)(t,a ,e2)da,

where B, f. are constants, B;<fa
In order to obtain the existence of (P,), we need additional assumptions:
(£1): 8 is a bounded domain of R® such that (0,7') X (0,4) X £ has the cone property.
(4)3: there exists a small constant b such that 0<(d<Cp, and

T/)(t’oyx) >df:¢da9 a. €. (t9fﬂ) = (O9T) X 8.

It follows from (£2), and (9); and the Sobolev’s imbedding theorem that ¥y is a non-empty con-
vex compact set of L=(QX 8. °
U, can be expreésed as the intersection of three sets in L=(QX ), i.e.
o Uye= K\ ) Ks N Ks» 3 )
where
K = {BlpEL QX DIKEL piy a.e.in @ X 9},
Ky = {B|p € W=(Q X D, |Blw= < B2}

Ky = {B| € L@ X £, $(4,0,2) }J:ﬁ(t,a,x)yb(t,a,x)da}.

It is clear that K;(i=1,2,8) is a closed set of L=(QX &).
Lemmsa 2.7 Denote by Tx(u) the tangent cone to K at  in K and by Ng(u) the normal
cone to K at u, we have
Ty (B = Tx, (B N Tx, (B N sz(ﬂ_); for any f € K
and L N (B DN U Ne(p U Ney(p.

Pmof We have by ()3, for any »& %B(iml,2,3)
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(K "“01) n (Kz"‘vz) n (Ka——vs);éQ, :
where B is a open unit ball of L=(QX £). So the result follows[1?],
Theorem 2.1 Problem (P,) has at least one optimal pair.

Proof Let d=sup{fojd(t,03x)dmdt, BE U, (B,0) satisfies (1D} and {(B.,4) }. be a se-
quence of pairs such that '

1 T[A
d— -<J J J' Bl dudadt,
n JoJo)e

where [, is the solutions of (2) w.r.t. f,€ K. Since K is a compact set of L=(QX Q), there ex-
ists a subsequence of {B.}, (also denoted by {g,}), such that

: B~ B*in L=(Q X ), as n > oo, e 4)
It follows from (2) that

T _ U)Wk |
JOJO < Y + ’ 2 + ,u(lu lm) ”ln —"‘lm > dad¢ ’

TA :
+jjj |vz(lw—lm)|2dzdad&= 0,
oJo)e ,
here (-, ) denotes the inner product in L,(£).

Hence

_}__erj lla(t’a y&) l.(t,a,2) Izd:cda
2)oja' " |
<_}_J.‘J( lln(s’o’x) - lm(s’()»z") Izdxds
2Joe )
1 A A ’
iy J J' [J folda — J. Bulwda Jodads
7<0E”J = o !dedads+”J Iﬂ.“ﬁmizdzdads]

Using Gronwall’s mequahty, we obtain
L= 1*inC(0,7];X), as n —> 00,
where X==L,((0, A) X ). Now we prove that [* is a vanatxonal solunon of (1) Indeed , mul-
tiplying (2) by l, and integrating by parts, we get

Nl ME+ ~—~j J B(t,A,z)dxdt + H[ (Ul + |v L Iz)dxdadz,

< ——JJ [j Bududa odadt + ~—~HloH , IS (5)
where || +|| is the norm of X. ;
From (5) we deduce that {(d,-3.)4+ ud,) is bounded in L2((0,7) X (0,4) ; (HI(H)*),
80 we can extract a subsquence {l,} such that for k—>co,
L= 1" in L*((0,7) X (0,A); H'(D),
@+ b -+ ph— h in L*((0,7) X (0,4); (HY(D)*).
Since { (4304 ul} converges to (43 + ul* , s0 h= (3-+3)1* -+ ul*. We may conclude

that {* is a variational solution of (1), and

|
i
i
|
|
|
]
|
i
|
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rrf B*1* dadadt = dvk_ %’J J J pldzdadt.

That is, (B*,1*) is an optimal pair of problem (P,).

