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An algorithm for image enhancement based on adaptive fractional
differential using two-dimensional Otsu standard

LI Bo1, XIE Wei1†
(College of Automation Science and Technology, South China University of Technology, Guangzhou Guangdong 510640, China)

Abstract: Because traditional fractional differential methods ignore textures of image when enhancing the edges, or
weaken the edges when preserving the textures in the process of image enhancement, we put forward a new image en-
hancement method which adjusts the fractional differential order according to the dynamic gradient of the pixels. The
improved two-dimensional Otsu algorithm is employed in designing the adaptive image enhancement operator. In addition,
the optimal differential order of every pixel is determined by the adaptive fractional differential function constructed on the
basis of the area-feature of image. Consequently, the image is adaptively enhanced by an adaptive fractional differential
mask. Experimental results show that this method has better image enhancement than other current methods by making the
edges clearer and the weak textures richer.
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1 ÚÚÚóóó(Introduction)
©ê��©´'u?¿��©�nØ,§�w¤

´�ê��©�í2[1–2],�DÚ��ê��©�
f�'�,©ê��©^uã�?n�±¦ã�>�
²wOr!ã�«n[!�\�ß�Ó�,��5�
3ã�²w«�&E.Ïd,ò©ê��È©nØA
^�ã�?n+�[3–6]áÚ
IS	Æö?1�'�

ïÄ.
DÚ�©ê��©3?nã��>�!«nÚ²

w«��Ñ´æ^Ó���©�g,ù�N´E¤p
�©�grzã�>���ÿ�À
ã��f«n

Ú²w«�,½ö$�©�g�3�õã�f«n�
Ó�fz
ã�>�,J±���Ð�ã�Or�J.
©z[7–11]¥JÑ¿Øã
êiã��©ê�ù�Ú

$�5K±9DÚ©ê��©éã��OrUåÚ

�J,©z[7]?�Ú�Ñ
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ÝA�Ñu,Ú\U?���OtsuOK5éFÝã�
?1©�,,�(Üã�«�A��EÑg·A©ê
��©�g�¼ê,¦Ñ�«�¥z����:�é
A��©�g,?A^ù���5éz����:
?1?n,l���Ð�ã�Or�J.��,�©
¤J��{ÚykÄug·A©ê��©�ã�O

r�{?1
'�,�y
�©¤J��{�k�5.

2 ���'''nnnØØØÚÚÚ���999©©©ÛÛÛ(Relative theory guid-
ance and analysis)

2.1 ©©©êêê������ÈÈÈ©©©���½½½ÂÂÂ (The definition of frac-

tional differential)
Xy�ãÌ�� 3«�È©½ÂL�ª:

Grjnwald-Letnikov (G–L)© ê � � È © ½ Â !
Riemann-Liouville(R–L)©ê��È©½ÂÚCapotu
½Â[14–17],duG–L½Â��uÙ¦ü«½ÂúªO
�E,Ý��,¿��±^ £\�¦Ú�ª5Cq
L�T¼ê,Ïd�·ÜA^u&Ò?n+�.

|^Gamma¼êò©ê��gl�êí2�©
ê, G–L½Â�r�g©ê��È©L�ª�

aD
r
bf(t) =

lim
h→0

h−r
[(b−a)/h]∑

j=0

(−1)j

(
r

j

)
f(t− jh), (1)

Ù¥: [ · ]L«�êÜ©, f(t)�Cz«m� [a, b],(
r

j

)
=

Γ (r + 1)
j!Γ (r − j + 1)

���ªXê.

2.2 ©©©êêê������©©©ééé&&&ÒÒÒÚÚÚããã���������^̂̂(The effect

of fractional differential on signals and images)
�v > 0�, DvL«V��©¦5�f,éu?¿

�²��È�Uþ&Òs(t ∈ L2(R)),§�©ê��
©C��

Dvs(t) =
dvs(t)
dtv

. (2)

d&Ò?n�Ä�nØ��ÙFourierC��

Dvs(t)
FT⇔(D̂vs)(w) =

(iw)vŝ(w) = |w|v exp[iθv(w)]ŝ(w) =

|w|v exp[
vπi
2

sgn w]ŝ(w), v ∈ R+. (3)

�âúª(3)xÑ��g©ê��©ªÇ�Aã.
dã1��,©ê��©$�é&Ò�pªÜ©äk
Or�^,¿��XªÇÚ©ê��©�g�O\,
Or�ÌÝ¥��5:�O�. Ó�©ê��©é&
Ò�$ªÜ©?1
�½§Ý���5��3. éu
ã�ó,&Ò�$ªÜ©éAuFÝCz�ú�ã
�f«nÚ²w«�;&Ò�pªÜ©éAuFÝC

z¯�ã�>�. Ïd,éã�?1©ê��©?n
�±3Orã�>��Ó���5�3ã��f«

n�[!&E,l���Ð�ã�Or�J.

