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Abstract: The paper addresses the output feedback output tracking control of a class of nonlinear systems with output
dependent incremental rate. According to the structure characteristic of the systems, the asymptotic trajectories of internal
states are constructed in the case when the output asymptotically tracks the reference. By establishing the dynamics that
governs the deviations between the states and the asymptotic trajectories, the output tracking problem is converted to the
stabilization problem of the deviation system. Therefore, the output feedback tracking controller is designed by constructing
the output feedback stabilizing controller for the deviation system. Finally, a simulation example is given to illustrate the
conclusion.
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1 ÚÚÚóóó999¯̄̄KKK£££ããã(Introduction and problem
formulation)
�O��ì¦XÚÑÑ�l�½�ë�&Òù�

¯K2�Ñy3Åì<��!EÍ��!�1ì��

�ÃõA^+�[1–4],��É���nØïÄ�'5,
cÙ��5XÚ��l��¯K´C�{c�ïÄ
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A^��5XÚ�AÛnØ,©[5])û
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��5XÚ�Z6³
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�é�aO�Ç�6ÑÑ���5XÚ�Ñ
��

#�*ÿì,Ù¥��"OÃd���6ÑÑ�Ä�
�§(½. �©[13]�',ù�XÚØ=�¦��5
�'uØ�ÝþG�÷vLipshitz^�,�#N�A
�LipshitzXê�6ÑÑCþ.

�©ïÄ�aO�Ç�6ÑÑ��5XÚ�ÑÑ

�"ÑÑ�l¯K.ùaXÚ�ÑÑ�"	½¯K3
©[15]��ïÄ,©¥3Ä�OÃG�*ÿìÄ:þ,
|^*ÿì�Ú�{(observer backstepping)[16]�O


ÑÑ�"	½��ì. ÑÑ�l��¯KK3©[8]
¥��ïÄ©�©æ�
��#�{ïÄù�¯K.
|^XÚ(�A:,�©�E
XÚ¢yÑÑ�l�
SÜG��ìC;,,ïá
XÚG��ìC;, 
��Ä��§,ò�l¯K��C¤ �Ä�XÚ�
	½¯K.�©/�©[15]��{�O
 �XÚ�
ÑÑ�"	½��ì,l
)û
XÚ�ÑÑ�"Ñ
Ñ�l��¯K.�©'©[8, 15]�¿©/|^
e
n�(���5XÚ�A:,¤�(Ø�w�´©
[15]¥(Ø�í2.

�{'å�,�©ïÄXe/ª���5XÚ:



ẋ1 = x2 + f1(x1),
...

ẋn−1 = xn + fn−1(x1, · · · , xn−1),
ẋn = u + fn(x1, · · · , xn),
y = x1,

(1)

ùp: xi ∈ R, i = 1, · · · , n´XÚG�, u ∈ R´X
Ú��Ñ\, y = x1 ∈ R´XÚÑÑ,¼êfi(i=1,

· · ·, n)þ�1w¼ê.

¡XÚ(1)´O�Ç�6ÑÑ�´�XÚ(1)��
�5�fi÷vXeb�:

bbb��� 1 �3ð�1w¼êγ(x1),¦é?¿i =
1, · · · , n,

|fi(x1, x2 + z2, · · ·, xi + zi)− fi(x1, z2, · · ·, zi)| 6
γ(x1)(|x2|+ · · ·+ |xi|). (2)

�©ïÄ��5XÚ(1)�ÑÑ�"ÑÑ�l��
¯K:3XÚ(1)÷vb�1�^�e,é?¿�½�k
.ë�&Òyr(t), t > 0,Ùl1�n��ê�3�ë

Yk.,�OXe/ª�ÑÑ�"��ì

χ̇ = ψ(t, χ, y), u = ϕ(t, χ, y), (3)

