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Modified attractive and repulsive particle swarm optimization
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Abstract: To avoid the premature convergence, based on the attractive and repulsive particle swarm optimizer(ARPSO),

we propose a novel measure function for the population diversity, and a new concept of the particle’s best flight direction.

A modified ARPSO(MARPSO) is proposed by introducing a mutation strategy. Moreover, theoretical analysis has been

made to prove that the algorithm can guarantee local convergence and global convergence. By comparing the simulation

results of four classic testing functions with basic PSO(BPSO), ARPSO and MARPSO, this algorithm shows an effective

increase in the diversity of population, and the improvement of convergence speed.
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1 (Introduction)
(particle swarm optimization, PSO)

Kennedy Eberhart[1] 1995

.

,

,

. PSO

[2,3], ,

[4∼6].

,

.

, ,

.

Riget Vesterstrom

ARPSO(attractive and repulsive,

PSO)[7], ,

, ARPSO ,

,

, ,

,

.

2 ARPSO (The algorithm ARPSO)

, J.Riget[7]

ARPSO. (attractive)

(repulsive) ,

, .

ARPSO :

vi(t + 1) = ωvi(t) + dir × c1r1(pi − xi(t)) +

dir × c2r2(pg − xi(t)), (1)

xi(t + 1) = xi(t) + vi(t + 1). (2)
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dir .

, :

DS(S) =
1

|S| · |L| ·
|S|∑
i=1

√
N∑

j=1

(pij − p̄j)2. (3)

: DS , S , |S|
, |L| , N

, pij i j , p̄j

j . ,

DS(S) < dlow, dir = −1,

,

, ,

, dhigh , dir = 1,

,

. J.Riget [3],

, : dhigh 0.25, dlow 5.0 × 10−6.

p̄,

(p̄1, p̄2, · · · , p̄j, p̄N), p̄j j

,

√
N∑

j=1

(pij − p̄j)2 i

p̄ ,

1/|S|
|S|∑
i=1

√
N∑

j=1

(pij − p̄j)2

p̄ ,

,

1/(|S||L|)
|S|∑
i=1

√
N∑

j=1

(pij − p̄j)2

, ,

, , ,

, , .

ARPSO ( )

. , J.Riget

:

1) N

, ,

,

,

, , Rastrigin , ARPSO 20 50

9 , AckleyF1

, 20 50 6 .

2) ARPSO .

,

,

,

J.Riget

.

3 MARPSO (Modified ARPSO)
3.1 (Basic idea)

:

(P ) min{f(x) : x ∈ Ω ⊂ R
n}, f : Ω ⊂ R

n → R
1.

, pg

, ,

. ,

,

, , pg

, ,

, pg

, ,

, . , pg ,

δ , , pg delta

, .

, pg δ ,

,

,

J.Riget ,

,

. :

k =

{
0, |Xij − Pgj| < δ;
1, ,

DS(Sj) = 1/|S|
|S|∑
i=1

k.

(4)

: DS(Sj) j , |S|
, δ pg . ,

0 � DS(Sj) � 1. , DS

, ,

pg, DS ,

, pg.

MARPSO :

dir(t + 1) =

⎧⎪⎨
⎪⎩
−1, dir(t)>0 DS<dlow;
1, dir(t)<0 DS>dhigh;
dir(t), ,

(5)

di(t + 1) =

⎧⎨
⎩

v(t)
|v(t)| , f(x(t)) < f(pi);

di(t), ,
(6)

vi(t + 1) = ωvi(t)di(t + 1) + dir(t + 1)(c1r1(pi −
xi(t)) + c2r2(pg − xi(t))), (7)

xi(t + 1) = xi(t) + vi(t + 1). (8)

: dir(t) t , di(t) t
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i . dir(t) = 1,

, dir(t) = −1,

, dhigh dlow ,

dhigh dlow , dhigh

, ,

; dlow ,

, . , dhigh dlow

, .

, dhigh = 0.8, dlow = 0.2, .

di(t) = 1 ,

, di(t) = −1 ,

,

, : , ,

,

, , MARPSO

,

, .