ã 1 ��g©ê��©ªÇ�Aã
Fig. 1 Amplitude-frequency curves of each fractional

differential order

2.3 ©©©êêê������©©©ùùù������¢¢¢yyy (The realization of
fractional differential masks)
d©ê��È©�G–L½Â��e��&Òf(t)

�±YÏ� t ∈ [a, b],ò&Ò±Y�mU�©m�

h = 1�©,@on = [
b− a

h
] = [b− a], f(t)�v��

©��©L�ª:
dvf(t)

dtv
= f(t) + (−v)f(t− 1) +

(−v)(−v + 1)
2

f(t− 2) + · · ·+
Γ (−v + 1)

m!Γ (−v −m + 1)
f(t−m). (4)

¦� 8���(�x¶��¤ 0◦, 45◦, 90◦, 135◦, 180◦,
225◦, 270◦, 315◦)�©ê��©ù��f,¿U\�
�Xã2¤«�5× 5ù�(z���Ø±8− 12v +
4v2).

ã 2 ò8��� �©U\��ù�

Fig. 2 Mask superposed by partial integrals of 8 directions
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3 ggg···AAA©©©êêê������©©©¼¼¼êêêííí���LLL§§§(The deri-
vation process of adaptive fractional differen-
tial function)

3.1 UUU???���������Otsu���{{{¦¦¦������`̀̀FFFÝÝÝKKK���s

(The optimal threshold s is determined by im-
proved Otsu algorithm)
�
k��éã�?1«�zOrÚ�3,�©

Äkòã��>�!f«nÚ²w«�?1©�. d
uDÚ���Otsu�{[18]¥���ãØ�½�3²

w�Å¸ÚÅ�,¿´±ã��Ý�é�,¤±J±
�O(£Oã��>�Ú«n&E.�©3DÚ��
�Otsu�{[19–21]Ä:þ?1U?,±ã3¤«�FÝ
ã��é�,ïá��FÝ��ã,±>�Ú²w«
��Sm��5¦��`K�.

ã 3 U?��Oust�{¥�FÝã���ã
Fig. 3 Gradient graph and histogram of Improved

two-dimensional Oust algorithm

éu�ÌA×Bêiã�f(i, j),Ù�Ý?�L,
M(i, j)L«��:(i, j)�8���þ�FÝ�²þ
�

m =
1
8
(|f(i, j)−f(i−1, j−1)|+|f(i, j)−f(i−1, j)|+

|f(i, j)−f(i−1, j+1)|+|f(i, j)−f(i, j−1)|+
|f(i, j)−f(i, j+1)|+|f(i, j)−f(i+1, j−1)|+
|f(i, j)−f(i+1, j)|+|f(i, j)−f(i+1, j+1)|),

N(i, j)L«��:(i, j)�3× 3��þ�8���:

�FÝ�²þ�

n =
1
8
|M(i− 1, j − 1) + M(i− 1, j) +

M(i− 1, j + 1) + M(i, j − 1) +

M(i, j + 1) + M(i + 1, j − 1) +

M(i + 1, j) + M(i + 1, j + 1)|.
dd�±�¤����|: ��:�FÝ�mÚ

§�+�²þFÝ�n(m,n��ê). ���|Ñy
�ªêRm,n,KéÜ�Ý�

Pm,n =
Rm,n

A×B
, 0 6 m, n 6 L− 1. (5)

�K��(s, t),@oã�>�Ú²w«��VÇ�



w0 =
s∑

m=0

t∑
n=0

Pm,n,

w1 =
L−1∑

m=s+1

L−1∑
n=t+1

Pm,n,

(6)

éA�þ�¥þ



ū0 = (u0m, u0n)T =

(
s∑

m=0

t∑
n=0

mPm,n/w0,
s∑

m=0

t∑
n=0

nPm,n/w0),

ū1 = (u1m, u1n)T =

(
L−1∑

m=s+1

L−1∑
n=t+1

mPm,n/w1,
L−1∑

m=s+1

L−1∑
n=t+1

nPm,n/w1).

