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Adaptive control for high-order uncertain stochastic nonlinear systems
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Abstract: The adaptive global stabilization problem is studied for a class of high-order stochastic nonlinear systems

driven by noise of unknown covariance and with nonlinear parameterization. Based on the method of adaptive adding a

power integrator and using the technique of parameter separation, a feedback domination design approach is presented and

a smooth adaptive controller is constructed which ensures for the closed-loop system the global stability in probability, and

the states can be regulated to zero almost surely. A simulation example is given to illustrate the effectiveness of the control

scheme.
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dxi = (xpi

i+1 + fi(x, θ))dt + ϕi(x̄i)TΣ(t)dω, (1)

: xi(i = 1, · · · , n) , xn+1 = u,

u ∈ R , x̄i = [x1, · · · , xi]T, θ ∈ R
s

, ω m , pi �
1(1 � i � n) , Σ(t) : R → R

m×m

, fi(x, θ) ϕi(x̄i) Lipschitz

, θ, fi(0, θ) = 0, ϕi(0) = 0.

pi = 1 fi(x, θ) ≡ 0(1 � i � n) ,

(1) .

Σ(t) , [6]

.

pi > 1 , (1) ,

, ,

(backstepping) .

(adding a power integra-

tor) (1) .

,

, Lyapunov

,

, .

,

( )

;

, .

,

;

,

.

, :

1[6] (1), C2

V : R
n → R

+ K∞ ᾱ1 ᾱ2,

x ∈ R
n, t � 0,{

ᾱ1(‖x‖) � V (x) � ᾱ2(‖x‖),
LV (x) � −W (x),

(2)

W (x) : R
n → R ,

x(0) ∈ R
n, (1) ,

x = 0 ,

P{ lim
t→∞

W (x) = 0} = 1, ∀x(0) ∈ R
n. (3)

2 [8] m,n , a(x), b(x) r(x)
, τ(x),

ρ(x) � 0,

r(x) |a(x)|m |b(x)|n �
τ(x) |a(x)|n+m + |b(x)|n+m

ρ(x). (4)

1 p1 � p2 � · · · � pn � 1.

2 1 � i � n,

fij(x̄i, θ) ψi(x̄i),

|fi(x, θ)| �
pi−1∑
j=0

|xj
i+1|(|x1|pi−j + · · · + |xi|pi−j)fij(x̄i, θ), (5)

‖ϕi(x̄i)‖ � (|x1|pi + · · · + |xi|pi)ψi(x̄i). (6)

3 1 2 ,

Θ f̂i(x̄i),

|fi(x, θ)| � 1
2
|xpi

i+1| + f̂i(x̄i)Θ
i∑

j=1

|xj|pi . (7)

3 (Controller design)
, :

zi = xi − αi−1(x̄i−1, Θ̂), i = 1, 2, · · · , n, (8)

: αi−1(x̄i−1, Θ̂) ,

α0(x1, Θ̂) = 0, αi(x̄i, Θ̂) = −ziβi(x̄i, Θ̂),

βi(x̄i, Θ̂) > 0 , Θ̂ Θ .

Itô’s

dzi = (xpi

i+1 + fi −
i−1∑
j=1

∂αi−1

∂xj

(xpj

j+1 + fj) −

1
2

i−1∑
p=1

i−1∑
q=1

∂2αi−1

∂xp∂xq

ϕT
p ΣΣTϕq−∂αi−1

∂Θ̂

˙̂
Θ)dt +

(ϕi −
i−1∑
j=1

∂αi−1

∂xj

ϕj)TΣdω, (9)

xn+1 = u, :

Fi = fi −
i−1∑
j=1

∂αi−1

∂xj

(xpj

j+1 + fj) −

1
2

i−1∑
p=1

i−1∑
q=1

∂2αi−1

∂xp∂xq

ϕT
p ΣΣTϕq,

Gi = ϕi −
i−1∑
j=1

∂αi−1

∂xj

ϕj,

(9)

dzi = (xpi

i+1 + Fi − ∂αi−1

∂Θ̂

˙̂
Θ)dt + GT

i Σdω. (10)

.

Step 1 Lyapunov

V1 =
1

p − p1 + 4
zp−p1+4
1 +

1
2
Θ̃2,

p = max{p1, · · · , pn}, p = p1,

Θ̃ = Θ − Θ̂. Itô’s 3,

LV1�zp−p1+3
1 xp1

2 +
1
2
|zp−p1+3

1 ||xp1
2 | − Θ̃

˙̂
Θ+

|z1|3(zp1
1 f̂1(x1)+z2p1−1

1

3
2
ψ2

1(x1))(Θ̃+Θ̂). (11)

α1 = −z1(2n + 2(f̂1 + zp1−1
1

3
2
ψ2

1(x1))Θ̂)
1

p1
Δ=

−z1β1(x1, Θ̂), (12)



244 28

β1(·) > 0,

LV1 �−nzp+3
1 + zp−p1+3

1 xp1
2 +

1
2
|zp−p1+3

1 ||xp1
2 | −

1
2
zp−p1+3
1 αp1

1 − (Θ̃ + η1)(
˙̂

Θ − τ1), (13)

:

τ1 = zp1+3
1 f̂1(x1) +

3
2
z2p1+2
1 ψ2

1(x1), η1 = 0.