To obtain necessary condltxons of problem (Py), we first approximate (P;) by the followmg
problems
(P}) Maximize

T (A 1 ’ e
[OJOJOﬂlﬂmdadt - 7 " B—B ” 20,1 X0, H XD

subject to

%l‘; + %‘*’ /L‘le - Axlz + me(la - ¢) 30 in (O’T) X (O’A) x Q’
%w 0in (0,7) X (0,4) X 39 '
< an RN ' ' . (8)

.
L(t,0,2) = Joﬂ(t,a,w)l,(t,a,z)da in (8,7 X &,

1C0,a,2) = ly(a,s) in (0,4) X @,

[0, for r << 0,

. «L 2 - )

o) = 52 for r‘ € [0,0, | | e
1 1

1—;——5, for r = ¢, ,

where f* is an optimal solution of problem (P). '
It is clear that (P{) has at least one optimal pair, denoted by (B ,L*), for any ¢>0.
Therefore, for any & {I’u“(ﬂ:); we get

T A 1 :
J JJ pr L dadadé — - “ B = B* | Reomxaoxo

/J J J (,Be + 0p)tidzdadt — -5 h ﬂe + 08 — B* Il Zomxo.oxo (@)
for any 8, 0<C6<dy, 60 is a constant,
where I is the solution of (8) w.r.t. B+ dp.
Denote by z‘=dﬁlfv~ {p) the Gateaux differential of I, w.r.t. f at £, we have

%{+%Z:.+Mze—~gjzz'+¢g(le*—gb)z‘mO, a.e.in @ X &,
o . '
oz . , .
<_a’“ﬂwmo, a.e.in @ X 09, 9)
A
2(t,0,2) == Jyoﬁfz,"’da + J‘:ﬂl,*da, a.e.in (0,7) X &,
#(0,a,2) =0, a.e.in (0,4) X £.

FT08. ( a8 )

T A ’ ¢d E
”J (B + B dadads -f Bopr — B < 0. (10
oJoje 0 ; . 5
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Introduce the dual system,-o:f (9:').

. . . o '
’ %+£"/‘?¢+Azpe”‘¢z(le it ¢)I’e" L )
== P 1"“‘ ato’ ))’ ' « 8,in X 8 ' !
Ja p (L= 2.t,0,a aengXx o an
%’zo, | a.e.i‘nQX‘aQ,’
Pz(Tvayx) = {J, : a.e.in (0 A) X Q.

Lemma 2.2 For any ¢2>0, there exists a unique solution PELXQ, H 1(Q)) for (11).
Proof For any 4>>0, let 3.==¢%p,, then 7, satisfies,

By B G b+ Ab— o — DR
J; Bre® — BrB.L,0,2), . mexas, 12y
—a—”-’—-—-O, ‘. ace. in @ X' 99,
5.(T,a,2) = 0,  ace.in (0,4) X .
 We only need to prove that there exists a unique solution , that satisfies (12)
ad  ad

~ For any d€ gF= (d|dE€L*(Q, HY(D)), 5 GLz(Q, (HI(Q)) )} defme the map

H(@) . SP~>L* QX D) by
‘ H(d)(t,a,a:) == y(t,a,m)d(t,a,x) -+ (p,(l“ — 1/))d(¢,a,m) — B (&,a,a:)d(t 0,.7:)
We have by the “trace theorem M1 ( « ,0, « )€ L2((0,7) X £) so that H(d)ELZ(QXQ),
and hence HE &L(G, LA(QX Q).
Consider the auxiliary problem, for any h€ L"’(QXQ) ,

p P sgvjision 1902
Rt Ap—%—A,puﬂee"M, nexe,

g’; 0, , e in @X 99, . | ,<13)
P(Tsa,2) =0, .~ acein(0,4) X 9.

The existence of sotution of (13) can be shown by the Galerkin. method1l: T

For any A& L2(QX &), S(h) denotes the solultion of (13) that is, S is the solutxon map
of (13) from L2{QX ) to G i

Since 2 is arbitrary , we can deduce that the composit operator:SH from G¢ to.itself is strict-
Iy constracting. So, there exists a unique fixed point P ‘8? such that p,=SH(3,), i. €. 3, is the
solution of (11). This complete the proof.

By (9) and (11), and noticing p,(¢,4,2) =00, we have,

7 (4
J J J p. zdxdadi
oJole

”rﬂ [ajﬁk%_;‘p"{;"’?’;?"(“ — $In +'ﬂ‘~°p(tf 0 z)]z’dzdadt
0J0J aﬁ aa ¢ sre e\ve e T e Pkl Uy

== JTJ‘ ?)g(t, 0,2)2°(t,0,2)dxdi - J”TJ'AJ' £ (bsay2) (8, 0,2)2°(tya , x)dadadt
o) e oJoJo
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7 (4 o P 7
o vt — 4,7 XA )z} dzdad?
WJOJOJOPe@‘+3“+M +q,) v :
- JTJ pz(t,o,x)[Fﬂ;m + fAﬁze*da]dxdt +- ”ﬁj B peCt, 0,2)2(t a2 )dadadt
o) o A I 0 oJoJa™

1A
—— J J J (4, 0,2) i dadac.