(7)



um(s, t) =
s∑

m=0

t∑
n=0

mPm,n,

un(s, t) =
s∑

m=0

t∑
n=0

nPm,n,

(8)

����ãþo�þ�¥þ:

ūT = (uTm, uTn)T =

(
L−1∑
m=0

L−1∑
n=0

mPm,n,
L−1∑
m=0

L−1∑
n=0

nPm,n). (9)

b�����ã�Bé�«�ã��VÇ�ÑØO,
K

w0 + w1 ≈ 1, ūT ≈ w0ū0 + w1ū1. (10)

am��½Â�

Sb(s, t) =
1∑

k=0

wk[(ūk − ūT)T(ūk − ūT)]. (11)

¦^Sb�,trSb��am���ÿÝ

trSb = w0[(u0m − uTm)2 + (u0n − uTn)2] +

w1[(u1m − uTm)2 + (u1n − uTn)2].

(12)

òª(10)�\ª(12),k

trSb ≈ [uTmw0(s, t)− um(s, t)]2

w0(1− w0)
+
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[uTnw0(s, t)− un(s, t)]2

w0(1− w0)
. (13)

�trSb���, (s, t)��`K�,@od��s�À

��FÝã�¥��`>�K�.

3.2 ggg···AAA©©©êêê������©©©���ggg¼¼¼êêê������EEE(The con-
struction of adaptive fractional differential func-
tion)
���:�²þFÝÌ�M(i, j)�u�`K

�s�,T��:��@�´>�:?,éT��:?
1�p�g�©ê��©?n�±k�Orã��

>�. �
���Ð�g·AOr�J,Ú\>�:
��©�g�K�v1,�

M(i, j) > s�(M(i, j)− s)/M(i, j) > v1

�,FÝÌ���`K�����,��:?u�r
>�:,�v=(M(i, j)− s)/M(i, j),d�M(i, j)�
�, v��,�±���Z�>�Or�J.�

M(i, j) > s�(M(i, j)− s)/M(i, j) < v1

�,FÝÌ���`K����C,��:?u�f
>�:,d���±v = v15Orã�>�.
���:�²þFÝÌ�M(i, j)�u�`K�s

�,T��:��@�´�f«n?,éT��:?
1�$�g�©ê��©?n�±�Ð��3ã�

�f«n. Ó�Ú\f«n:��©�gK�v2,�

2 < M(i, j) < s�M(i, j)/s > v2

�,FÝÌ���`K���C,��:?u�r«
n?,d��v = v25�3«n. �

2 < M(i, j) < s�M(i, j)/s < v2

�,FÝÌ��u�`K��õ,��:?u�f«
n?,�v = M(i, j)/s,d�FÝÌ���,ã�«n
�f, v��,�3�«nÒ�õ.
�0 6 M(i, j) 6 2�,T��:�@�´ã�²

w«�:. ÏLé�þã��?1�ý¢�uy�ë
ê����v1 = 0.7, v2 = 0.3,�±���Ð�ã�
g·AOr�J.
�âþãnØ,g·A©ê��©�g�¼ê�

OXe:

v =



M(i, j)− t

M(i, j)
, M(i, j) > t &

M(i, j)− t

M(i, j)
> v1,

v1, M(i, j) > t &
M(i, j)− t

M(i, j)
< v1,

v2, 2 < M(i, j) < t &
M(i, j)

t
> v2,

M(i, j)
t

, 2 < M(i, j) < t &
M(i, j)

t
< v2,

0, 0 6 M(i, j) 6 2.

(14)

3.3 ���©©©���©©©êêê������©©©���ggg(((½½½���{{{���yyykkk���{{{

���'''��� (The proposed method compared with

the existing methods)
�éõ«a.�ã�?1'��y,3ÚO¿Â

þÚyk�g·A©ê��©�g�À��{©O

�
é'Ú©Û,�y
��{�k�5. ±4Ìã�
(Þ�!<Ô!Ìè!µÚ)Þ~`².

©z[12]�{�v¼ê:

v =



M(i, j)
2max M(i, j)

+ 0.499, 90 < M(i, j),

M(i, j)
3max M(i, j)

+ 0.666, M(i, j) 6 90,

0, M(i, j) < 2,

(15)

Ù¥max M(i, j)L«M(i, j)����.©z[13]�
{�v¼ê:

v = e0.5M(i,j)+0.25C+0.25S − 1.7, (16)

Ù¥: e=2.71, C�ã�o÷Ý, S�ã��, (±�Ì
ã��é�¦ëêCÚS),ª(16)¥�C, SÚM(i, j)
´8�z����.

