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Variable structure control of

parabolic type systems with continuous distributed delays
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Abstract: Based on comparison principle, the variable structure control problems for a class of parabolic type system
with continuous distributed delays is investigated by using general vector Hanalay’s differential inequality, Dini’s deriva-
tive, Green formulation, and technique of inequality analysis. Firstly, only with M-matrix coefficient constraint, sufficient
conditions are found for global exponential stability for the sliding mode equations with continuous distributed delays and
several theorems of the global exponential stability for the sliding mode equations are established. Secondly, the variable
structure controller of the system described only by state functions is designed. Furthermore, the length of time for motion
trajectories to reach the sliding mode are estimated.
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O D AW (2, 8) + Ao W (x, £) +
x, (t+s))ds+ Bu(z,t).
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He: (z,t) € 2 xRy, D > Ofir > 0#82H %
Ao = (a)), K9(s) = (Kj;(s)), B = (bi;) RRAH
N H BOE R B EBR S IRE2 = {z,
lz|| <1< +oo} C R* RAAIGIHILFROQKIE T
X3, RSB (2, t)—col(wl(a: t), we(z,t),-

wy(z,t)) € R", A = Z jJQJ:EﬁLaplaceiffﬁ;ﬁ
. FBERG(s) > 0s € [-7.0), [ K (s)ds =

]zilqj > 0((] = 17"'7Zai = 17
,n) R HEHL HAJTAE A 2

W(a 1) =0, %—Z/ 0, (2,1) € 90 x (=7, +00)
@)

7m7] =

B
W(x7t) = (P(%t)v (1'7

N0 B ANE [0 B, o, t) 738 24 0% W
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b5 — f AR a5 4 4 4l 5 SR TOUR R i R, A S
it R R (1)~ (3) 38 5L 1 3 B AR 32 5 5 72, SR — Ff
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2 & XF15|# (Definitions and lemmas)
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W®ll, =

H AW (z, )| 7~ 1 W (x, t) FBucildi, I #8

e R x[-7,0. 3

(f W G, £)]Pda) /2.

WE- B 8L, (92) 52 2.1 B 52 1T 0 % 4% 1A L%
T Lo g—>Banach 25 [d]. id
P(t)= sup Pi(t+s), i=1,2,---n,

—7<s<0

P = col(pi(t), p5(t), -+, (1)),
||SO]( )”2_ sup ||80](.Tt+8)”27 ]_177n7

—TLS<

n

lle@ll> = (;(H%( M%),

(P1)+ :COI HpiH Hp2H 9 pm )a
Ipill; = sup o+ )] - 141 = (las))-
oo Ak

BN EHELEERSHM, {3

W ®)ll, < Le™, (x,

WUIFR AR 1 /1)~ (3) BRI PLAF S Lo (92)— Fi5 il
P58 1, TRR R (1)FE Lo (02)- FREHHERR E 1.

t) € 2 xR, @)

SIFE 1 R R R AL
J)(t) = COl(wl(t)7 T 7wn(t))7
y(t) = col(yi(t), - -~ yn(t)),

x®:= sup z(t+s)=col(xi(t), -,z (1)),

—7<s<0
2}t +s) = sup wi(t+s),
—7<s<0
ys = sup y(t + S) = COl(yl (3)7 te 7yn(8>)
—7<5<0
G(t+s)= sup plt+s), i=1-.n
—T7<s<0
W2 T BI4At

Dx(t) <y(t), t € [to—7,t0);
2) DYy(t) > F(ty@®),y°(t), t = to = 0,
D*ax(t) < F(t,z(t), z°(t)), t > to >0, M

z(t) <y(t), t = to. 5)
;H\:EPF(ta x, y) = COl(fl(t7 x, y)7 Ty fn(tv x, y))%Hn'
GE
3 BIEIESE 5 FE R L (Constructing slid-
ing mode movement equations)

col(By, By), B, € RO m>Xm By € R™m. W E
FHEARTT R MERHRT P (2, t) = W (x,t),HHp

o (Lm BB
0 I,

AT HE, wWPi(z,t) =P, P(x,t)=P,u(x,t)=
u. TRRF)FELN
oP
Sr = DAP+ AP+
Z f K9(s)P(z,t + s)ds + Bu. (6)
qg=1v—-7
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XH: D =D, B=T"'B = col0,B,), Ay =
T—'AT, K9(s) = T K9(s)T. &

~ A% A0
AO = (1)1 (1)2 )
A21 A22
R K K
Ri(s) = f(}II(S) f(}f(s) '
51(5) 52(8)