�xlRn?�:Ñu
χl,���Ñu,4�XÚ
(1)–(3)�ÑÑy(t)÷v lim

t→∞
(y(t)− yr(t)) = 0,Ó�

XÚSÜG�´k.�©

2 ���lll������ììì���OOO999(((ØØØ(Tracking controller
design and conclusion)
é�½�ë�&Òyr(t),XJXÚ(1)3,���

el,�Ð�Ñu�XÚÑÑy(t)TÐÒ´yr(t),=
x1(t) ≡ yr(t),K�âXÚ�§(1),�íÑÙXÚS
ÜG�x1, · · · , xn�;,©O�




p1(t) = yr(t),
p2(t) = ṗ1(t)− f1(p1(t)),

...
pn(t) = ṗn−1(t)− fn−1(p1(t), · · · , pn−1(t)),

(4)

XXÚÑÑy = x1ìCªuë�&Òp1(t),KXÚG
�xi(t)A±pi(t)�ìC;,,=

xi(t)− pi(t) → 0 (t →∞), i = 1, · · · , n. (5)

��,Xª(5)¤á,K7ky(t)− yr(t) → 0. ù�X
Ú(1)�ÑÑ�"ÑÑ�l¯KC¤'uxi(t)− pi(t)
�ÑÑ�"	½¯K.�©�Ìù�g´)ûX
Ú(1)�ÑÑ�"ÑÑ�l¯K.

-x̃i = xi − pi.|^Ä��§(1)9'Xª(4),
é1 6 i < nO� ˙̃xi�

˙̃xi = xi+1 + fi(x1, · · ·xi)− ṗi =

x̃i+1 + fi(x̃1 + p1, · · · , x̃i + pi)− fi(p1, · · · , pi).

éi = nO� ˙̃xn�

˙̃xn = u− ṗn + fn(x̃1 + p1, · · · , x̃n + pn).

u´,��x̃i�Ä��§



˙̃x1 = x̃2 + f1(x̃1 + p1)− f1(p1),
˙̃x2 = x̃3 + f2(x̃1 + p1, x̃2 + p2)− f2(p1, p2),

...
˙̃xn = u− ṗn + fn(x̃1 + p1, · · · , x̃n + pn).

(6)

½Â¼ê

gi(t, ξ1, · · · , ξi) =

fi(ξ1 + p1, · · · , ξi + pi)− fi(p1, · · · , pi), (7)

¿�u = v + ṗn − fn(p1, · · · , pn), ỹ = x̃1.

�§(6)��¤Xe/ª:



˙̃x1 = x̃2 + g1(t, x̃1),
˙̃x2 = x̃3 + g2(t, x̃1, x̃2),

...
˙̃xn = v + gn(t, x̃1, · · · , x̃n),
ỹ = x̃1.

(8)

)ûXÚ(8)�ÑÑ�"	½¯K=�)ûXÚ
(1)�ÑÑ�"ÑÑ�l¯K.e¡k�yXÚ(8)÷
vO�Ç�6ÑÑ^�,,�|^©[15]��{�O
XÚ(8)�Ä�OÃG�*ÿì,?
|^*ÿì�Ú
�{�O(8)�ÑÑ�"	½��ì. �©ky²��
Ún.
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ÚÚÚnnn 1 b�½Â3t > 0þ�¼ê÷v|yr(t)|
6 M , M´��®�~ê. �b�γ(x)´���K¼
ê. K�31w¼êγ̃(x),¦é?¿x ∈ RÚt > 0,
k

γ(x + yr(t)) 6 γ̃(x). (9)

y À�1wüNþ,¼êβ(x)¦�x > 0�,

β(x) > max{γ(x), γ(−x)}.
½Âβ̃(x) = β((x2 + 1)/2),Ké?¿x ∈ Rþk

β̃(x) = β
(x2 + 1

2

)
> β(|x|) > γ(x),

��x>0, β̃(x)üNþ,,�x60�, β̃(x)üNeü.

