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Variable structure control of
parabolic type systems with continuous distributed delays
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Abstract: Based on comparison principle, the variable structure control problems for a class of parabolic type system
with continuous distributed delays is investigated by using general vector Hanalay’s differential inequality, Dini’s deriva-
tive, Green formulation, and technique of inequality analysis. Firstly, only with M-matrix coefficient constraint, sufficient
conditions are found for global exponential stability for the sliding mode equations with continuous distributed delays and
several theorems of the global exponential stability for the sliding mode equations are established. Secondly, the variable
structure controller of the system described only by state functions is designed. Furthermore, the length of time for motion
trajectories to reach the sliding mode are estimated.
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1 ÚÚÚóóó(Introduction)
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∂w

∂t
=D∆W (x, t)+A0W (x, t)+

z∑
q=1

w 0

−τ
Kq

A(s)W (x, (t+s))ds+Bu(x, t).

(1)

Ù¥: (x, t) ∈ Ω × R+, D > 0Úτ > 0Ñ´~ê;
A0 = (a0

ij), Kq(s) = (kq
ij(s)), B = (bij)´äk�

A��~êÝ
: �Ý
B´�÷��;Ω = {x,

‖x‖ < l < +∞} ⊂ Rd ´äk1w>.∂Ω�k.
«�,G�¼êW (x, t)=col(w1(x, t), w2(x, t), · · · ,

wn(x, t)) ∈ Rn, ∆ =
d∑

l=1

∂2

∂x2
l

�Ωþ�Laplace*Ñ

�f. ¿b½k̃q
ij(s) > 0,s ∈ [−τ, 0],

w 0

−τ
k̃q

ij(s)ds =

k̃q
ij > 0(q = 1, · · · , z, i = 1, · · · ,m, j =

1, · · · , n)�~ê. ÙÐ>�^�÷v

W (x, t) = 0,
∂W

∂n
= 0, (x, t) ∈ ∂Ω × (−τ, +∞)

(2)
½ö

W (x, t) = ϕ(x, t), (x, t) ∈ Ω × [−τ, 0]. (3)

n´∂Ω�ü 	{�þ, ϕ(x, t)´·�1w�
¼ê.
���C(����{[4∼10]ØÓ�´, �©

é�.(1)∼(3)ïá�wÄ�$Ä�§, æ^�«
�#��{—–|^í2��þHanalayØ�ª(
ÜGreenúª,3=�¦XÚ��¤�k�ëê÷v
´��M–Ý
�^�e�ÑÙ�ê½5��â.
,�|^Ø�ªE|3¤À��C(���ìþy

²
����¡�wÄ��«. ¿�Ñ
|^¤�
O���ì, l?¿�Ð© �Ñu�;�²þ�
�wÄ��«þ��m�Oª.
�©¤¼��wÄ�$Ä�§�Û�ê½�

¿©^���®kaq©z�(J[7,8]�°t�{

ü. d	,�yk�{'�[7,8],�©¤¼��wÄ�
²þ���m��Oª�\°(.

2 ½½½ÂÂÂÚÚÚÚÚÚnnn(Definitions and lemmas)
b½XÚ�²ï:�":, �Ð©^�÷v

ª(3)�,�±ÏL·��C�¦�XÚ�²ï:z
�":. PL2–��

‖W (t)‖2 = (
w

Ω
‖W (x, t)‖2dx)1/2.

Ù¥‖W (x, t)‖L«�þW (x, t)�Eucild�, ¿¡
�E–�. PL2(Ω)´Ωþ�¢�ÿ¼ê�m�é
uL2–�¤��Banach�m. P

P s
i (t) = sup

−τ6s60

Pi(t + s), i = 1, 2, · · · , n,

P s = col(ps
1(t), p

s
2(t), · · · , ps

n(t)),

‖ϕj(t)‖s

2
= sup

−τ6s60

‖ϕj(x, t + s)‖s

2
, j = 1, · · · , n,

‖ϕ(t)‖s

2 = (
n∑

j=1
(‖ϕj(t)‖s

2
)2)1/2,

(P1)+ = col(
∥∥p1

1

∥∥ ,
∥∥p1

2

∥∥ , · · · ,
∥∥p1

m

∥∥),∥∥p1
j

∥∥s

2
= sup

−τ6s60

∥∥p1
j(t + s)

∥∥s

2
· |A| = (|aij|).

Ù¥A�Ý
.

½½½ÂÂÂ 1 e�3�êδÚM ,¦�

‖W (t)‖2 6 Le−δt, (x, t) ∈ Ω × R, (4)

K¡>�¯K(1)∼(3)�²�)´L2(Ω)–�êìC
½�,{¡XÚ(1)´L2(Ω)–�êìC½�.