= - %EM;AU’Kfl c R(n—m)x(n—m)’ A?kab c
R(n m)><m A817K2ql c Rmx(n—m), A827K2qQ c
R™*™, zﬁ?%’ﬁ(@ﬁm@%

OP
—L = DAP, + A% P, + A%, P,+

ot ZJ (

K% (5)Py(x, ¢ + 3)) ds,

(7
O _ DAP, + A%, Py + AL, Pyt

P1 JI t+8)+

ot
Z f ( S)P(z,t + s)+
K22( VPy(x,t + s)) ds + Bou.
AEEE
S(ZE,t) = 01P1 -+ CQPQ. (8)
KX C, € Rm>0=m) 0, € R ™R EHRE. T2,

D]
SOI{(Pl,PQ)T‘01P1+02P2:O}. (9)

PAEEC, 3, WY S, L EP, = —Cy'C Py,
RARDINEIR, BEESIREF) 772

z 0o .
oL — pAP+GP+ Y [ ()P (ot + 5)ds.
8t q=1v—7
(10)
Hrf: G = AY — ALCy IOy, Hi(s) = KU(s) —

Ky (s)C5Cy, Ha(s) = ((5)), g = 1, , 2

4 BIBEg TENBERE TR
#:(Global exponential stability of sliding
mode movement equations)

EE1 EM= (G+G++ZH+) — M-
SIS, B SV HIE 37 L0V AR S La( 2)-

ERRERER. Hh

~__ g?]a :j7 ~_
G=94)= {o, izg, O
35 =13, G* = (g5,

+ 0 7a
Hq = ( ij ); = fiT hij(s)‘ds'

Uk B, HAIERA D755 SCER 161 HIE B 77 v AH L.

- 0, i=y,
(gi’): ..
! gz‘jﬂ#];

W1 53CHRI7.81L R, FIA S R 3R v 3
B REFR BORE VI A AP ZER Sy 0. ARR MR B )
JE, 25 53 U TS R A&, T RIE A g A —
— B R, T RLE(D~(3), HD = o, MRS
HA A T AR NI R S

% —AgW+ q;fi K% ()W (t+s)ds+Bu, (1)
WHREAEAW (1) = 0, € [—7, +00), AILEHFE()FEBUH
AT RER

dpP;

2z 0 -~
=GP+ q; LT HY(s)Py(t + s)ds. (12

HAGRHI S HEA0)KGRH (s )%)dfﬁﬂ A
L1 BEM=-(G+G+ ZH+)
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5 A g5k 2% 1 ¥ vH (Design of variable

structure)

EH2 B HRYCIKYL (s)+Co K (s) =

(CLE(5) + CoEy(9))C Cy (g = 1+, ),
VU328 B AR 5 ey 8 4%

u =

(CQBQ)_l{*(;S(‘T,t) - (ClA(lJl + CQAgl)Pl

(C1 A} + C2A) Py —

S1[7 (R () +CRE () Pt + 5)ds+

g=1 J-1

[ (R () +CaR gy () Paf t5)ds]y (13)

I, BEAN YIRS, A SIS IX, Hor s, oMl p#l 4 IE
WHL IR HWE > D.

i PR

1B F4hr ¢ 2, 45T (2, t)AS(x,t) <
ST(z,t)S(x,t). FEL b, WS (x,t) #0,H

95 (aj’t) — DAS(z,1) — 8S(z,8).  (14)
KAWL FEFELLST (2, ), M
T 0S(xz,t)
S*(x,t) 5 =
De(z,t) — (§ — D)S™ (x,t)S(x,t).  (15)

EEF'gi)(x,t) = ST(x,t)AS(x,t) - ST({L’,t)S(I‘,t),
z € Q. W UHEM, XEBMz € 2, #A

o(x,t) <O0. (16)
20 = {z|¢(x,t) > 0,2 € 2}, 2 = {z|d(x,t) <

0,z € 2}, THIEH2ZTE. FELE RK2TE
ARG € O, ATEAA
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0< fm oz, t)da =

STz, t)VS(z,t) |og, —

J,, (VS 0)"(VS(a, t))de -
jgl ST (z,1)S(z, t)dz.

