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Iterative learning control for linear discrete-time systems
based on Jacobi method

FU Qin†
(School of Mathematics and Physics, Suzhou University of Science and Technology, Suzhou Jiangsu 215009, China)

Abstract: Based on Jacobi method, the problem of iterative learning control (ILC) algorithm for linear discrete-time sys-
tems is considered. By setting up links between linear ILC problems and linear equations, the Jacobi method is introduced
into the ILC framework and the iterative learning control laws are proposed. With the application of matrix operation, it is
shown that the output tracking errors can equal zero after finite iterations. Numerical examples illustrate the effectiveness
of the proposed method.
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1 ÚÚÚóóó(Introduction)
S�ÆS��dArimoto�<[1]ÄgJÑ���

���{�,®¤�Cc5��nØïÄ�9:¯K,
¿Úå<��2�'5. 3S�ÆS���O¥,æ
^�õ�´D.ÆSÆ[1–4]ÚP.ÆSÆ[5–7],�âX
Ú¤÷v�5�,3EÉ��mS,^D.ÆSÆ
½P.ÆSÆ?1���O.
�é�5lÑ�mXÚ,©[8–11]�â�g5U

�I�`z¯K,�ï��S�ÆS��Æ,¦��
lØ�3�g5U�I¿Âe�XS�gêO\

üN~�¿ªu". ©[12]l,��Ý�Ä
�5l
Ñ�mXÚ�S�ÆS��¯K,|^S�Ý
2–�
ê�1–�ê�m�'X,éS�Ý
�1–�êJÑ�
u1��¦,l���lØ��2–�ê�XS�g
êO\üN~�¿ªu"�(Ø.
©[13]l�§�ê�¦)�Ý,JÑ
�a#��

O�{§òS�ÆS��ì��ï=z��§�ê

�¦)¯K,¿�é�a��5XÚ,|^���A

���5�§,ÄuNewton{�ï��Newton.S
�ÆS��ì;3©[13]�Ä:þ,©[14]?�Úæ^

P.ÆSÆ�Newton.ÆSÆ�(Ü�/ª,é�
a�����5XÚ?1S�ÆS���O;©[15]
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�,¿dd��[Newton.S�ÆS��ì;©[16]
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X,òJacobi�{Ú\�S�ÆS��¥,dd¦�S
�ÆS��Æ,¿/ÏuÝ
$�,y²ù«ÆSÆ
U¦�XÚ�ÑÑ�lØ�²k�gS���".

2 ¯̄̄KKK£££ããã(Problem description)
�ÄXe/ª��5lÑ�müÑ\üÑÑ

(single input single output, SISO)XÚ[12]:{
x(t + 1) = Ax(t) + bu(t),

y(t) = cTx(t),
x(0) = x0, (1)

ùp: x(t) ∈ Rn, u(t), y(t) ∈ R©O´XÚ�G�!
��Ñ\ÚÑÑ, t = 0, 1, · · · , N . XÚ(1)�1kÚS

��ª���[12]
{

yk(0) = cTx0,

yk = L0x0 + Luk,
(2)

Ù¥:

yk = [yk(1) yk(2) · · · yk(N)]T,

uk = [uk(0) uk(1) · · · uk(N − 1)]T,

L0 = [(cTA)T (cTA2)T · · · (cTAN)T]T,

L =




cTb 0 · · · 0

cTAb cTb · · · ...
...

...
... 0

cTAN−1b · · · cTAb cTb




.

�XÚ(1)��é��1,=cTb 6= 0,��L��_
.

Pyd = [yd(1) yd(2) · · · yd(N)]T��½�n
�;,,ÆS���8�´Ïé·��ÆSÆ,¦�
S�ÆSS�ykÂñun��ÑÑyd,=

lim
k→∞

‖ek‖2 = 0,

Ù¥: ek = yd − yk, ‖ek‖2��þek�2–�ê.

