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Deadbeat Covariance Controllers for Discrete Systems”
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Abstract; It is quite common in stochastic control problems to have performance objectives
that are expressed in terms of the covariances of the system states. In this research the follow-
ing control problem will be solved:How to design the linear feedback controller such that the
covariance of the system state achieves its steady-state value during finite beats, and this stead-
y-state covariance achieves the prespecified value simultaneously? The existence conditions and
the design methods of this class of feedback controllers are discussed in this paper. The
straightforward design steps are also given.
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1 Introduction

Many robustness properties of linear time-invariant systems are naturally described in
terms of the state covariance matrix'***), Recently,the state covariance assignment (SCA)
theory has been the subject of research of many authors® ", The main idea of this theory
is to specify a state covariance matrix X to the different requirements on the system
robustness and performance,and then design a controller such that the state covariance of
the resulting closed-loop system is equal to this specified X. Therefore, this closed-loop
will possess the desired properties,such as robustness.

However,much of the SCA literature focuses on the steady-state behavior of the sys-
tem and the transient properties are seldom considered. For example,the SCA theory can
not ensure that the closed-loop system achieves the specified state covariance in finite
beats. The too long time for the state covariance to achieve its steady-state value will influ-
ence the realization of the design goals seriously. It is a disadvéntage for the SCA theory to
be applied in practical engineering system.

In this paper,the problem of designing deadbeat covariance controller is considered.
The goal of this problem is to design linear feedback controller such that the state covari-
ance of the resulting closed-loop system achieves its steady-state value during finite beats,
and this steady-state covariance achieves the prespecified value simultaneously. Such a con-
troller is called a deadbeat covariance controller. If the deadbeat covariance controller ex-

ists ,the closed-loop system will possess fine behavior.
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2 Problem Formulation and Preliminaries
Consider the stationary vector process x generated by
Cx(k + 1) = Ax(k) + Bu(k) + Dw(k), AL D EAN(1a)
u(k) = Gz (k). (1b)
Here x € R’ ,u € R",w € R";tw is a zero mean white noise process with covariance W >
0sand w(%) and x(0) are uncorrelated, The notation“[+] > 0” and “[+} > 0” denote
positive definite and positive semidefinite,respectively, The pairs (A,B) and (A4,D) are,
respectively,assumed to be stabilizable and controllable, g
The steady-state covariance X of the closed-loop systerﬁ defined as
X = limE[z(®)a"(B)]. i (2)
is the solution to the following discrete Lyapunov equation:
X = (A+ BG)X(A 4+ BG)' + DWD", (3)
It is required to determine all state feedback controllers G such that the steady-state
covariance X achieves a specified value X ,where X = X" >> 0, Such a problem requires two
steps : (D finding the necessary and sufficient conditions for the solvability of G from eqn.
(3),and @ finding all solutions G for this equation, This problem is referred to as the SCA
problem.
A specified X (for simplicity,we use X for X) is said to be assignable if a controller
exists such that the steady-state covariance of the closed-loop system is equal to this X.
The solution of the SCA problem is presented in the following two lemmas.

Lemma 1"7  For the system (1),a specified X is assignable if and only if

X=XT>09 (48)
X>=DWD", (4b)
(I — BB*)(AXA" — X + DWD" YU — BB*) =0 (4c)

where B~ denotes the Moore-Penrose inverse of B,
Lemma 2! For the system (1),let X be assignable and 7" be a square factor of X (.
e. ,TTT = X). The matrices N and P defined by

N={U—BB*")(¥X — DWD"), (5a)

P = ({ — BB")AT. (3b)

both have rank » and the singular value decompositions
N = MAE", (6a)
P = MAFT, (6b)

where M, E,and F are orthonormal,A = diag(o,, - W0, )00 20, =220, >0=0,-, =
=0, The system (1) is assigned the X if and only if G is in the set G(X) defined by

{ Il' 0 .
G(X) = {G:G = B* «/XA—DWDTE[O }FT'J‘*'—A +d, — B BY|. (D

a
where U, € R" 7% ig arbitrary orthonormal ,Y € R"*" is arbitrary.
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By analysing lemma 1 and 2,we discover that the appropriate choice of X and U,.Y in
(7) will generate an element of the set G(X),because the SCA problem is a muitiobjective
design task. The freedom in U,,Y does not influence the steady-state covariance, but influ-
ences the transient properties, input and output covariances, robustness of the system.
Hence ,the freedom can be exploited to achieve the desired closed-loop properties. For ex-
ample, it has been used to minimize the input variance in [4]. In this paper,the freedom
will be utilized to achieve the deadbeat property via state feedback.

Let X (k) = E[x()2" (k) ] and X = }LIPO X (%), we give the following definitions.

Definition 1 The closed-loop system (1) is said to be e-n-DB(deadbeat) confrollable
if ,for prespecified ¢ > 0 and prespecified positive integer n,there exists a feedback
controller such that | X (k) — X|| <<efor all 2 =n.

Remark In fact, Definition 1 offers a further constraint on the general covariance
controller. In the design of the practical engineering system, if the system is e-n-DB
controllable and if the error precision € is chose to be small enough, the design goal can be
effectively achieved.

To this end,the problem considered in this paper can be expressed as follows :For the
system (1),find all the feedback controllers G such that the system is e-n-DB controllable
and the steady-state covariance X achieves the prespecified value X,

3 Main Results and Proofs

Lemma 3™  For the system (1) ,the state covariance X (%) can be expressed as
k—1
X(k) = (A+ BG) RJ(A+ BG)"] + Z(A + BGYR,[(A + BG)"]. (8)
¥=0 - .

where R, = E[x(0)2"(0)],R, = DWD".