�γ̃(x) = β̃(M +x)+β̃(−M +x).�x+yr(t) >
0�, x+M > x+yr(t)>0,dβ̃�üN5, β̃(x+yr(t))
6 β̃(x+M).�x+yr(t) < 0�, x−M < x+yr(t) <

0,Ó�kβ̃(x+yr(t))6 β̃(x−M).¤±ÃØx+yr(t)
�K,þkγ(x + yr(t)) 6 β̃(x + yr(t)) 6 β̃(x + M)
+ β̃(x−M) = γ̃(x).
y..

|^ù�Ún,��y��5XÚ(8)´O�Ç�
6ÑÑ�. 5¿¼êfi÷vb�1,O�

gi(t, x̃1, x̃2 + z2, · · · , x̃i + zi)−
gi(t, x̃1, x̃2 · · · , x̃i) =

fi(x̃1 + p1, x̃2 + p2 + z2, · · · , x̃i + pi + zi)−
fi(x̃1 + p1, x̃2 + p2, · · · x̃i + pi) 6
γ(x̃1 + p1)(|z2|+ · · ·+ |zi|).

dÚn1,�3γ̃(x)¦�γ(x̃1 + p1) 6 γ̃(x̃1),¤±

|gi(t, x̃1, x̃2 + z2, · · · , x̃i + zi)−
gi(t, x̃1, x̃2 · · · , x̃i)| 6
γ̃(x̃1) (|z2|+ · · ·+ |zi|) ,

=XÚ(8)�÷vb�1.

|^©[15]�*ÿì�O�{,�EXÚ(8)Xe
/ª�G�*ÿì:




ṙ = r`(r, ỹ),
˙̂x1 = x̂2 + g1(t, ỹ) + k1r[ỹ − x̂1],

...
˙̂xn−1 = x̂n + gn−1(t, ỹ, x̂2, · · · , x̂n−1)+

kn−1r
n−1[ỹ − x̂1],

˙̂xn =v+gn(t, ỹ, x̂2, · · ·, x̂n)+knrn[ỹ−x̂1].

(10)

Uì©[15],ùp��Oëêk1, · · · , knÚ¼ê`(r, ỹ)
XeÀ�:

À�k1, · · · , kn¦�e¡õ�ª

φ(λ) = λn + k1λ
n−1 + · · ·+ kn−1λ + kn

��ÜA���´K¢Ü�,ù�Ý


A =




−k1

...
−kn−1

I

−kn 0 · · · 0




´­½
. )'uÝ
Cþ�Q,ê�Cþ�a, q��

5Ý
Ø�ª:

ATQ + QA < −aI, qI < Q < I, q > 0, a > 0.

(11)

é)��Q,�b�÷v

−bQ 6 QD + DQ 6 bQ (12)

��¢ê,Ù¥D = diag{0, 1, 2, · · · , n− 1}. �â
¦��a, q, b�¼ê

`(r, ỹ) = − 1
3b

[a(r − 1)− 6√
q
(n− 1)γ̃(ỹ)], (13)

Ù¥γ̃(·)dÚn1(½,§�γ(·)÷v'Xª(9).

�¤kÄuG�*ÿì����O��,e¡k
ïáx̂iéx̃i�*ÿØ���§. Ú\C�

ei =
1

ri+b−1
(x̃i − x̂i), i = 1, · · · , n, (14)

Ù¥bdª(12)(½�. ù�ei�±w�´£ãx̂iéx̃i

�*ÿØ��þ. é1 6 i 6 n− 1,O�ėi¿�n�,

ėi =
1

ri+b−1
( ˙̃xi − ˙̂xi)− (i + b− 1)

ṙ

ri+b
(x̃i − x̂i) =

rei+1 − kire1 − (i + b− 1)`(r, ỹ)ei + g̃i.