ÚÚÚnnn 1[14] b��þ¼ê

x(t) = col(x1(t), · · · , xn(t)),

y(t) = col(y1(t), · · · yn(t)),

xs := sup
−τ6s60

x(t + s) = col(xs
1(t), · · · , xs

n(t)),

xs
i (t + s) = sup

−τ6s60

xi(t + s),

ys := sup
−τ6s60

y(t + s) = col(y1(s), · · · , yn(s)),

ys
i (t + s) = sup

−τ6s60

yi(t + s), i = 1, · · · , n

÷ve�^�:
1) x(t) < y(t), t ∈ [t0 − τ, t0];
2) D+y(t) > F (t, y(t), ys(t)), t > t0 > 0,

D+x(t) 6 F (t, x(t), xs(t)), t > t0 > 0,K

x(t) < y(t), t > t0. (5)

Ù¥F (t, x, y) = col(f1(t, x, y), · · · , fn(t, x, y))´Hn-
¼ê[14].

3 wwwÄÄÄ���$$$ÄÄÄ���§§§���ïïïááá(Constructing slid-
ing mode movement equations)
�â®�^�, ��det B2 6= 0, Ù¥B =

col(B1, B2), B1 ∈ R(n−m)×m, B2 ∈ Rm×m. éX
Ú(1)��ÛÉ�5C�TP (x, t) = W (x, t),Ù¥

T =

(
In−m B1B

−1
2

0 Im

)
.

�
�B,PPi(x, t)=Pi, P (x, t)=P, u(x, t)=
u. u´XÚ(1)=z�

∂P

∂t
= D̃∆P + Ã0P +

z∑
q=1

w 0

−τ
K̂q(s)P (x, t + s)ds + B̃u. (6)
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ª¥: D̃ = D, B̃ = T−1B = col(0, B2), Ã0 =
T−1A0T , K̂q(s) = T−1Kq(s)T . P

Ã0 =

(
A0

11 A0
12

A0
21 A0

22

)
,

K̂q(s) =

(
K̂q

11(s) K̂q
12(s)

K̂q
21(s) K̂q

22(s)

)
.

ª¥: Ý
A0
11, K̂

q
11 ∈ R(n−m)×(n−m), A0

12, K̂
q
12 ∈

R(n−m)×m, A0
21, K̂

q
21 ∈ Rm×(n−m), A0

22, K̂
q
22 ∈

Rm×m. ù�XÚ(6)�U��



∂P1

∂t
= D∆P1 + A0

11P1 + A0
12P2+

z∑
q=1

w 0

−τ

(
K̂q

11(s)P1(x, t + s)+

K̂q
12(s)P2(x, t + s)

)
ds,

∂P2

∂t
= D∆P2 + A0

21P1 + A0
22P2+

z∑
q=1

w 0

−τ

(
K̂q

21(s)P1(x, t + s)+

K̂q
22(s)P2(x, t + s)

)
ds + B2u.

(7)

���¼ê�

S(x, t) = C1P1 + C2P2. (8)

ª¥C1 ∈ Rm×(n−m),C2 ∈ Rm×m��½Ý
. u´,
��¡�

S0 =
{
(P1, P2)T |C1P1 + C2P2 = 0

}
. (9)

y3�C2�_, K��¡S0þkP2 = −C−1
2 C1P1,

�\ª(7)�11ª,��wÄ�$Ä�§
∂P1

∂t
= D∆P1+GP1+

z∑
q=1

w 0

−τ
H̃q(s)P1(x, t + s)ds.

(10)
Ù¥: G = A0

11 − A0
12C

−1
2 C1, H̃q(s) = K̂q

11(s) −
K̂q

12(s)C
−1
2 C1, H̃q(s) = (h̃q

ij(s)), q = 1, · · · , z.

4 wwwÄÄÄ���$$$ÄÄÄ���§§§������êêêìììCCC½½½

555(Global exponential stability of sliding
mode movement equations)

½½½nnn 1 eM = −(Ḡ+G̃++
z∑

q=1
H+

q )´��M-

Ý
[15], KwÄ�$Ä�§(10)�²�)´L2(Ω)-
�Û�ê½�. Ù¥

Ḡ=(ḡij)=

{
gij, i=j,

0, i 6=j,
G̃=(g̃ij)=

{
0, i=j,

gij, i 6=j,

g̃+
ij = |g̃ij| , G̃+ = (g̃+

ij),

H+
q = (

∣∣hq
ij

∣∣), ∣∣hq
ij

∣∣ =
w 0

−τ

∣∣∣h̃q
ij(s)

∣∣∣ ds.

yyy Ñ.Ùy²�{�©z[16]�y²�{�q.

