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Abstract: By adopting the piece-wise embedding scheme, we use a set of linear parameter-varying(LPV) models to

approximate a nonlinear system subject to input and state constraints. For each embedding model, a parameter-dependent

Lyapunov function is used to obtain the stable control law for the nonlinear system. When the LPV model is switched

from one to the other, the switching law, which is obtained by using an off-line design approach, is used to guarantee the

feasibility of the initial state at the switching point. In the last part of this paper, we prove the feasibility and stability of this

switching control algorithm. The switching robust model-predictive-control strategy is less conservative than the traditional

nonlinear predictive control and will greatly reduce the online computational burden.
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LMI min-max ,

,

Lyapunov , .

, [12∼15]

Lyapunov (PDLF),

(poly-quadratic stability)[16].

[7] [11] , LPV

Lyapunov ,

. ,

, ,

,

.

,

.

2 LPV (Approxi-

mation of nonlinear systems via multi-LPV

models)

,

,
[17∼19]. ,

.

, LPV

.

ẋ = f(x, u), (1)

: x ∈ R
n, u ∈ R

m ,

:{
x ∈ X = {x|xmin � x � xmax} ,

u ∈ U = {u|umin � u � umax} .
(2)

{
x (k + 1) = F (x (k) , u (k)) ,

x (k) ∈ X, u (k) ∈ U.
(3)

xeq ∈ X ueq ∈ U , xeq = f (xeq, ueq),

xeq (1) ,
[20]. (1), (1)

,

x = [xT
a xT

b ]T. (4)

: xa ∈ R
g(g < n) ,
[21,22], xb ∈ R

n−g

. (4) (1), xa

:

ẋ = ϕ(xa) + A(xa)[xT
a xT

b ]T + B(xa)u. (5)

ϕ(xa) ∈ R
n .

xa ,{
xeq

b = xeq
b (xa),

ueq = ueq(xa).
(6)

,

˙̃x = Ã(xa)x̃ + B̃(xa)ũ. (7)

:

Ã(xa) =

⎡
⎣0 A12

0 A22 −
∂xeq

b (xa)
∂xa

A12

⎤
⎦ ,

B̃(xa) =

⎡
⎢⎣ Ba

Bb −
∂xeq

b (xa)
∂xa

Ba

⎤
⎥⎦ .

Ts Euler

x̃(k + 1)=A(xa(k))x̃(k)+B(xa(k))ũ(k). (8)

: A(xa(k)) = I + TsÃ(xa(k)), B(xa(k)) =
TsB̃(xa(k)),{

x̃ (k) ∈ X,

ũ (k) ∈ U = { ũ| vmin � ũ � vmax} .
(9)

: vmin = umin−ueq(xa), vmax = umax−ueq(xa).

xa L ,

Xa =
L⋃

l=1

Xal, 1 � L ∈ N. (10)

: Xal =
{

xa|xl
a min � xa � xl

a max

}
. xa

(x̃ ) L

,

X =
L⋃

l=1

Xl. (11)

: X = { x̃|xmin � x̃ � xmax}, Xl Xal

x̃ l .

xa (k) ∈ Xal, x (k) ∈ Xl , Pl

� Xal, l LPV :

x̃(k + 1) ∈ Ωl[x̃T(k) ũT(k)]T. (12)

: Ωl = Co{[Al(ρk) Bl(ρk)]}, A(ρk) =
N∑

i=1

μi(ρk)Al
i, B(ρk) =

N∑
i=1

μi(ρk)Bl
i,

N∑
i=1

μi(ρk) = 1,

N , (9).

LPV .
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, LPV , LPV

, , ,

LPV

, .

, LPV

. , ρ ∈ Pl ,

LPV Pl+1

[23], LPV

, Pl+1 ,

LPV

, .

, LPV

, LPV

. LTV

, , .

3 (Switching robust

MPC approach)
LPV ,

LPV . ρk ∈ Pl,

x̃(k) ∈ Xl , l LPV ,

min
ũk

J (k) ,

s.t. (9) , (12) .
(13)

min-max

min
ũl

k

max
[Al,Bl]∈Ωl

J l
∞ (k) ,

s.t. (9).
(14)

J l
∞(k) =

∞∑
i=0

(‖x̃ (k + i| k)‖2

Q̃ + ‖ũ (k + i| k)‖2

R̃),

∀ l = 1, · · · ,N . ũl∗
k (13).

x̃(k + 1) ∈ Xl, ; x̃(k + 1) ∈
Xl+1 ũ∗

k l + 1 LPV

, , .