MARPSO ARPSO ,

, ,

, ,

[11], , :

v(t + 1) ={
Vmax × rt

1, |v(t)| < Vmin r2 < 0.5;
−Vmax × rt

1, |v(t)| < Vmin r2 � 0.5,

(9)

x(t + 1) ={
pg + rt

1, |v(t)| < Vmin r2 < 0.5;
pg − rt

1, (|v(t)| < Vmin r2 � 0.5.
(10)

: Vmax Vmin

, r1 r2 [0,1] ,

Vmin ,

, 50%

pg , , pg

. (9) (10)

Vmin ,

,

;

, .

, Vmin , ,

.

3.2 (Algorithm flows)

MARPSO :

Step 1
;

Step 2 j = 0, D = ;

Step 3 t j DSj(t);

Step 4 DSj(t), t

dirj(t);

Step 5 j = j + 1;

Step 6 j D, Step 3;

Step 7 i = 0, N = ;

Step 8 (5)∼(10), i

;

Step 9 i ;

Step 10 i ,

pi , ,

,

dj(t);

Step 11 i ,

pg , ,

;

Step 12 i = i + 1;

Step 13 i N Step 3;

Step 14 ( :

GMax), Step 2;

Step 15 .

4 MARPSO (Convergence

analysis of MARPSO)
1 (P ) Ω R

n

, f(x) Ω .

1 ξn(n = 1, 2, · · ·)
ξ, P{ lim

n→∞
ξn = ξ} = 1, ∀ ε > 0,

P{
∞⋂

n=1

⋃
k�n

|ξk − ξ| � ε} = 0,

{ξn} 1 ξ.

2 {S(k)} M ,

: x∗(k) ∈ S(k) k ,

f(x∗(k)) � f(x∗k − 1)), {x∗(k)}
x∗, x∗ (P ) ,

M .

1 -- [8]. A1, A2, · · ·
, pk = P{Ak},

∞∑
k=1

pk < ∞, P{
∞⋂

n=1

⋃
k�n

Ak} = 0,
∞∑

k=1

pk = ∞

Ak , P{
∞⋂

n=1

⋃
k�n

Ak} = 1.

2 (P ),

x∗, MARPSO x∗, lim
t→∞

pg(t)=x∗.
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[9,10] : lim
t→∞

x(t) = lim
t→∞

pg(t),

PSO , t → ∞ , v(t) > 0, x(t)
pg(t), , v(t) < 0, x(t)

pg(t). ,

( ),

pg(t), ,

, , pg(t)
. MARPSO ), (9 (10) ,

t → ∞ , x(t) pg(t),

t → ∞ , :

|x(t + 1) − pg(t)| < ε1 |x(t) − pg(t)| < ε2,

|x(t + 1) − pg(t)| + |x(t) − pg(t)| < ε1 + ε2 = ε,

|x(t + 1) − x(t)| < ε.

ε1, ε2, ε .

1 t → ∞ , x(t) ,

pg(t) , pg(t) ,

x′(t), f(x′(t)) � f(pg(t)), pg(t) ,

pg(t) .

t → ∞ , pg(t) ,

,

2 t → ∞ , pg(t) ε ,

x′(t), f(x′(t)) < f(pg(t)).

, 2 1 ,

, : pg(t) (P )
, lim

t→∞
pg(t) = x∗.

3 Δx = x(t) − x(t − 1), r1, r2 ∼
N(0, 1), , Δx ∼ N(μ1, σ1), Δf(x) ∼ N(μ2, σ2).

Δx = wV + c1r1(pi − x) + c2r2(pg − x).

wV = ϕ1, c1(pi − xi) = ϕ2, c2(pg − xi) = ϕ3,

: Δx = ϕ1 + ϕ2r1 + ϕ3r2, MARPSO ,

, (9) (10) ,

ϕ1, ϕ2, ϕ3 0, r1, r2

,

, [11] : Δx ∼ N(μ1, σ1),

f(x) , : Δf(x) ∼ N(μ2, σ2).

1 MARPSO .

[9,10] : lim
t→∞

x(t) = lim
t→∞

pg(t),

2 : lim
x→∞

pg(t) = x∗, MARPSO

(P ) x∗, : f(pg(t)) �
f(pg(t − 1)) � · · · � f(pg(0)), 2 :

MARPSO . .

2 (P ) 1, MAR--

PSO {x∗(k)},

1 (P ) .

∀ ε > 0, pk = P{|f(x∗(k)) − f∗| � ε},

f∗ ,

p̄k =
k∏

T=1

P{|f(x∗(T )) − f∗| � ε}.