Pγ∗1 = 1/cTb,©[12]éXÚ(1)�ï
S�ÆS
��Æ

uk+1 = uk + γ∗1ek, (3)

¿��Xe(Ø:

�^�

K = |cTAb|+ |cTA2b|+ · · ·+ |cTAN−1b| <
1
γ∗1

= |cTb| (4)

¤á�,XÚ (1)3ÆSÆ (3)�^e,ÑÑ�lØ�
‖ek‖2üN~�¿ªu".

�©ÄuJacobi�{,éXÚ(1)�ïS�ÆS�
�Æ,y²���Jacobi.S���Æ²k�gS�
�U¦ÑÑ�lØ�‖ek‖2 = 0,¿?�Ú`²TS
���Æ�©[12]¥�ÆSÆ(�©¥(3)ª)´�d
�,ddéÓ��XÚ,¿3Ó��b�^�e,�é
©[12]¥�(Ø�XeU?:

�(4)ª¤á�,XÚ(1)3ÆSÆ(3)ª�^e,Ñ

Ñ�lØ�‖ek‖2üN~�¿²k�gS���u".

3 ÄÄÄuuuJacobi���{{{���SSS���ÆÆÆSSS������(Iterative
learning control based on Jacobi method)
�ïXÚ(1)�A��5�§|

yd = L0x0 + Lu, (5)

Ù¥u���þ. dL��_
��,�§|ª(5)�3
��)ud. P

L = L̃ + D, (6)

Ù¥:

L̃ =




0 0 · · · 0

cTAb 0 · · · ...
...

...
... 0

cTAN−1b · · · cTAb 0




,

D =




cTb 0 · · · 0

0 cTb · · · ...
...

...
... 0

0 · · · 0 cTb




.

dd�ï�5�§|ª(5)�JacobiS��ª[17]�

uk+1 = −D−1L̃uk + D−1(yd − L0x0). (7)

ÙS�Ý


J = −D−1L̃ = −




0 0 · · · 0
cTAb

cTb
0 · · · ...

...
...

... 0
cTAN−1b

cTb
· · · cTAb

cTb
0




�N ×N�î�en�Ý
,dd��, J�Ì�»

ρ(J) = 0 < 1,2d©[17]�,S��ª(7)´Âñ�.

ÏJ�î�en�Ý
,?�Ú��²k�gS�
�ÑÑ�lØ�‖ek‖2�"�(Ø,ddk�©�Ì
�½n:

½½½nnn 1 ²k�gS��,dª(2)(7)�ï��
�yk�n�ÑÑyd����.

yyy ud��§|ª(5)�),k

yd = L0x0 + Lud. (8)

|^ª(6)òþªU��

ud = −D−1L̃ud + D−1(yd − L0x0). (9)

^ª(9)~�ª(7),kud − uk+1 = J(ud − uk).�E
@^dª,��

ud − uk+1 = J(ud − uk) =

J2(ud − uk−1) = · · · = Jk+1(ud − u0). (10)

5¿�î�en�Ý
�5�: N�N ×N�î�e

n�Ý
�¦,Ù¦È�"Ý
,=
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0 0 · · · 0 0
∗ 0 · · · 0 0

∗ ∗ ...
...

...
... · · · · · · 0 0
∗ · · · ∗ ∗ 0







0 0 · · · 0 0
∗ 0 · · · 0 0

∗ ∗ · · · ...
...

...
...

... 0 0
∗ · · · ∗ ∗ 0



· · ·




0 0 · · · 0 0
∗ 0 · · · 0 0

∗ ∗ · · · ...
...

...
...

... 0 0
∗ · · · ∗ ∗ 0




︸ ︷︷ ︸
N

=




0 0 · · · 0 0
0 0 · · · 0 0

0 0 · · · ...
...

...
...