It follows from (?()) that

J-Jj ey X (N O,x)]ﬁl dxdadt -—J (Bs B = B2 odesi 0 A

for any & Ty, (ﬁe
Theorem 2.2 ~Let e\0, then we have -
e = BT in L7Q X ) I 1" in L(Q X D),
where ( B*,1*) is the optlmal pair of problem (P,). ,
Proof ‘Since (B} U, and U, is a compact subset of L=(QX Q) , so there exists a subse-
quence, also denoted by {f," }, such that 4 \ . :
e - B i L7Q X . N 61}

We can easﬂy obtam that (slmlhar to [3])
2 - I in LA(Q X ) ‘ (16)

where ! is the solution of (2) corresponding to f;.
Now let us prove I ==(*, f{==f*. Since (B, ) is the optimal pair of (P!), so we

have
T # 1 * % 2 T[4 ﬁ“’ . I
JJJ/& e el A ;LLJQ’(;% dadadt, Aan

where I is the solution of (8) correspondmg to f*.
Let e\ 0in (17), we have by (15) and (16),

% F % £ * 2 ~ T4 % F %
LJJ@/A U dadadé— ? gy — 87|l Paxe = Jo J 0[@,8 1* dadadt.

Noticing that (8*,1*) is the optimal pair of (P;), we have ff =pg*, I¥=1*, Q.E. D,
Arguing as in [ 127, we obtain the existence of" € LAH(Q,H'(2)) such that,

{43 . ,
< p+ ‘D Ap %’“#P"Fﬁ 2, O,x)) = f*, a.ein[I* <9p],
, AR ARY ‘
W»-Azz*+-—+f—~):0, i a.ein [1* == 5
p( ; o* ~ dm) _ = (18)
9p ==, . a.e.in @ X a8,
87,» ‘ :
p(Tsa,3) = 0, ' a.e.in (0,4) X Q.
Let ™40 in (14), we have
T A .
JO[O[ [1— p(t,0,2) ] p1* dadads <L 0 a9
Jejole ;

forany g & Ty (B, ,
That s - (L —=p(,0, " € Ny, (ﬂ Vs 20>
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or equivalently . ) : roeiw
JJJ B (1l = p(t, O,a:))dxdadt = maﬂj! B (1 = p(t, O,m))dxdadt @o
Let BE K, Ks such that (o =T ‘

.JOJOJQZZ*(I — P(t,Q,x))dmdadt ‘ﬁg?r)]chj J | - (:, ,

We have the following maximum principle ;

p(t ‘oy,x)‘")dq‘adadt‘." e
Theorem 2, 3 If (B*,1*) is an optimal pair for problei% |
p of (18)9 PELz(Q HI(Q)), and £* is an “bang-bang control”
0, forl<p(t0:c),
mf{ﬁ(t,a,x) Bi}s for 1> p(¢,0,0).
2 2 Optimal Population Distribuﬁon at Time T CoT e

hén there exists a solution

B (t,a,m) {

This problem is to best apprroximate a given age distribution by birth oo
(P2) Minimize CREEE e

iﬂ (T ara) — Ua,))¥dada,
2Jdle o ,

where & Ud, l satlsﬂes (2)

L2 e sl pl— D0, LaDEQX D

al ot B e
<-a—1)—-— 0, . S f‘a.e.mf(O,A) X882 Gk 23

1(0,a,x) == lo(ﬂ»ﬂ‘)a g . (a,2) € (0,4) X &,

1(t,0,2) == J pe, a,r)l(t @ x)da, ha) € (0,T) X9, -

where the given distribution 1€ L0, XD,
It is clear that problem (P,) has at least one optxmal pair. Let ( ,6* ,l”) be one optxmal pair,
and introduce the smooth problem. for ¢>0, '
(P%) Minimize

 croar W e
"‘J IJ | B— p* |*dadadt + *“J J G Ta,3) — 1(a;z))dada, o3
2Jojolo » 2J0)a s

where B& Uy, I, satisfies (6). I STRN : L
. Let (B,1") be one optimal pair for problem (P%). Therefore, for any pg Ty (B2, we

have

1 4 5 ]
"é_ “ ﬁe ,8 ” Aoxo + 2[0J9(l,* — l(a ,:c))ldxda

1 104 . 5 ,
< 5 I} (B + 68> — g* || iz(qxg) + ?vJOJQ(IE(T,a9m) — {(ayz))ilzda, 24)
where ¥ is the solution of (8) corresponding to £ -+68, 6>>0. ‘ e k

Denote by z* mdﬂlf: (B) the Gateaux ‘differential of L worot. B at B, we then have
(9. | o | s
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From (24) and (9), it is cléar that
T .
rf 2(T a,2) (& — [(a,z) )deda - fd(ﬂ,ﬂf —prydt =0 25
oJe : N . ; ;

for any BE& Ty ().
Introduce the dual system of (9).