Lyapunov LPV

. Lyapunov [13]

V (x(k), ρk) = x(k)TP (ρk)x(k). (15)

P (ρk) . N
Pi ⎧⎪⎪⎨

⎪⎪⎩
P (ρk) =

N∑
i=1

μi(ρ(k))Pi,

N∑
i=1

μi(ρ(k)) = 1.

(16)

k = k + 1

V (x(k + 1), ρk+1) = x(k + 1)TP (ρk+1)x(k + 1),

P (ρk+1) :

P (ρk+1) =
N∑

j=1

μj(ρk+1)Pj. (17)

ρk ∈ Pl , l LPV

.

1 , x̃(k) ∈ Xl ,

vmax Q̃, R̃. Yi, Gi,

Si, Sj , γ[
1 x̃(k)T

x̃(k) Si

]
� 0, (18)⎡

⎢⎢⎢⎣
Gi + GT

i − Si ∗ ∗ ∗
Al

iGi + Bl
iYi Sj ∗ ∗

Q̃
1
2 Gi 0 γI ∗

R̃
1
2 Yi 0 0 γI

⎤
⎥⎥⎥⎦ > 0, (19)

[
v2
maxI Yi

Y T
i Gi + GT

i − Si

]
� 0. (20)

i ∈ [1,N ], j ∈ [1,N ] ,

ũ (k + i| k) = Fl (ρk) x̃ (k + i| k) . (21)

:

Fl (ρk) =
N∑

i=1

μi (ρk) Fi, Fi = YiG
−1
i ,

J l
∞ (k) < x̃ (k)T P (ρk) x̃ (k) � γ, (22)

‖ũ‖2 � vmax (23)

, Pi = γS−1
i .

(22).

(Si − Gi)
T

S−1
i (Si − Gi) � 0,

⎡
⎢⎢⎢⎣

GT
i S−1

i Gi ∗ ∗ ∗
Al

iGi + Bl
iYi Sj ∗ ∗

Q̃
1
2 Gi 0 γI ∗

R̃
1
2 Yi 0 0 γI

⎤
⎥⎥⎥⎦ > 0. (24)

Sj = γP−1
j , Si = γP−1

i , Yi = FiGi, (24),

Schur

P (ρk) − (Q̃ + FT
i R̃Fi) −

(Al
i + Bl

iFi)TP (ρk+1)(Al
i + Bl

iFi) > 0. (25)

x (k) ũ (k) = Fix̃ (k)

−V (x̃ (k) , ρk) + V (x̃ (k + 1) , ρk+1) <
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−(x̃ (k)T Q̃x̃ (k) + ũ (k)T R̃ũ (k)). (26)

(26) k = 0 → ∞ , J l
∞ (k) <

V (x̃(k), ρk). ,[
1

Si

] [
1 x̃ (k)T S−1

i

S−1
i x̃ (k) S−1

i

] [
1

Si

]
� 0. (27)

Schure x̃ (k)T P (ρk) x̃ (k) � γ,

(22) .

(23). (25) (23)[
I

Gi

] [
v2
maxI Fi

∗ S−1
i

] [
I

G−1
i

]
� 0. (28)

Schure ,

vTv

v2
max

� 1
γ

x̃ (k)T P (ρk) x̃ (k) � 1. (29)

ũTũ � v2
max, (28) .

, 1

min
γ,Yi,Gi,Si

γ,

s.t. (18) ∼ (20) .
(30)

ũ∗ (k) = F ∗
l (ρk) x̃ (k).

, l , ũ∗(k) ;

ũ∗ (k) l + 1 ,

. l + 1 LPV .

Xl+1

:

xl+1 =

[
xl+1

a min

xeq
b

(
xl+1

a min

)
]

. (31)

[15,24∼28] ,

xl+1 (18) x̃ (k), (30)

Ξl+1=Co
{

xl+1
∣∣ xTSix � 1, i=1, · · · ,N}

. (32)

Co .

,

min
ũl

k

x̃ (k)T Qx̃ (k) + ũlT
k Rũl

k,

s.t. A (ρk) x̃ (k) + B (ρk) ũl
k ∈ Ξl+1.

(33)

ũ∗ (k) =

⎧⎨
⎩

vmax, ũl∗
k > vmax,

ũl∗
k , ũl∗

k ∈ U,

vmin, ũl∗
k < vmin.

(34)

,

l + 1 LPV ,

(30) .

4 (Analysis of feasibil-

ity and stability)
2 LPV

, k , (30) ,

t > k .