O�ėn¿�n�

ėn =
1

rn+b−1
( ˙̃xn− ˙̂xn)− (n+b−1)

ṙ

rn+b
(x̃n−x̂n) =

− knre1 − (n + b− 1)`(r, ỹ)en + g̃n.

3±þªf¥:

g̃i =
1

ri+b−1
(gi(t, x̃1, x̃2, · · · , x̃i)−

gi(t, ỹ, x̂2, · · · , x̂i)), i = 2, · · · , n.

-

e =




e1

e2

...
en




, G̃ =




0
g̃2

...
g̃n




.

|^c¡½Â�Ý
A, D,�òþ¡ei�Ä��

§�n¤Xe/ª:

ė = rAe− (D + bI)`(r, ỹ)e + G̃. (15)

�Lyapunov¼ê

V1(e) = eTQe. (16)

Ù¥Qdª(11)(½¿�b�Ó÷vª(12),��­E
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©[15]��{�±y²: ��r(t) > 1Òk
·︷ ︸︸ ︷

eTQe 6 −aeTQe. (17)

ùL²: 3?ÛÑ\v��^e,XÚ(8)�*ÿì(10)
�Ñ�*ÿ�x̂iÑ�êÂñ�x̃i. e¡é*ÿìXÚ
A^�Ú�O�{,¦ª(8)�ÑÑ�"	½��ì.

éXÚ(10)���CþC�

ỹ = x̂1 + rbe1, (18)

O��n�� ˙̃y = x̂2 + rb+1e2 + g1(ỹ),u´XÚ(10)
�±L«�




˙̃y = x̂2 + rb+1e2 + g1(t, ỹ),
˙̂x2 = x̂3 + k2r

b+2e1 + g2(t, ỹ, x̂2),
...

˙̂xn−1 = x̂n + kn−1r
b+n−1e1+

gn−1(t, ỹ, x̂2, · · · , x̂n−1),
˙̂xn = v + knrb+ne1 + gn(t, ỹ, x̂2, · · · , x̂n),

ṙ = r`(r, ỹ),
(19)

ùpgidÙ½Âª(7)��,é?¿t > 0, gi(t, 0, · · · ,

0) = 0.

XÚ(19)´��;.�en�/ª���5XÚ,
A^IO��Ú�O§S,�±48¦�n�¼ê

αi(t, r, ỹ, x̂2 · · · , x̂i)÷vαi(r, 0, · · · , 0) = 0.�

v = αn(t, r, ỹ, x̂2, · · · , x̂n) (20)

�,��r(t) > 1,Òk
︷ ︸︸ ︷
ỹ2+

n∑
i=2

(x̂i−αi−1(t, r, ỹ, x̂2, · · ·, x̂i−1))2+eTQe 6

− ỹ2 − a

2
eTQe−

n∑
i=2

(x̂i − αi−1(t, r, ỹ, x̂2, · · · , x̂i−1))2.

ù
48L§�¢�[!�ë�©[15]½©[16],ù
pÏ�Ì���Ñ.

�âr(t)�§,�r(t) > 1��C1�, ṙ(t) > 0o
¤á,=r(t)O\. ���r(0)>1,Kr(t)>1é¤k
t > 0¤á. ��­E©[15]��{,�©�y²: 4
�XÚ(8)–(10)l(0,∞)×R2nÑu�)(r(t), x̃1(t),
· · · , x̃n(t), x̂1(t), · · · , x̂n(t))��Âñ�²ï:(r∗,
0, · · · , 0),Ù¥r∗ = 1 + 6(n− 1)γ̃(0)/a

√
q.

dþ¡)�Âñ(Ø,�±��XÚG�r(t),
x̂1(t), · · · , x̂n(t)´k.�,?�Údpi�k.5,�
�G�xi(t) = x̃i(t) + pi(t)�´k.�. 5¿x̃1 =
x1 − p1ªu0=y(t)− yr(t)ªu0,���©(Ø:

½½½nnn 1 é�½ë�&Òyr(t),ÑÑ�"��ì





ṙ = r`(r, y − yr),
˙̂x1 = x̂2+k1r(y−yr−x̂1)+g1(t, y−yr),

...
˙̂xn−1 = x̂n + kn−1r

n−1(y − yr − x̂1)+
gn−1(t, y − yr, x̂2, · · · , x̂n−1),

˙̂xn = αn(t, r, y − yr, x̂2, · · · , x̂n) + knrn×
(y−yr−x̂1)+gn(t, y−yr, x̂2, · · ·, x̂n),

u = αn(t, r, y − yr, x̂2, · · · , x̂n)+
ṗn − fn(p1, · · · , pn),

(21)

ª¥: k1, · · · , kn¦õ�ªφ(λ) = λn + k1λ
n−1 + · · ·

+ kn��ÜA��´K¢Ü�,¼êpidª(4)(½,
¼ê`(·, ·)dª(13)(½,¼êgidª(7)½Â, αnd�

Ú�{(½�÷vª(21),��r(t)�Ð�r(0) > 1,
4�XÚ(1)–(21)�ÑÑyìC�lë�&Òyr(t),=
�t →∞�, y(t)− yr(t) → 0.Ó�4�XÚSÜG

��±k..

3 êêê������ýýý(Numeric simulation)
�ÄXÚ:




ẋ1 = x2,

ẋ2 = u + x1 +
1
2
x2

1 cosx2,

y = x1.

(22)

�γ(x) = x2/2,��yXÚ÷vO�Ç�6ÑÑ^
�.�½ë�&Òyr(t) = (1 + sin(3t)) sin(5t),O�

p1 = (1 + sin(3t)) sin(5t),

p2 = − sin(2t) + 4 sin(8t) + 5 cos(5t).

�k1 = 19, k2 = 90,)�5Ý
Ø�ª(11)9'
Xª(12),�Ña = 18, q = 0.8, b = 2.4154,

Q =

(
0.9009 − 0.0489
−0.0489 0.0053

)
.

�â½n1,ÑÑ�"��ì�

ṙ = − r

3b
(a(r − 1)− 3√

q
((y − p1)2 + 4)),

˙̂x1 = x̂2 + k1r(y − p1 − x̂1) + f1(y)− q1,

˙̂x2 = α2+k2r
2(y − p1 − x̂1)+f2(y, x̂2 + p2)−q2,

u = α2 + ṗ2 − q2,

ùpq1 = f1(p1), q2 = f2(p1, p2), α1, α2d�Ú�{

(½:

α1 =− 2
aq

r2(b+1)(x̂1 − p1)− 1
2
(x̂1 − p1)− h1,

α2 =− 2
aq

(x̂2−α1)(k2
2r

2b+4+(
∂α1

∂y
rb+1)2+

aq

4
)−

(y−p1+h2− ∂α1

∂t
− ∂α1

∂r
r`− ∂α1

∂y
(x̂2+h1)),

Ù¥h1 = f1(y)− q1, h2 = f2(y, x̂2 + p2)− q2.
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�Ð�x1(0) =−2, x2(0) =1, x̃1(0) =3, x̃2(0)
= 3, r(0) = 2,O�4�XÚ�ê�).XÚÑÑé
ë�&Ò��l�¹3ã1�Ñ,ã2�ÑXÚG�x2
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u��~�.

ã 1 XÚÑÑ�lë�&Ò
Fig. 1 Output of the closed-loop system asymptotically

tracks the given reference signal

ã 2 G�x2��ý;,Ú¼êp2�­�

Fig. 2 Trajectory of x2 asymptotically tends to the curve of p2

ã 3 Ä�OÃr(t)��ý;,

Fig. 3 Trajectory of the dynamic gain r(t)
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[16] KRSTIĆ M, KANELLAKOPOULOS I, KOKOTOVIĆ P. Nonlinear
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