... 0 0
0 · · · 0 0 0




.

ddkJN = 0. (Üª(10),=��uN = ud. 2d
ª(2)(8),kyN = yd. =²NgS��,XÚ�ÑÑ
yN�n�ÑÑyd����. y..
555 1 �ÄXÚ(1)É6Ä�Z6��/:
(

x(t + 1) = Ax(t) + bu(t) + ε(t),

y(t) = cTx(t),
x(0) = x0,

(11)

ùp, ε(t) ∈ Rn�6Ä�,XÚ(11)�1kÚS��ª��

yk(0) = cTx0,

yk = L0x0 + Luk + L̂ε, (12)

Ù¥:

L̂ =

0
BBBBBB@

cT 0 · · · 0

cTA cT · · ·
...

...
...

... 0

cTAN−1 · · · cTA cT

1
CCCCCCA

,

ε = [εT(0) εT(1) · · · εT(N − 1)]T.

�ïXÚ(11)�A��5�§|yd = L0x0 + Lu + L̂ε. ¿
�ud�Ù),Kk

yd = L0x0 + Lud + L̂ε. (13)

|^ª(6)òþªU��

ud = −D−1L̃ud + D−1(yd − L0x0)−D−1L̂ε. (14)

^ª(14)~�ª(7),kud − uk+1 = J(ud − uk)−D−1L̂ε.
5¿�JN = 0,�E@^þª,��: �k > N�,k

ud − uk = −JN−1D−1L̂ε− JN−2D−1L̂ε− · · · −
JD−1L̂ε−D−1L̂ε. (15)

^ª(13)~�ª(12),�

ek = yd − yk = L(ud − uk).

(Üª(15)��,�k > N�,k

ek = −LJN−1D−1L̂ε− LJN−2D−1L̂ε− · · · −
LJD−1L̂ε− LD−1L̂ε.

P

θ = ‖LJN−1D−1L̂ + LJN−2D−1L̂ + · · ·+
LJD−1L̂ + LD−1L̂‖2,

Kk‖ek‖2 6 θ‖ε‖2, k > N.

dd`², Jacobi.S���Æ(7)´äk°�5�.

555 2 �ò½n1�(Øí2��é��u1��/.
�XÚ(1)��é��k∗,=k∗�¦�cTAk∗−1b 6= 0���

�ê,KXÚ(1)�1kÚS��ª���[9–10]

yk = Guk + d,

Ù¥:

yk = [yk(k∗) yk(k∗ + 1) · · · yk(N)]T,

uk = [uk(0) uk(1) · · · uk(N − k∗)]T,

d = [cTAk∗x0 cTAk∗+1x0 · · · cTANx0]
T,

G =

0
BBBBBB@

cTAk∗−1b 0 · · · 0

cTAk∗b cTAk∗−1b · · ·
...

...
...

... 0

cTAN−1b · · · cTAk∗b cTAk∗−1b

1
CCCCCCA

.

P

D̄ =

0
BBBBBB@

cTAk∗−1b 0 · · · 0

0 cTAk∗−1b · · ·
...

...
...

... 0

0 · · · 0 cTAk∗−1b

1
CCCCCCA

,

L̄ =

0
BBBBBB@

0 0 · · · 0

cTAk∗b 0 · · ·
...

...
...

... 0

cTAN−1b · · · cTAk∗b 0

1
CCCCCCA

.

�n�ÑÑ�yd = [yd(k∗) yd(k∗ + 1) · · · yd(N)]T,�ï
�A�JacobiS��ª�

uk+1 = −D̄−1L̄uk + D̄−1(yd − d).

dd���A�(Ø�:²N + 1− k∗gS��,XÚ�Ñ

ÑyN+1−k∗�n�ÑÑyd����.