(18) ,

t > k ∀ ρk ∈ Pl (18) .

l , l LPV . 1

k ,

x̃ (k + i| k)T P
(
ρk+i|k

)
x̃ (k + i| k) � γk. (35)

k + 1 ,

x̃ (k + 1| k + 1) =

(A (ρ (k)) + B (ρ (k)) Fl (ρ (k))) x̃ (k| k) ,

x̃ (k+1| k+1)T P
(
ρk+1|k

)
x̃ (k + 1| k + 1) � γk.

(36)

, k k + 1
. l , (34)

, (30)

.

3 ρk ∈ Pl , 1 l LPV

, (30)

; , L LPV

.

ρk Pl ,

2 ∀ t > k . k

γ∗
k , F ∗

l

(
ρk|k

)
, P ∗ (

ρk|k
)
,

k + 1 . k + 1
P ∗ (

ρk+1|k+1

)
, ,

x̃ (k+1| k+1)T P ∗ (
ρk+1|k+1

)
x̃ (k + 1| k + 1) <

x̃ (k+1| k+1)T P ∗ (
ρk|k

)
x̃ (k+1| k+1) . (37)

, ρk ∈ Pl ,

x̃ (k + 1| k)T P ∗ (
ρk|k

)
x̃ (k + 1| k) <

x̃ (k| k)T P ∗ (
ρk|k

)
x̃ (k| k) . (38)

k + 1 ρk ∈ Pl, x̃(k + 1|k + 1) = (A(ρk)+
B(ρk)Fl(ρk|k))x̃(k|k), :

x̃ (k + 1| k + 1)T P ∗ (
ρk|k

)
x̃ (k + 1| k + 1) <

x̃ (k| k)T P ∗ (
ρk|k

)
x̃ (k| k) . (39)

(37) (39)

x̃ (k + 1| k + 1)T P ∗ (
ρk+1|k+1

)
x̃ (k + 1| k + 1) <

x̃ (k| k)T P ∗ (
ρk|k

)
x̃ (k| k) . (40)
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Lyapunov

V (x̃(k + 1|k + 1), ρk+1|k+1t) � V (x̃(k|k), ρk|k)

. ,

l LPV , x(k) ∈ Xl LPV

,

. 1 :

, l l + 1
.

, l + 1 ;

,

, .

LPV

, LPV

,

.

5 (Simulation)
(CSTR)

. :⎧⎪⎨
⎪⎩

Ṫ=
q

V
(Tf − T )−ΔH

ρCp

k0e−
E

RT CA+
UA

V ρCp

(Tc−T ) ,

ĊA=
q

V
(CAf − CA) − k0e−

E
RT CA.

(41)

280 K � Tc � 370 K, 330 K � T � 400 K,

0 � CA � 1 mol/L,

[19]. T ,

xa = T . xa :

Ceq
A (xa) =

q

V
(

CAf

q

V
+ k0e−

E
Rxa

). (42)

T eq
c (xa) = xa + (

UA

V ρCp

)−1(− q

V
(Tf − xa) +

ΔH

ρCp

k0e−
E

Rxa Ceq
A (xa)). (43)

xa ∈ Pl sκ, :⎧⎪⎪⎨
⎪⎪⎩

[
x1

x2

]
=

[
xa − xaκ

CA − Ceq
A (xa)

]
,

v = Tc − T eq
c (xa) .

(44)

:[
ẋ1

ẋ2

]
=

[
0 ζ1

0 ζ2

][
x1

x2

]
+

UA

V ρCp

[
1
ζ3

]
v. (45)

:

ζ1 = −ΔH

ρCp

k0e−
E

Rxa ,

ζ2 = − q

V
− k0e−

E
Rxa −

ΔHqECAf(k0e−
E

Rxa )2

ρCpV Rx2
a(

q

V
+ k0e−

E
Rxa )2

k0e−
E

Rxa ,

ζ3 =
qECAf

V Rx2
a

k0e−
E

Rxa

(
q

V
+ k0e−

E
Rxa )2

.

x0 = [330 0.4]T

xt = [350 0.5]T,

, 7 ,

1, 2.

1

Fig. 1 Trajectories of temperature

2 A

Fig. 2 Trajectories of concentration

1 2

, ( :

,

).

6 (Conclusion)

, LPV
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. LPV

Lyapunov , ,

. ,

LPV ,

.

,

LMI ,

,

, .

.

,

,

l LPV l + 1 LPV

,

, .
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