Xã4¤«,©z[12]�{��©�g��Ä�Ñ
�u0.7,@of«n:éA��©�g���,3f
«n��3�Jþ¬��. ©z[13]�{�©�gÑ
yKê,d�¬fzã�>�,J±��Or>��
�J.l�©�{��g�ã¥��,�FÝÌ�
M(i, j)�us�,ã�f«n±Ø�u0.3��©�g
?1�3,¿�«n�f,�©�g��,�3�ÌÝ
Ò��;�M(i, j)�u�,ã�>�±0.7�g±þ
Or,¿�>�FÝ�r,�©�g��,Or�ÌÝ
��.l�±wÑ�©�{3�©�g�g·AN
!�Jþ�Z.
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ã 4 ©ê��©�g�g·A�¹ã
Fig. 4 The graph of adaptive fractional differential order

4 ¢¢¢������©©©ÛÛÛ(Experiment and analysis)
±ã5�~,�©�{�©z[7–13]�{?1ã�

Or�J�'�¢�,Ó�\\��ãþï�Ó�È
Å�{. ±©z[7]��LDÚ�©ê��©ã�Or
�{.

Xã5¤«,��ãþï�{k�½�Or�J,
�´�Ý«�LÝØg,,ã�«n[!Ø��,é
'ÝOr�J¿Øn�.Ó�ÈÅã���Ý�Ø ,
ã��N�V.

²d©z[7]DÚ�©ê��©�{?n��ã
5(d)Ú5(e)�±uy,p�g©ê��©�±Orã
�>�,�´f«nÚ²w«���f,$�ÑyD
(,$�g©ê��©é>�Or�J�f,f«n
Ü©��ß.

ã 5 ���{?n��ã�

Fig. 5 Images processed by each method

ã 6��©Or�ã��©z[7]!©z[12]Ú©z[13]��{?1�©��(J.ã6¥�E��Ó+
�ß��,dd`²�©�{�O(J�Ú��§ÝþOr
ã��>�&E.

ã 6 �©�{�Ù¦�{��©ã�

Fig. 6 The result of subtracting other methods from the proposed method
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ÙgÏLã�êâ©Û5?1�*µd,ÏL
��OtsuOKé���{Or��ã�?1O�,
¦Ñ�A�ã�>�:'~!«n²þ�Ý!>�

:²þFÝÚé'Ý5?1êâ'�. Ù¥�'Ý
½Â�Co=Cprocessed/Coriginal, C�¤k3× 3ü 
é'Ý�þ�, CoriginalÚCprocessed©O�L�©

ÚOr�ã��é'Ý.>�:'~L«ã�>�
:�êþ'~,²þFÝL«ã�>��Or�§
Ý,é'ÝL�ã��ßÝ.

dL1�±wÑ,�X©z[7]�{��©�g�
J,,ã�>�:�²þFÝ²wJp,ã�>�
�\r,�´Ó�>�:'~��ãO\�õ,L
²�g�p�DÚ©ê��©�{N´¦ã�¥Ñ

y�>�:FÝ�C�D(:,Ó�é'ÝL�,
¬��Àú�J��. ��ãþï�Ó�ÈÅ�{
3é'ÝJp�õ,�´é>��\r�¡�f.
�©�{��ã�>�:'~���C,�²þF
Ý�p,¤±�©�{3ã�OrL§¥�)�D
(:�,Ó�U�O(�J�ã�¥�>�:,¿
éÙ?1k��Or. ØÓ�ÈÅ±	,Ù¦�{
�«n:²þ�Ý��©���Ñé�,l`²
©z[7–13]ÑU3�½§Ýþéf«nÚé²w«
�?1�½��3. ¤k�{�é'ÝÑkJp,
�©�{�J�Z.

L 1 ã5¥�ã��µdëê
Table 1 The evaluation parameters of image in Fig.5

ë ê

ã5¥�ã�
>�'~ >�FÝ «n�Ý é'Ý

(a) 0.1865 67.3775 133.0463 1
(b) 0.1604 70.3271 77.8553 1.7653
(c) 0.2418 121.6099 127.0402 1.9906
(d) 0.2052 136.2827 132.9229 2.084
(e) 0.3933 194.3769 132.8951 3.6942
(f) 0.2359 162.5147 133.4406 2.4142
(g) 0.1856 65.9123 132.9357 1.047
(h) 0.1931 184.7997 134.0494 2.2546

5 (((ØØØ(Conclusions)
Äug·A©ê��©�ã�Or´��#�

uÐ��,|^©ê�U
3J�>�&E�Ó�
�3ã�«n�A:U
3ã�?n+�u�È4

��^. �©Ú\U?���OtsuOKòã�?1
«�y©�,2|^dã�«�A��E�g·A
©ê��©¼ê,JÑ�«±ã�¥z����:

�é��g·A©ê��©�g�À��{,éã
��z���:?1ØÓ�g��©?n. ��,
�©¤J��{Úykg·A©ê��©�{?1


'�,�y
�©¤J��{�k�5.
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