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Design and phase plane analysis of
an arctangent-based tracking differentiator
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2. School of Automation Science and Electrical Engineering, Beijing University of Aeronautics and Astronautics, Beijing 100191, China)

Abstract: Tracking differentiator(TD) can produce continuous tracking signal and its differential signal from discon-

tinuous and noisy inputs. An arctangent-based TD is presented based on acceleration function analysis, and then its global

uniformly asymptotical stability is proved using Lyapunov’s direct method. Moreover, phase plane analysis is conducted

to show that the origin (0, 0) is a stable nodal point or a stable focus point. By these results, we propose the parameter

constraint conditions of the arctangent-based TD. The TD is simulated to track square wave input signals, giving three

conclusions: first, the tracking output and its differential signals are smooth and continuous; second, the filter performance

of the TD is satisfactory; third, the setting time of the response is short and the overshoot is small.
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2 (Design of TD)
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2.1 (TD structure

and stability)
1{

ż1(t) = z2(t),

ż2(t)=−a1arctan[f1z1(t)]−a2arctan[f2z2(t)].
(1)

a1, a2, f1, f2 ,

(0, 0) .

,

.

(0, 0) Lyapunov

V (z1, z2) =
� z1

0
a1arctan(f1ξ)dξ +

1
2
z2
2 . (2)

I, III , a1,

f1 , z1 �= 0 z1

arctan(f1z1) , z1 · [a1 arctan(f1z1)] > 0,

,� z1

0
a1 arctan(f1ξ)dξ > 0.

V (z1, z2) > 0. (3)

V (z1, z2) (1) t

dV (z1, z2)
dt

= −a2z2 arctan(f2z2). (4)

I, III a2,

f2 , z2 �= 0 z2

arctan(f2z2) , z2 · [a2 arctan(f2z2)] > 0,

dV (z1, z2)
dt

� 0. (5)

(5) : (0, 0)
(5) z2 = 0,

. (1), z1 �= 0 ż2 =
−a1 arctan(f1z1) �= 0, z2 ,

(5) (0, 0) (1)

.

( - ),

(1) (0, 0) .

,

|z1| → +∞ ,
� z1

0
a1 arctan(f1ξ)dξ → +∞;

|z2| → +∞ ,
1
2
z2
2 → +∞.

( B), (1) (0, 0)
. ,

(1) (0, 0) . .

2⎧⎪⎨
⎪⎩

ẋ1(t) = x2(t),

ẋ2(t) = R2{−a1 arctan[f1(x1(t)−v(t))]−
a2 arctan[f2x2(t)/R].}

(6)

a1, a2, f1, f2 ,

v(t) T > 0, (6)

x1(t)

lim
R→∞

� T

0
|x1(t) − v(t)|dt = 0. (7)

1 ( C), 2

.

2.2 (Arc tangent acceleration

function)
2

,

ż2 = −a1 arctan(f1z1) − a2 arctan(f2z2). (8)

a1, a2, f1, f2 4 ,

a1, f1

, a2, f2

.

, .

1) I, III ,

,

,
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2) ,

, .

3) ,

,

.

4) ,

. 1

a ,

a, . 2

f , f ,

, .

a f ,

.

1 a

Fig. 1 Arc tangent curve vs. parameter a

2 f

Fig. 2 Arc tangent curve vs. parameter f

3 (Phase plane analysis)

,

,

4 ,

.

(1),

{
ż1 = 0
ż2 = 0

,

(0, 0), .

(1)

A =

[
0 1
−a1f1 −a2f2

]
, (9)

(1)

,{
ż1 = z2 + Φ,

ż2 = −a1f1z1 − a2f2z2 + Ψ.
(10)

Φ, Ψ , (1)

{
ż1 = z2,

ż2 = −a1f1z1 − a2f2z2.
(11)

, (1)

.

, (1) .

, ,

[12].

(11),

. A

λ1,2 =
−a2f2 ±

√
Δ

2
, (12)

Δ = (a2f2)
2 − 4a1f1. (13)

Δ � 0 ,

a2f2 � 2
√

a1f1. (14)

(0, 0) (11) ,

(1) , 3 .

,

,

.

Δ < 0,

a2f2 < 2
√

a1f1. (15)

(0, 0) (11) ,

(1) , 4 .

, ,
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,

, ,

(14) .

3

Fig. 3 Orbit of stable nodal point

4

Fig. 4 Orbit of stable focus point

4 (Parameter explanation)
, (6) 5 :

R, a1, f1, a2, f2, R ,

, ;

a1 , R ; a2

, ,

; f1 , ,

a1 ,

,

f1 ∈ [2, 5] , a1 ;

f2 , a2 ,

, f2 ∈ [2, 5], a2.

, f1, f2,

R , a1, a2

, a1, a2,

(14) .

5 (Simulation)
2 (6),

R = 20, a1 = 5, a2 = 4, f1 = 2, f2 = 2,

10% 1 Hz

( 5), 1 ms, 10 ,

6 7 .

5

Fig. 5 Square wave input signal

6

Fig. 6 Tracking and forecast curve

7

Fig. 7 Differential curve
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6 7 ,

80 ms(5% ), ;

60 ms(5% ), .

,

.

6 (Conclusion)
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(Appendix Theorem)

A - [12]

ẋ = f(x), x ∈ D ⊂ R
n, (a)

Ω , Ω :

1) ( ) V (x);

2) V (x) (a) t (

) ;

3) , dV/dt = 0

, (a) .

(a) .

B[12]

ẋ = f(x), x ∈ D ⊂ R
n, (b)

R
n :

1) ( ) V (x);

2) V (x) (b) t

( ) ;

3)
dV

dt
= 0 , (b)

.

(b) .

C[1] (
ż1 = z2,

ż2 = f(z1, z2),
(c)

: z1(t) → 0, z2(t) → 0(t → ∞),

v(t) T > 0,(
ẋ1 = x2,

ẋ2 = R2f(x1 − v, x2/R)
(d)

x1(t)

lim
R→∞

� T

0
|x1(t) − v(t)| dt = 0.
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