−z3
1α

p1
1 � 0, (13)

LV1 �−nzp+3
1 +

3
2
|zp−p1+3

1 ||xp1
2 − αp1

1 | −

(Θ̃ + η1)(
˙̂

Θ − τ1). (14)

Step i(2 ��� i ��� n − 1)

dzi = (xpi

i+1 + Fi − ∂αi−1

∂Θ̂

˙̂
Θ)dt + GT

i Σdω, (15)

2 3 Fi Gi :

|Fi| = |fi| + |
i−1∑
j=1

∂αi−1

∂xj

(xpj

j+1 + fj)| +

|1
2

i−1∑
p=1

i−1∑
q=1

∂2αi−1

∂xp∂xq

ϕT
p ΣΣTϕq| �

1
2
|xpi

i+1| +
i∑

j=1

|zj|piF̄i(x̄i, Θ̂)Θ, (16)

|Gi| � |ϕi| + |
i−1∑
j=1

∂αi−1

∂xj

ϕj| �
i∑

j=1

|zj|piḠi(x̄i, Θ̂),

(17)

F̄i(x̄i, Θ̂) Ḡi(x̄i, Θ̂) .

Lyapunov Vi=
i∑

j=1

1
p − pj +4

z
p−pj+4
j , Step 1

, αj(x̄j, Θ̂)(j = 2, · · · , i−
1)

LVi �

−(n − i + 2)
i−1∑
j=1

zp+3
j +

3
2
|zp−pi−1+3

i−1 (xpi−1
i −

α
pi−1
i−1 )| − (Θ̃ + ηi−1)(

˙̂
Θ − τi−1) +

zp−pi+3
i (xpi

i+1 + Fi − ∂αi−1

∂Θ̂

˙̂
Θ) +

p − pi + 3
2

zp−pi+2
i GT

i ΣΣTGi. (18)

3 2 (16)(17) ,

ρi1(x̄i, Θ̂), ρi2(x̄i, Θ̂), ρi3(x̄i, Θ̂),

|zp−pi+3
i Fi| �

(
i−1∑
j=1

zp+3
j

6(1 + Θ̂2)(1 + η2
i−1)

+

zp+3
i ρi1(x̄i, Θ̂))Θ̃ +

1
6

i−1∑
j=1

zp+3
j +

zp+3
i ρi1(x̄i, Θ̂)Θ̂ +

1
2
|zp−pi+3

i ||xpi

i+1|, (19)

|p − pi + 3
2

zp−pi+2
i GT

i ΣΣT Gi| �

1
6

i−1∑
j=1

zp+3
j + zp+3

i ρi2(x̄i, Θ̂)Θ̂ +

(
i−1∑
j=1

zp+3
j

6(1+Θ̂2)(1+η2
i−1)

+zp+3
i ρi2(x̄i,Θ̂))Θ̃,

(20)

|zp−pi−1+3
i−1 (xpi−1

i −α
pi−1
i−1 )|� 1

6
zp+3

i−1 +zp+3
i ρi3(x̄i, Θ̂).

(21)

(19)∼(21) (18),

LVi �

−(n − i +
3
2
)

i−1∑
j=1

zp+3
j − (Θ̃ + ηi)(

˙̂
Θ − τi) +

zp−pi+3
i xpi

i+1+
1
2

∣∣zp−pi+3
i xpi

i+1

∣∣−zp−pi+3
i

∂αi−1

∂Θ̂
τi−

(
1

3(1 + Θ̂2)(1 + η2
i−1)

i−1∑
j=1

zp+3
j +

zp+3
i (ρi1 + ρi2))ηi−1 +

zp+3
i ((ρi1 + ρi2)Θ̂ + ρi3), (22)

:

τi = τi−1 +
1

3(1 + Θ̂2)(1 + η2
i−1)

i−1∑
j=1

zp+3
j +

zp+3
i (ρi1 + ρi2),

ηi = ηi−1 + zp−pi+3
i

∂αi−1

∂Θ̂
.

ρi4(x̄i, Θ̂)

|−zp−pi+3
i

∂αi−1

∂Θ̂
τi + zp+3

i (ρi1 + ρi2)ηi−1 −
ηi−1

3(1 + Θ̂2)(1 + η2
i−1)

i−1∑
j=1

zp+3
j | �

1
2

i−1∑
j=1

zp+3
j + zp+3

i ρi4(x̄i, Θ̂). (23)

(23) (22)

αi =−zi(2(n − i + 1+(ρi1+ρi2)Θ̂+ρi3+ρi4))
1

pi
Δ=

−ziβi(x̄i, Θ̂). (24)

−zp−pi+3
i αpi

i � 0,

LVi �−(n − i + 1)
i−1∑
j=1

zp+3
j − (Θ̃ + ηi)(

˙̂
Θ − τi) +

3
2

∣∣zp−pi+3
i (xpi

i+1 − αpi

i )
∣∣ . (25)

i = n , Lyapunov

Vn =
n∑

i=1

1
p − pi + 4

zp−pi+4
i +

1
2
θ̃2.

