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Abstract：Some new criteria on cha0s synchroniTafion are derived．which fLffthcrimproves the results obtained in the lit- 

er咖 re．It offers S0睇 fairly simple algebraic conditiom that aIe very easy to verify for chaos nc m on
．  
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混沌同步的一些新结果 
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摘要：给出了混沌同步的一些新判据，改进了当前文献的结果 ，并提供了一些非常容易检验的关于混沌同步的 

代数条件 ． 
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1 Introduction 

Chaos synchronization has been the topic of intensive 

research in the past decade(see，e．g．，[1—12]and the 

references therein)．One conmaon approach to chaos 

synchronization is to reformulate it as a(generalized) 

Lur’e system and then di~uss the absolute stability ofits 

eITOl"dynamics[4，7 10]． 

This paper aims to improve the results of[4]，and 

offers some fairly simple algebraic conditions that are 

very easy to verify，on the basis of the authors’recent 

investigations 【9，10]．The basic idea supporting this 

study is based on the fundamental theory and techniques 

developed in the nonlinear systems literature[13，14]． 

2 Chaos synchronization as stabilization 

Consider a uni—directional feedback-controlled chaos 

synchronization system in the following form ： 

= + gT。 ， ⋯
，g ， )(6cT一 

． 

cbT x(driVe)， 

= +f(qT ，g )(6cT—cbT))，一 

K( —Y)(response)， 

where (t)，Y(t)，qf，b，c∈R ，i=1，⋯，r≤／7,，A， 

K∈皿 and f∈ c[R x[to，a。)，R]．Let the syn— 

chronization error be 

e= 一Y． (2) 

Then，system(1)Call be reformulated as 

de
=Ae+ ，⋯， ，￡)(6cT— 

cbT)e+Ke． (3) 

The objective is to choose the constant feedback gain 

matrix K，such that e(￡)—}O as t—}∞，thereby achier— 

ing synchronization)，(￡)— (￡)as t— ∞． 

The following is main result of[4]： 

Theorem 1 Suppose that f is bounded for any 

bounded variables ，and that there exists a symetric and 

positive definite ma trix P such that 

+ )TP+P(A+ )<o， (
4) B P

+ PB = 0． ’ 

where B = bcT— cbT
． in which b and c ale linearly in— 

dependent．Then，the踟 solution of system (3)is 

globally asymptotically stable，so that system (1)syn一 

(1) A few remarks about 1【1 m 1 are in oIder
．  
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First．f0r the purpose of synchronization，under con‘ 

ditions(4)，the boundedness ofthe function，(·)is re— 

dundant as can be seen from the detailed discussion given 

iIl the next section． 

Second．the matrix B = bcT— cbT is a very special 

asymmetric matrix，so that the second quation in(4)al— 

ways has a solution(e．g．，the identity matrix or a 

block-diagonal matrix)．As a result，by selecting all ap— 

propriate gain matrix K，the matrix inequality in(4)is 

always solvable． 

3 Main results of the present paper 

Two questions ale addressed in this section： 

1)How to simplify the conditions given in(4)of 

Theorem l above? 

2)If conditions(4)ale not satisfied，how to select a 

suitable feedback gain matrix K to ensure the syn chro— 

nizafion? 

Theorem 2 Suppose that vectors b and c are lm— 

early independent．Then 

i)If every column of matrix B has a nonzero element 

b ≠0，then the matrix question in (4)can only have 

solutions of the form P = kin with > 0． 

ii)Ⅱ 

r~ r 

and every column of the subma trix (Ⅱ一r)×(Ⅱ一r)has a 

nonzero element b ≠ 0，then a solution of the ma trix 

equestion in(4)can be simply chosen as 

P r~r 

in which Pr×，is a symmetric and positive definite con‘ 

stant ma trix． 

Proof Since B ： bcT— cbT．one has 

BT：一6cT+c6T：一(bcT—cbT)=一B， 

im plying that B is a skew—symmetric ma trix satisfying B 

+ BT ： 0
．  

In applying the mathema tical induction argument， 

start from ／7,= 2： 

： ⋯  制 = 

⋯

0 

6。c2 

6l c2—

0。l 6 】：：[一06。 60 ]． 
⋯ 。  

6l j 【一 6l2 J 

Since b and c ale linearly indepe ndent， 

aet I i ≠。甘 
bl c2一 cl b2≠ 0甘 bl2≠ 0． 

Consequently， 

P + PB = 0甘  

一 BP + PB = 0 BP = PB． 

The last equality gives 

— Pl2bl2= bl2Pl2=#Pl2 = 0， 

bl2Pll= bl2P~ j pll= PZZ= > 0． 

Without loss of generality．take = 1 in the following． 

Th us，when／7,= 2，one has P = 12． 

Next。assume that the claim iS仇1e for／7,一 1，and 

co nsider the case of／7,．In this case， = PB，with 

their special forms obtained  in the case of／7,一 1，yields 

0 b12 

— — b12 0 

一 hi3 — 623 

一 bl 一 b2 

P11 P12 P13 

Pl2 1 0 

PI3 0 0 

Pl 0 0 

P11 P12 PI3 

Pl2 1 0 

PI3 0 0 

Pl 0 0 

0 b12 

— — b12 0 

— 6l3 一 b23 

— 6l 一 62 

hi3 

b23 

0 

0 

bl 

62 

63 

0 

6l 

62n 

63 

●

● 

●  

0 ⋯ 0 

By co mparing corresponding elements，one obtains P = 

，n，as claimed in Part i)of the theorem． 

Part ii)of the theorem can be similarly verified，tom— 

pleting the proof of the theorem． 

Note that since P=，n is always a solution ofthe sec— 

ond Eq．of(4)，conditions in(4)can be simplified to 

0  0  0  0  1  ． ． 

．

．

． ～ 0 
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be 

(A+ )T+(A+ )<0． (5) 