555 1 �©z[7,8]'�, ^�©��{¼��wÄ
��§�ê½5�^��N´u�. �âM-Ý
�5
�[14], N´�Ñ±eNõ�½^�, �u�Ìd?ÒØ�
��Þ. AO/, éuXÚ(1)∼(3), �D = 0�, KTXÚ
=z�e�C�¢�5XÚ

dW

dt
=A0W +

zP
q=1

w 0

−τr

Kq
A(s)W (t+s)ds+Bu, (11)

Ð©^��W (t) = 0, t ∈ [−τ, +∞),�©��§(1)aq/
ïáwÄ��§�

dP1

dt
= GP1 +

zP
q=1

w 0

−τ
H̃q(s)P1(t + s)ds. (12)

Ù¥GÚHq��§(10)�GÚH̃q(s)½Â�Ó.Kk

íííØØØ 1 b�M = −(Ḡ + G̃+ +
z∑

q=1

H+
q )´�

�M-Ý
,KXÚ(12)�²�)'uE–�´�Û�
ê½�.

5 CCC(((���������ììì������OOO(Design of variable
structure)
½½½nnn 2 eÝ
�§|C1K

q
11(s)+C2K

q
21(s) =

(C1K
q
12(s) + C2K

q
22(s))C

−1
2 C1 (q = 1, · · · , z)¤á,

KÀ�C(���ì

u =

(C2B2)−1{−δS(x, t)− (C1A
0
11 + C2A

0
21)P1 −

(C1A
0
12 + C2A

0
22)P2 −

z∑
q=1

[
w 0

−τ
(C1K̂

q
11(s)+C2K̂

q
21(s))P1(x, t + s)ds+

w 0

−τ
(C1K̂

q
12(s)+C2K̂

q
22(s))P2(x, t+s)ds]} (13)

�,����¡S0�wÄ��«,Ù¥δ, αÚρÑ��

~ê,¿�÷vδ > D.
yyy ©üÚy²:
111 1 ÚÚÚ ?�x ∈ Ω , kST(x, t)∆S(x, t) 6

ST(x, t)S(x, t). ¯¢þ,éS(x, t) 6= 0,k
∂S(x, t)

∂t
= D∆S(x, t)− δS(x, t). (14)

òª(14)ü>Ó¦±ST(x, t),Kk

ST(x, t)
∂S(x, t)

∂t
=

Dφ(x, t)− (δ −D)ST(x, t)S(x, t). (15)

Ù¥φ(x, t) = ST(x, t)∆S(x, t) − ST(x, t)S(x, t),
x ∈ Ω . �±y²,é?¿�x ∈ Ω ,Ñk

φ(x, t) 6 0. (16)

-Ω1 = {x|φ(x, t) > 0, x ∈ Ω}, Ω2 = {x|φ(x, t) 6
0, x ∈ Ω}. e¡y²Ω1´�8. ¯¢þ, b�Ω1�

�,?�x ∈ Ω1,���
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0 <
w

Ω1

φ(x, t)dx =

ST(x, t)∇S(x, t) |∂Ω1 −w
Ω1

(∇S(x, t))T(∇S(x, t))dx−
w

Ω1

ST(x, t)S(x, t)dx. (17)

,��¡, Ï�é?¿�x ∈ ∂Ω1, kφ(x, t) =
0,Klφ(x, t)�½Â,��∀x ∈ ∂Ω1,k∇S(x, t) =
S(x, t). òÙ�\ª(15)�

ST(x, t)
∂S(x, t)

∂t
=

−(δ −D)ST(x, t)S(x, t), x ∈ ∂Ω1, (18)

Ïd,é?¿�x ∈ ∂Ω1,k
∂

∂t
[ST(x, t)S(x, t)] = −2(δ −D)ST(x, t)S(x, t, ),

(19)

���

lim
t→∞

‖S(x, t)‖ = 0, x ∈ ∂Ω1. (20)

Ïd,�x ∈ ∂Ω1�t¿©��, ‖∆S(x, t)‖´¿©/
�,l∇S(x, t)3∂Ω1 × [0,∞]þ´k.�. Ï,
�t¿©��, |ST(x, t)∇S(x, t)|∂Ω1

¿©/�. ù�
ª(17)gñ. ¤±,8ÜΩ1´�8. Ïd,y²
é?
¿�x ∈ Ω ,kφ(x, t) 6 0.
111 2ÚÚÚ y²�S(x, t) 6= 0�,k

ST(x, t)
∂S(x, t)

∂t
< 0.