H—JTH, BANAERE Rz € 0y, Bo(x,t) =
0, W M(x, t)HIE X, FTEIVe € 00, HVS(x,t
S(x,t). BHEAAK15E

0S(x,t)
T ’ _

—(06 — D)ST(z,t)S(z

), x €08, (18)

(ft 700, 5(0,0] = <206 - D)5, 5006,
(19)

T
lim [[S(z, 1) =0, z € 9. 20)

B, 2o € 002, Bt 580K, [|AS (2, 1) || 2770 1
AN, NIV S (z, £)ZEQ 2, % [0, co] L2F 1. K,
AP KT, [ST (2, 8) VS (2, 1)y, AT, X5
KADFJE. Bk, &0 R=5E. Hik, iE T XHE
Bz e 2, Aoz, t) <O0.
2 EMHES(z,t) #£ 0N, H
0S(z,t)
ot

H b, WFS(x,t) £ 0, ERBFSHERE Mz € 0

ST(x,t) < 0.

Bo(x, t) <0, MAERA7)AT#E
ST (2, 1) aSg’;’t) < —(6 — D)S™ (2, £)S(x, 1) < 0,
1)
RIFEAN Y11 .S Ry I BB X
YE2  SciR(7.81F i b ke, 8 T — I
B0 U (I T

EE3 AR MR WEGESu(x, t)
T, NEBE WAL Ep(z, 0) H & K3 p(x, t)7EF
YVERNET WEIEEIEEESXS, b, BFEAER
Bk > 04875

T < In||S(0)]], - (22)

k
(6—D)

UE  HE B2 AR B 5 T UR TR
Mz € 2,t >0, 4S5 (x,t) # OB, F

ST (2, 4) asg;c,t) < —(6 — D)S"(2,6)S (. 1).

PIA RISz B 13

(23)

S, IS, 0)%dr) < ~2(5-D) [, 1S, 1) da.

(24)

21t = IS®);5 = [ IS, )l de, Hedr]|S(8)],
h Lo— 15, R4 B AE %
SHi<-26-D)f@). @)
HRYE SCHER[15] P35 - P.3675
Ft) < f(0)e™C=P" ¢ > 0. (26)

At < TH, WA

P I f0)—nf(t)], 0<t<T. @7

2(0-D)
T
= kEl’JJiEXW%mEf( ) = L@ HR
k
T < Gy SO (28)
VE3 50T, 81, BT BT S BN

A THE R A SCRE RIS THE T 8. T B ASCE &N
SRR I 8] (2T T AN AW S 2. 1% 7 k0 SCHR[ 7, 814
ST [R5 A
6 24| (Example)

H T UL R, 25 R — AN, XA (1), B

-3 1 1
Ay = 0-3 0],
0 0-1
31515
03 0 )
00 O

HEd = 1,D = 1, i dk(s) = e WJHEG =
—0.5<0,G=0,H"=0; ﬁ&%iﬁlm%ﬁ:m@. X
THBQR 1 (s) + Ko (s) = (QK12(s) + Kaa(s)) Q.
SE BR2 (455 2, AT ] 5453 R G0 T %) I PR 3 B A
BENHIEN i

8])593;, 2 = 0 Z(;(;’ b _ 0.5p(x, ).
S H BT REETIE R . SRS HIZS A

u =

1/4 0 2
_< 0 1/2) {<4+25> Pt
1/246 0 .
(1/2 2+5> 2+3f < ) Py(z,t+s)ds+

o (10) _,
3LT (0 1>€ Pz(x,t—i—s)ds}.

(29)
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Ho > D = 1, Cy 2 ] fIE £ 1 JE 77 2 5 [, e
SE 2T 401, 1 SIS 2 T BE AT 4R A B R BB
&, KW ET)G, L8 B P)BIELS, b, LT
A2 (28).
FEIH, D = 0,0 _F T ) 5451 B Ak Dk T TG
e
. 0
W(t) = AW (t) + A j

—T

e *W(t + s)ds+ Bu(t).
(30)
HrpW(t), Ao, Ar, Bty € Canwy. @it b EAH R
A4, I SBIE B R R p(t) = —0.5p(t), e 4k
w2, ZTE R Rfe iR K. HPZmE 1R,

1
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Fig. 1 Trajectory of sliding model equation for
system (30)
7 /N5 (Conclusion)

A SCH FHET i Hanalay AN 55 3 45 & Dini $ #0155
FIRBTA T — IR A0 I i A P B35 1) R ST AR
gEtbE AL Bk T ARG ERIRS A T MER
IR AL Ep(z, 0) i K KL Eep (o, t)FEH PRI TH T
SERIBE M RS X S, bR Al TE . R
2 R B2 Bk S AS X I TR 2 A B A
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