Theorem 1 For prespecified € >> 0 and a positive integer n,the system (1) is e-n-DB
controllable if there exists a G such that the maximum singular value of H(H = A + BG)
is v A ,here A(0 << A<C 1) is determined by

/(1 — D) < e/max{||R, — R, lIRi}. (9)

Proof It is clear that |[H||? = A< 1 and H* = 0. Using Lemma 3,we have

IX(n) — X[ =X (1) — X ()|

=|H"'R,(H")" — H"R,(H™> — > HR,(H"Y|
=|H"R(H")" — > H'R(HY|

<UHI"IR, — Rill + 2 IHI= IRl

s=n+1

=X|Ry — Rl + 2] ¥R,

s=n-+1

=XR, — R, + [¥*'/1 — DR
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<[4/ — A)Jmax{ IR, — Ryl (1R, I
If condition (9) is satisfied,then || X (n) — X|| < € and, therefore, || X (k) — X|| < e when %
= n. This proves the theorem.

From Theorem 1,we can conclude the above results as follows:For the system (1),
the problem of designing e-n-DB controllers can be converted to the problem of assigning
desired poles (singular values) to the closed-loop system. Hence,our task is to find the
feedback controller G such that steady-state covariance achieves the specified value and the
equation A + BG = H can be satisfied ,where the desired closed-loop matrix H is defined
as the matrix whose maximum singular value is v/ A in the case of designing e-n-DB
controllers,

In what follows,we will focus on the existence conditions and expression of the de-
sired feedback controller G.

Theorem 2 Let H be the desired closed-loop matrix with the dimension n, X x,.
Suppose that X is assignable, Then there exists G such that system (1) assigns the
specified state covariance X and A + BG = H, if and only if

(ETLHTF), =1,, (10a)
[ETLHTFJ}, = 0, (10b)
(E'LHTF], = 0, (10¢)
[ETLHTF1,[E'"LHTF} = 1, (10d)

where L = (VX — DWD")"? and T,E,F are defined as in Lemma 2,the dimension of
[edusledizsLedusldezis r X ror X n,,n, X r and n, X n,,respectively.
Proof of sufficiency :
Assume that conditions (10a)~ (10d) are satisfied ,then
I. 0
ETLHTF = |: :|
0o U,

where U,is an orthonormal matrix with the dimension of n, X n,.Since EET = I ,FFT =1,
L= (/X — DWD")"!, we have
I, 0
H= /X —DWDTE |: :|FTT_‘.
0 U,
Define
I, 0
voe["
0 U,
G=B* (/X —DWD'WVI'— A) + (I, — B™ BYY.
where Y € R"*"«is arbitrary,then A 4+ BG = H, By Lemma 2,we know that G is also the
controller such that the closed-loop system assigns the specified covariance X.

Proof of necessity If there exists G such that the system (1) assigns the specified

state covariance X and meet A + BG = H ,then from lemma 2,we have
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L 0 ,
G =B* { /X —DWD" E [O 7 :lFTT" —~ A}+ d, — B* BY.
0

where U, is orthonormal and Y € R""r is arbitrary, Hence we easily get
i BQ
H= VX —DWD' E [ j|FT’I“‘,
; 0 U,

I, 0
and ETLHTF = [O i }, then obtain conditions (10a)~ (10d).
0

Theorem 3 If the conditions of Theorem 2 are satisfied,then the feedback controller
G,which can make the system (1) achieve the assignable matrix X and have expected
closed-loop matrix H, can be expressed as;

I, 0

G = B*<{ /X — DWD? L|:

0 [ETLHTF],
where £,F,T,L,Y are defined as in Theorem 2.

Proof The result follows from Lemma 2 and Theorem 2 immediately.

}FTT_I = A}Jr 1, — B* BYY. A1)

Algorithm to controller design

In this subsection we shall present the design steps of the e-n-DB controller.

Consider system (1), for specified state covariance X ,error precision & and beat
number n,we want to design the controller G.

Step 1 Compute B*,verify conditions (4a)(4b)(4c) are correct or not, If not,the
specified X is not assignable and the desired controller does not exist.

Step 2 Choose A by (9) and v; satisfying 0 o, <A (G = 1,2, 42,).

Step 3 By reference [9],obtain positive definite matrix K (a set )which has poles v, ,
-+,v, ,and the square root H of K (a set),

Step 4 Verify H satisfy (10a)~ (10d) or not. If not,go to Step 2.

Step 5 Obtain the controller from Theorem 3.

Remark The design has much freedom which can be used to achieve other desired
properties. For example,we can consider the robustness.

4 Conclusion

This paper has introduced a theory for designing feedback controllers that assign a
specified state covariance to the closed-loop system in finite beats. The theory is restricted
to linear time-invariant systems with constant gain state feedback and may be applied in
practical control system with computers.

The primary contributions of this paper are summarized in Definition 1 and Theorem
2,3. Definition 1 defines the notion of dead-beat controllable ,and Theorem 2 characterizes
the desired closed-loop matrix that may be assigned to the system. Theorem 3 identifies the
set of all constant state feedback matrices that achieve the assigned covariance and closed-
loop matrix simultaneously.

The results of this paper may be extended to the case of state-estimate feedback con-
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trol ,dynamic feedback control and the case of bilinear discrete-time system. These results

will appear at later date.
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