¯¢þ, éuS(x, t) 6= 0, 5¿�é?¿�x ∈ Ω
kφ(x, t) 6 0,Kdª(17)��

ST(x, t)
∂S(x, t)

∂t
6 −(δ −D)ST(x, t)S(x, t) < 0,

(21)
=����¡S0�wÄ��«.
555 2 �©z[7,8]¤^���ì'�,�K
��'

�J�y�Ý
�ê�.
½½½nnn 3 3ª(13)¤�O�C(���ìu(x, t)

e, l?¿Ð© �p(x, 0)Ñu�;�p(x, t)3²
þk��mT S��wÄ��«S0 þ, ��3~
êk > 0,¦�

T 6 k

(δ −D)
ln ‖S(0)‖2 . (22)

yyy d½n2�y²���Ü�±wÑ,é¤k
�x ∈ Ω , t > 0,�S(x, t) 6= 0�,k

ST(x, t)
∂S(x, t)

∂t
6 −(δ −D)ST(x, t)S(x, t). (23)

ü>Ó�éxÈ©�

d
dt

(
w

Ω
‖S(x, t)‖2dx) 6 −2(δ−D)

w
Ω
‖S(x, t)‖2 dx.

(24)
-f(t) = ‖S(t)‖2

2 =
r
Ω
‖S(x, t)‖2 dx,Ù¥‖S(t)‖2

�L2–�,Kª(24)=C�
d
dt

f(t) 6 −2(δ −D)f(t). (25)

�â©z[15] P.35 – P.36�

f(t) 6 f(0)e−2(δ−D)t, t > 0. (26)

�t < T�,Kk

t 6 1
2(δ −D)

[ln f(0)− ln f(t)], 0 < t < T . (27)

�t =
T

k
, k�À�±�yf(

T

k
) > 1,Kª(27)���

T 6 k

(δ −D)
ln ‖S(0)‖2 . (28)

555 3 �©z[7,8]'�,§�¼����wÄ��m
�O�´�©¼���O���ê. ��©�Ä�´w
Ä�é�m���©Ø´ �ê. T�{é©z[7,8]ï
Ä��.Ó�·^.

6 ÞÞÞ~~~(Example)
�
`²¯K,�Ä���~,éu�.(1),�



A0 =



−3 1 1

0 −3 0
0 0 −1


 ,

A =




3 1.5 1.5
0 3 0
0 0 0


 , B =




1 0
4 0
0 2


 ,

(29)

¿�d = 1,D = 1, Ù¥-k̃(s) = e−s. ���Ḡ =
−0.5 < 0, G̃ = 0,H+ = 0;�½n1�^�÷v. q
���QK̂11(s)+ K̂21(s) = (QK̂12(s)+ K̂22(s))Q,
½n2�^�÷v,l���XÚ¤éA�wÄ�
$Ä�§�

∂p(x, t)
∂t

=
∂2p(x, t)

∂x2
− 0.5p(x, t).

´�ÑwÄ��§ìC½. -C(���ì�

u =

−
(

1/4 0
0 1/2

){(
2

4 + 2δ

)
P1+

(
1/2+δ 0
−1/2 2+δ

)
P2+3

w 0

−τ

(
0
2

)
e−sP1(x, t+s)ds+

3
w 0

−τ

(
1 0
0 1

)
e−sP2(x, t+s)ds

}
.
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Ù¥δ > D = 1,C2´�øÀJ��ÛÉÝ
, d
½n2��, wÄ�$Ä�§lÐ© �Ñu�;
�, ²�mT�, 7����¡S0þ, ÙT��O÷

v(28).
AO/, -D = 0,Kþ¡��~=z�e¡�

/ªµ

Ẇ (t) = A0W (t)+A1

w 0

−τ
e−sW (t + s)ds+Bu(t).

(30)
Ù¥W (t), A0, A1, B�½ÂXc. ÏLþ¡�Ó�
C�,ÙwÄ�$Ä�§�ṗ(t) = −0.5p(t),Kâí
Ø2,T�§´�Û�ê½�. Ù;,Xã1¤«.

ã 1 XÚ(30)�wÄ��§;,
Fig. 1 Trajectory of sliding model equation for

system (30)
7 ���((((Conclusion)
�©|^í2�HanalayØ�ª(ÜDini�ê�

�£ïÄ
�aä©Ù�¢��Ô.��XÚ�C

(���¯K.�O
C(���ì,�Ñ
l?¿
Ð© �p(x, 0)Ñu�;�p(x, t)3k��mTS

²þ��wÄ��«S0þ��m�Oª. l?¿;
�Ñu�;���wÄ��«��m´k��.
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