%%e + aaf: “p. - + ’“’?é’? - ?’e(ih — P)p. + B p.(s 0937) == 09 in @ X kQ9

& _y, e R a.e.in @ X 39,
aﬂ 2 : A ! ] Lo
p(Ta2) + 1} (Ta,2) = l(a,z), a.e.in (0,4) X &

; . (26)
Similiar to lemma 2. 2, we can deduce that there’i’s a unigue solution p, € Lz(Q,H (D)) for '
the equation (26) , - ' ; '
From (25), (26) and (9) s smnlar to section 2. 1 we can deduce that

J'OJ‘DZ’(T o8 937) (le' (T Ix] 937) - Z(a ,x) )dxda e Jojojgp'(t’ 0 ’fﬂ)ﬂl,*dmdadt.
From (25), we have
- J‘:j:Jb?e(t’Oafc)ﬂlfdxdadt + J:(ﬂ,ﬁ: — podi >0 ’ @7

for any BETy(p:)
Similiar to Theorem 2. 2, if £\40, then we have

B — B* in L=(Q X ), (28)
i —1I* in I2(Q X ). (29)
Arguing as [127], we obtain ° : ;

p.—> pin L¥(Q, H'(92)), (30)

e e ST TR L 10,0 YD) 1)

o da % da
as =0, thus we have k (

p.(2,0, *) — p(+,0, :°) in L2((0,T) X &, , k (32)

and p€ L*(Q; H'(Q) ) satisfies ;

(gg“f*@'—ﬂp + Axp+ﬂ*p(t,0,z))"m0, a.e.in [1* < 9],
(/Il*’"—Al*—i—a—ti—}- )“0 | a.e.in [1* = y]

’ - ’ (33)
'Z‘%=0’ ‘ a.e.in @ X 99,
p(T,a,2) + 1*(Tya,2) == {a,z), a.e.in (0,4) X &

Let £°\30 in (27), we have

A
rJJ- p(t,0,2)pl*dzdadt < 0
0jo) &

for any SE€ Ty, (8).
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That is o pCes 0, UM € Ny (8%, : (34
or equivalently o
JJJ B l"p(t 0,2)dzdadt = %auj JJ ﬁl“p(t O,m)dxdadt “(35)

Let 36 KzﬂKs, such that

J‘J'J Bt* p(t,0,2)dzdadt = J‘[J ﬁl*p(t 0,z)dzdadt. ' (36)
oJojo ; , ﬁEKzﬂK :

We have
Theorem 2. 4 ~if (B*,1*) isan optlmal pair for problem (Py), then there exists a solutlon
p of (33) » pEL*(Q,H(2)) and the optunal control ﬂ“ is a “bang—bang control”,
0  for p(4,0,2) < 0
B (t,a,3) =>{. b ' ‘ P40, oo 37
; , inf{B(tya:2), 5} far p(t,O,,a:), >0, .

Remark 2.7 We may also consider the general optimal birth control problem .
(P3)  Minimize : e : '

[?g(l(t))dé~F P (T s

where €Uy, lsatlsfles (2), gs Pos X Lz((O A)XQ)—»R are convex proper and L.s. ¢. func-
tion
Similiar to sectxon 2:.1~2.2, we have

Theorem 2.5 If (Br,0*) isan optxmal paxr for (Pa) , then there ex1sts a p such that

(%+£~w+m+wmmm)ewm,&MNﬁ<ﬂ
p(/d" 41" + al* + )= 0, a.e.in [z* = 4],
da (38)
p(T,a,2) + dpo(L* (T,a,2)) D0, , oA e. m(O,A)X.Q, o
and the optimal control g* is a “bang-bang” control o '
0, toieos o for p(8,0,2) < 0, ,
ﬂw%@#{ ek R @Y

‘ ' inf{ﬁ(t,a’x) » Br) ’ for p(4;0,52) >0,
wehre J satisfies (36) o : |

"The proof of theorem 2. 5 is ommited.
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