Theorem 3 In system (1)，let be the largest 

eigenvalue of the matrix[A+AT]．If <0 then one 

canchoose K =0，namely，no feedback is needed in or- 

der to achieve synchronization．If m“ ≥ 0，then one 

ma y choose K = ，n with 2 <一 to achieve syn— 

chronization． 

Proof W hen < 0，let K = 0．Then 

(A+ )T+(A+ )=AT+A<0． 

When ≥0，let K = ，n．Then， 

T[(A+ )T+(A+K)] = 

T(AT+A) + T(KT+K)x≤ 

+2bLxT < 0
， 

for ≠ 0 if2tz <一 。一 ．This completes the proof of 

the theorem ． 

It is well known that for rt》 1，computing the eigen— 

values is a very difficult task．Th e following criterion is 

easier to use． 

Theorem 4 Let H=A+AT=[ ] × ．Define 

∑ I h I． 
《i《 』_一 I 

If K= ，n with 2 +h“<一L(i= 1，⋯，n)，then 

conditions(4)must be satisfied，implying synchroniza— 

tion of system (1)． 

Proof Since 

(A+K)+(A+ )T=(A+AT)+2／~I．， 

one has 

2 + hii= 2,u + 2aii<一 L = 

一

， 
∑ I h I，i=1，⋯，n． 

‘ ’ “ J=1．』≠i 

According to the Gershgorin Th eorem，the eigenvalues 

of the matrix(A+K)+(A+K)T ale located on the 

left-half of the complex plane，so that the symmetric 

matrix(A+K)+(A+ )Tis negative definite．There— 

fore，conditions(4)are satisfied，implying synchroniza— 

tion of system(1)．This completes the proof of the the— 

orem ． 

4 Multi．variable systems 

As a further generalization of the above study，con— 

sider the following synchronization problem of a multi— 

variable system ： 

= + (9 ，⋯，9T， ，t)· 

(bicT—cf6 ) (drive)， 

鲁= +善 (9 ，⋯，9 ，￡)(如 -~ibT)，，一 
K( 一'，)(response)， 

(6) 

whem (t)，Y(t)，qf，bi，cf∈ 腿 ，i=1，⋯，r≤ ，I， 

A，K∈ ，andJ)∈e[ ×[to，∞)，蕊]，_『=1，⋯， 

As  before，let the syn chronization error be e = 一 Y 

and then consider the synchronization error dymmics 

害=(A+ )e+∑i (9 一，9 ) ，
= 1 

(7) 

where B bicT—cf6 ，i= 1，⋯ ，m
．
The following re— 

suit wag obtained in [4]，with slight corrections given 

here： 

Th eorem  5 A sufficient co ndition for synchroniza— 

tion of system(6)is that for any functions there exists 

an n × n constant ma trix P = PT > 0 such that 

+ )<0， (8) 

PB + = 0． 

Note that according to Th eorem 3 above，the second 

Eq．in (8)always has a solution，e．g．，P =，n．By 

using this solution an d suitably choo sing a K，the matrix 

Ineq．in (8)can always be satisfied．The following 

gives a much simpler criterion under which condition 

(8)is satisfied． 

Th eorem 6 In system (6)，let 。TIax be the largest 

eigenvalue of the matrix[A+AT]．If <0 then one 

can choo se K =0，namely，no feedback is needed in or— 

der to achieve syn chroniTation．If IllⅡ ≥ 0，then  one 

ma y choose K = ，n with 2 <一 M to achieve syn’ 

chronization． 

Pr oo f Consider the Lyapunov function V = e e． 

Wh en 旦x< 0，let K = 0．Th en 

『(7)-eT + 
∑A(qTx，⋯，qT t)eT( + )e= 

eT[(A+K)T+(A+K)]e= 

eT(A+AT)e<0， 
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l(7)-eT(A T+(A e<o， 

=

，

m  ∑ I h I． 

一

， 
∑ I h I，i=1，⋯，n， 

‘‘《 』=1． ‘ 

d l 3 —2 4 6 I 面 I
一 3 2 1 3 I l 
6 —2 2 oJ 

／(gi’ ，g ，t)(bcT—cbT) ， 

～ ⋯ T 【- 4 6 
： m ax {∑ I h I，∑ I h I，∑ I h I)= 

(A+ )Tis negative definite，implying that the coupled 

A =[ 4 1 2 b=c0 1 12 1 A=l I， =l l ， L一4 一 J 
c=[0 1 O]T， ·，t)=2u(t)， 

where M(t)is a control input signa1．With P=13and K 

= 一 2．513，the matrix(A+K)+(A+ )Tis negative 

Example 3 Consider the following system ： 

=  

c g ，g ，t [ 。 -02 -三一] + 
c g ，g ，t [ 3] ． 

日：= A + AT =[-7三三 8] 
is not negative definite，an d both Bl and B2 are skew 

= m ax {∑ I h I，∑ I h I，∑ I h I)= 

If2／z+ hz2<一 15 then <一19／2．So，if one takes 

= 一 10 SO that K =一1013，then the ma trix(A+K)+ 

(A+ )T is negative defmite．Hence，Theorem 7 im— 

plies that the coupled system synchronizes． 

6 Concluding remarks 

A colnlTlOn philoSOphy in the study of chaos control 

special Lyapunov function OF to SOlve a system of linear 

ma trix inequalities．As has been widely shown，bo th Call 

be quite im plicit and indeed technically difficult．This 

paper improves the results of[4]，and offers SOme fairly 

sim ple algebraic conditions that ale very easy to verify． 

pler design SO as to obtain mole feasible structures and 

co nditions in the future investigation of chaos control an d 
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