: , f(x∗(T )) �
f∗.

p̄k =
k∏

T=1

P{|f(x∗(T )) − f∗| � ε} =

k∏
T=1

P{f(x∗(T )) − f∗ � ε} =

k∏
T=1

P{Δf(x(T )) � f∗ + ε − f(x∗(T − 1))}.

3 , Δf(x) ∼ N(μ2, σ2),

p̄k =
k∏

T=1

� +∞

f∗+ε−f(x∗(T−1))

1√
2πσ2

e
−y2

2σ2
2 dy.

c = max
1�T�k

� +∞

f∗+ε−f(x∗(T−1))

1√
2πσ2

e
−y2

2σ2
2 dy, ,

0 < c < 1,
∞∑

k=1

p̄k �
∞∑

k=1

ck =
c

1 − c
< ∞.

1 , P{
∞⋂

n=1

⋃
k�n

|f(x∗(k) − f∗| � ε} = 0.

1 , f(x∗(k)) 1 f∗,

x∗(k) 1 (P ) .

5 (Simulation tests)
, Griewank Ack-

leyF1 Rosenbrock Rastrigin

MARPSO , :

F1 Griewank

f1(x) =
n∑

i=1

xn
i /4000−

n∏
i=1

cos(xi

/√
i) + 1.

−600 � xi � 600, xi = 0 0.

F2 Rastrigrin

f2(x) =
n∑

i=1

(x2
i − 10 cos(2πxi) + 10).

−5.12 � xi � 5.12, xi = 0 0.

F3 AckelyF1

f2(x) = e + 20 − 20 exp(−0.2

√
1/n

n∑
i=1

x2
i ) −

exp(1/n
n∑

i=1

cos(2πxi)).

−30 � xi � 30, xi = 0 0.
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F4 Rosenbrock

f4(x) =
n∑

i=1

(100(xi+1 − x2
i ) + (xi − 1)2).

−30 � xi � 30, xi = 1 0.

[7] ,

[7] , : ,

50 , 20,

50, 100 ,

40000, 100000, 200000, 1.0×10−10, C1 = 2.0,

C2 = 2.0, W 0.9 0.4. ,

MARPSO , δ pg ,

, δ ,

,

, δ = 1.0 × 10−10.

1∼ 4 .

4 , Rosenbrock , MARPSO

BPSO ARPSO, 1, 2

3 , AckleyF1, Griewank Rastrigin ,

MARPSO BPSO

ARPSO , , ,

[7] .

1 Griewank

Table 1 Test results of Griewank

BPSO 1.74E-2

20 ARPSO 2.50E-2

MARPSO 4.03E-3 (86% 0)

BPSO 1.35E-2

50 ARPSO 1.97E-4

MARPSO 1.74E-2 (97% 0)

BPSO 1.25E-2

100 ARPSO 9.84E-2

MARPSO 0 (100% 0)

2 Rastrigin

Table 2 Test results of Rastrigin

BPSO 9.71

20 ARPSO 0

MARPSO 0

BPSO 47.14

50 ARPSO 0.02

MARPSO 0

BPSO 96.59

100 ARPSO 0.44

MARPSO 0

3 AckleyF1

Table 3 Test results of AckleyF1

BPSO 0.018

20 ARPSO 0.33E-7

MARPSO 0

BPSO 0.668

50 ARPSO 0.027

MARPSO 2.39E-10

BPSO 0.830

100 ARPSO 0.218

MARPSO 3.99E-9

4 Rosenbrock

Table 4 Test results of Rosenbrock

BPSO 11.16

20 ARPSO 2.34

MARPSO 0.13

BPSO 30.08

50 ARPSO 10.43

MARPSO 1.28

BPSO 122.14

100 ARPSO 103.46

MARPSO 0 16.93

3 ,

50 , , MATLAB

, 1∼4 4 (50 )

20, 100,000

( : ,

10 ). :

BPSO , , MARPSO

, , ARPSO

, MARPSO ,

ARPSO , MARPSO

,

, .

1 Griewank

Fig. 1 Evolution curve of Griewank
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2 Rastrigin

Fig. 2 Evolution curve of Rastrigin

3 AckleyF1

Fig. 3 Evolution curve of AckleyF1

4 Rosenbrock

Fig. 4 Evolution curve of Rosenbrock

6 (Conclusion)
,

, ARPSO

,

,

, ,

, ,

, .

,

, ,

,

. , ,

( ), ,

,

.
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