555 3 eòJacobiS���Æ(7)=z�Ï~�S�Æ
SÆ,��ª(7)Ò´©[12]¥�S�ÆSÆ(�©¥ª(3)).
dª(2)(6)�,ª(7)�z�

uk+1 =

−D−1L̃uk + D−1(yd − L0x0) =

−D−1(L̃ + D −D)uk + D−1(yd − L0x0) =

uk −D−1Luk + D−1(yd − L0x0) =

uk + D−1(yd − L0x0 − Luk) =

uk + D−1(yd − yk) = uk + D−1ek.

dé�
D9êγ∗1�½Â,þª���

uk+1 = uk + γ∗1ek.

=�ª(3). (Ü½n1=�é©[12]¥�(Ø�XeU?:
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�ª(4)¤á�,XÚ(1)3ÆSÆ(3)�^e,ÑÑ�lØ

�‖ek‖2üN~�¿²k�gS���u".

4 êêê���~~~fff(Numerical examples)
1) ÑÑ�lØ�‖ek‖2üN~�¿²k�gS

���u". �

A =




0.1 0.2 0.3 0.4
0 0.1 0.2 0.3
0 0 0.1 0.2

0.1 0.1 0 0.1


 ,

c = b = [1 1 1 1]T, N = 8,

Kk

K = |cTAb|+ |cTA2b|+ · · ·+ |cTA7b| =
3.8601 < 4 = |cTb|

¤á,=XÚ÷v©[12]¥�üNÂñ^�(�©¥
ª(4)). �

yd = [1 2 3 4 5 6 7 8]T,

x0 = [1 1 1 1]T,

¿�S�Ð�(JacobiS��Ï~�{)

u0 = [0 0 0 0 0 0 0 0]T,

Kdª(2)(7)���,�L1.

L 1 ek��

Table 1 Norm(ek)

k 0 1 2 3 4

‖ek‖2 13.9679 9.2391 5.3490 2.4888 0.7892

k 5 6 7 8

‖ek‖2 0.1243 0.0629 0.0183 0.0000

=ÑÑ�lØ�‖ek‖2üN~�¿²8gS��
�u",�ã1.

ã 1 �lØ�‖ek‖2
Fig. 1 Tracking errors ‖ek‖2

2) ÑÑ�lØ�‖ek‖2�üN~��²k�g

S���u". �

A =




0.1 0.2 0.3 0.4
0 0.1 0.2 0.3
0 0 0.1 0.2
1 0.1 0 0.1


 ,

c = b = [1 1 1 1]T, N = 8.

Kk

K = |cTAb|+ |cTA2b|+ · · ·+ |cTA7b| =
15.1885 < 4 = |cTb|

Ø¤á,=XÚØ÷v©[12]¥�üNÂñ^�(�
©¥ª(4)). �

yd = [1 2 3 4 5 6 7 8]T,

x0 = [1 1 1 1]T,

¿�S�Ð�

u0 = [0 0 0 0 0 0 0 0]T,

Kdª(2)(7)���,�L2.

L 2 ek��

Table 2 Norm(ek)

k 0 1 2 3 4

‖ek‖2 10.7256 11.7985 6.7583 10.6761 13.0187

k 5 6 7 8

‖ek‖2 8.0302 2.5917 0.3526 0.0000

=ÑÑ�lØ�‖ek‖2�üN~��²8gS�
��u",�ã2.

ã 2 �lØ�‖ek‖2
Fig. 2 Tracking errors ‖ek‖2

5 (((ØØØ(Conclusions)
�©é�5lÑ�mXÚJÑ
ÄuJacobi�

{�S�ÆS��¯K,�ï��Jacobi.S��
�Æ,�`²T��Æ´äk°�5�. |^Ý
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$�,y²ù«��ÆU¦�XÚ�ÑÑ�lØ�
²k�gS���",¿`²TJacobi.S���
Æ²C��Ò´©[12]¥�ï�Ï~/ªS�ÆS
��Æ,dd�Ñ©[12]¥'uS�Âñ5�(Ø
´�U?�,Ø�´üNÂñ,�´üNk�g
Âñ,��
éÐ�(J,ê�~f�`²Xd.
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