αi
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LVn �−(zp+3
1 + zp+3

2 + · · · + zp+3
n ) −

(Θ̃+ηn)( ˙̂
Θ−τn)+zp−pn+3

n (upn−αpn
n ). (26)

u = αn, (27)

˙̂
Θ = τn, (28)

:

αn = −zn(1 + (ρn1 + ρn2)Θ̂ + ρn3 + ρn4)1/pn ,

τn = τn−1 +
1

3(1 + Θ̂2)(1 + η2
n−1)

n−1∑
j=1

zp+3
j +

zp+3
n (ρn1 + ρn2),

ρnj(x, Θ̂) � 0(j = 1, 2, 3, 4) .

LVn � −(zp+3
1 + zp+3

2 + · · · + zp+3
n ). (29)

. (29), :

1 1 2 ,

(27)(28) (1), [0,∞)
,{

P{ lim
t→∞

x(t) = 0} = 1,

P{ lim
t→∞

Θ̂(t) } = 1.
(30)

z = (z1, z2, · · · , zn)T, 1

(z, Θ̃), , (0, 0)
,

P{ lim
t→∞

z(t) = 0} = 1, ∀(z0, Θ̃0) ∈ R
n+1. (31)

αi(0, Θ̂) = 0, xi = zi + αi−1(x̄i−1, Θ̂),

P{ lim
t→∞

x(t) = 0} = 1, ∀(z0, Θ̃0) ∈ R
n+1. (32)

, (z0, Θ̃0) ∈ R
n+1, LVn(z, Θ̃, t)�

0 Vn(z, Θ̃) � 0, Vn(z, Θ̃) t →
∞ , . (29) Vn(z, Θ̃)

, t→∞ , Θ̃(t)
Θ̃∞. , t → ∞ , Θ̂(t)

Θ − Θ̃∞,

P{ lim
t→∞

Θ̂(t) } = 1.

.

1 [9] 4.3, 1

.

:

dxi = (di(x, u, θ)xpi

i+1 + fi(x, θ))dt +

ϕi(x̄i)TΣ(t)dω, (33)

xn+1 =u, di(x, u, θ)(i = 1, · · · , n) ,

.

3 1 � i � n,

λi(x̄i) > 0 λ̄i(x̄i+1, θ) > 0,

λi(x̄i) � di(x) � λ̄i(x̄i+1, θ). (34)

1 1, 2 3 ,

(2)(3) , (33)

,{
P{ lim

t→∞
x(t) = 0} = 1,

P{ lim
t→∞

Θ̂(t) } = 1.
(35)

.

4 (Simulation example)
:{

dx1 = (x3
2 + x2

2 |x1|θ)dt + x3
1σ(t)dω,

dx2 = udt,
(36)

: xi(i = 1, 2) , u ∈ R ,

θ ∈ R , ω , σ(t)
.

:

(36) .

, :

α1 =−z1(4+(
32
27

e
1
8
ln2(1+z2

1)+3z2
1)Θ̂))

1
3=−z1β1,

u=−z2(1+ρ21+ρ25+ρ26+(ρ22+ρ23+ρ24)Θ̂)),

˙̂
Θ = τ2 = z6

1(
16
27

e
1
8
ln2(1+z2

1)+
3
2
z2
1)+

2z6
1

3(1+θ̂2)
+

z6
2(ρ22+ρ23+ρ24),

:

z1 = x1, z2 = x2 − α1,

ρ21 =
3
2
|∂α1

∂x1

|(z2
2 +3z2α1+3α2

1)+
5
6
(
3∂α1

2∂x1

x2
1β

3
1)

6
5 ,

ρ22 =
5
6
(
16∂α1

27∂x1

x2
1e

1
8
ln2(1 + z2

1))
6
5 (1 + Θ̂2)

1
5 ,

ρ23 =
5
6
0.5

6
5 z6

1(
1
2

+ (
∂2α1

∂x2
1

)2)
3
5 (1 + Θ̂2)

1
5 ,

ρ24 =
2
3
x6

12.5
3
2 |∂α1

∂x1

|3(1 + Θ̂2)
1
2 ,

ρ25 =
1
4

+
1
12

β12
1 , ρ26 =

5
6
(
∂β1

∂Θ̂
τ2)

6
5 .

|∂α1

∂x1

| =

β1+β−2
1 x2

1(
16e

1
8
ln2(1 + x2

1) ln(1+x2
1)

81(1+x2
1)

+2) > 0,

∂β1

∂Θ̂
= β−2

1 (
32
81

e
1
8
ln2(1 + x2

1) + x2
1) > 0,

ρ21, ρ22,ρ24 ρ26 , .

1∼3, x(0) =
(1,−2.1)T, Θ̂(0) = 1, σ(t) = 4.
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1

Fig. 1 State variables curves

2 u

Fig. 2 Control signal curve u

3 Θ̂

Fig. 3 Parameter estimation curve of Θ̂

1∼3 , ,

,

.

5 (Conclusions)

. ,

(backstepping)

. ,

.

,

.

.
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