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Hybrid adaptive control method for active vibration control system
with positive feedback

GAO Zhi-yuan1, ZHU Xiao-jin1†, ZHANG He-sheng2, LI Pei-jiang1

(1. School of Mechatronic Engineering & Automation, Shanghai University, Shanghai 200072, China;
2. Shanghai Academy of Spaceflight Technology, Shanghai 201109, China)

Abstract: The traditional finite impulse response (FIR) feedforward controller design method cannot guarantee the
stability and desired control performances for active vibration control systems with structural positive feedback. To tackle
the controller design problem, we put forward a novel infinite impulse response (IIR) hybrid adaptive vibration control
algorithm by inserting an adaptive feedback controller into an adaptive feedforward controller. The reference signal of
the feedforward controller is obtained from the reference sensor, while the reference signal of the feedback controller
is constructed by using the estimates of the disturbance; control parameters are updated by employing Landau recursive
algorithm. Taking a mechanical system with positive feedback as the controlled plant, the deducing process of this algorithm
is illustrated in details. The stability and convergence are analyzed; the strictly positive real condition is derived along with
the relaxation requirements. A real time control experimental platform is constructed; comparison experiments are done
for several different vibration disturbances. The experiment results confirm the feasibility and effectiveness of the proposed
algorithm.

Key words: active vibration control; adaptive control; hybrid control; feedforward control; feedback control; structural
positive feedback
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�é�3�k��"��ÄÌÄ��XÚ, Alma
��Ñ
�«H∞ü���ì�O�Y[15], Landau!
Airimitoaie��Ñ
A«c"½(Ü�½�"��ì
�g·A��ì�O�Y[16–20],�±þïÄó�=�
uc"g·A��Æ.�?�ÚUõ�'�{���
5U,¿)û·Üg·A��ì��O�©Û¯K,
�©JÑ�«·Üg·A���{. �Ñ
�{��
[í��­½5,Âñ5©ÛL§,��
�{­½
�Âñ�î��¢^�±9�A�tî��ª^�

��¦. ��y�'�{��15Úk�5,�ï

�ÄÌÄ��¢�¢�²�,�é3«;.��Ä6
Ä�¹,mÐ¢���¢�,�y�©JÑ�{�k
�5. �é'�©JÑ�{�`�5,�é°�xD
(�Ä6Ä,©Oæ^Alma�Ñ�H∞��ì, Lan-
dau, Airimitoaie, Krstajic��Ñ�eZg·A��ì
±9�ïÄJÑ�·Üg·A��ì,mÐ¢���
¢�.

2 äääkkk���kkk������"""555������ÅÅÅ������ÄÄÄXXXÚÚÚ(Me-
chanical vibration system with inherent posi-
tive feedback)
3õê�ÄÌÄ��XÚ¥,Daì�³��Ä

ì�mþ�3�«�k�(��Ä��"y�.=�
�âDaìæ8��&E,?1�Ä³��,�Äì
�Ñ��Äå¬éDaì¤æ8��&Ò�)��

",?
é�Ä��E¤�4K�.ã1�Ñ
�«;
.�äk�k��"5��Å�(�. ã¥eÜ�6
Ä�ÄìÚþÜ����Äìþ�.5�Äì,í�
Daì�ë�Daì�\�ÝDaì. ¡6Ä�Äì
�ë�Daì�m�D4¼ê�ë�&ÒÈÅÏ�,
ë�Daì�í�Daì�m�D4¼ê�ÌÏ�,

���Äì�í�Daì�D4¼ê¡�g?Ï

�,éu���Ä��XÚå��4�Ä���Da
ìéuë�Daì�D4¼ê¡�g?Ï�.

ã 1 äk�k��"5��Å��ÄXÚ
Fig. 1 Mechanical vibration system with inherent

positive feedback

g?Ï��.�±L«�

S(z−1) =
BS(z−1)
AS(z−1)

. (1)

aq���"Ï���.�±L«�

F (z−1) =
BF(z−1)
AF(z−1)

. (2)

ÌÏ��.�±L«�

P (z−1) =
BP(z−1)
AP(z−1)

. (3)

Ñ\ÈÅÏ��.�±L«�

W (z−1) =
BW(z−1)
AW(z−1)

. (4)

3 ···ÜÜÜggg···AAA���ÄÄÄÌÌÌÄÄÄ���������{{{ (Hybrid
adaptive vibration control method)
�éÃÌÏ��.���6Ä,�©�Ñ�·Ü

g·A�Ä���{��nãXã2¤«. Ù¥: x(t)
�	6r(t)²Lë�&ÒÈÅÏ�W (z−1),¢S�^
�ÌÏ��6Ä. d(t)�6ÄéÉ�XÚE¤��Ä
�A, e(t)��\���,É�XÚ�ÄÉ�³���
�Ä�A.XJ��XÚ�éÉ�XÚ�\���^,
Ke(t) = d(t). u1(t)��ÄÌÄ��XÚ�ë�Da
ìæ8��ë�&Ò,3Ø�3�Ä��"�XÚ¥
u1(t) = x(t). C1(z−1)�c"g·A��ì, C2(z−1)
��"g·A��ì, u1(t)Úy1(t)©O�c"g·
A��ìC1(z−1)�Ñ\ÚÑÑ, u2(t)Úy2(t)©O
��"g·A��ìC2(z−1)�Ñ\ÚÑÑ. y(t)�
c"��ì�\��Äì���&Ò, y(t) = y1(t)
+ y2(t). y◦s (t)����^é(�E¤��A�Ä�
A,(��í{�Ä�Ae(t) = d(t) + y◦s (t).

�`c"ÈÅìL«�

C̃1(z−1) =
B̃C1(z−1)
ÃC1(z−1)

. (5)

�`�"ÈÅìL«�

C̃2(z−1) =
B̃C2(z−1)
ÃC2(z−1)

. (6)

3ëêg·A�ã,c"ÈÅìL«�

C1(z−1, t) =
BC1(z−1, t)
AC1(z−1, t)

. (7)

�£ã�B,òÙ ��

C1(z−1) =
BC1(z−1)
AC1(z−1)

. (8)

aq/,�"ÈÅìL«�

C2(z−1) =
BC2(z−1)
AC2(z−1)

. (9)

��ì���&Ò�

y(t) = y1(t) + y2(t). (10)

½Âg·A��ìC1(z−1)�k�ýÿØ��

v0
1(t + 1) = −d(t + 1)− y0(t + 1). (11)
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ã 2 ·Üg·A�ÄÌÄ��XÚµã

Fig. 2 Schematic diagram of hybrid adaptive vibration control system

½Âg·A��ìC2(z−1)�k�ýÿØ��

v0
2(t + 1) = −d(t + 1)− y0(t + 1). (12)

b�éug?Ï��E£Ä�O(,c"g·
A��ìC1(z−1)���g·AØ��

v1(t + 1) =
AF(z−1)S(z−1)

L Pf1(z−1)
[θ̃1 − θ1(t + 1)]Tφf1(t), (13)

L = AF(z−1)ÃC1(z−1)−BF(z−1)B̃C1(z−1).

�"g·A��ìC2(z−1)���g·AØ�
�

v2(t + 1) =
S(z−1)
Pf2(z−1)

[θ̃2 − θ2(t + 1)]Tφf2(t), (14)

Ù¥:

φT
1 t=[−y1(t), · · · ,−y1(t− nAC1 + 1), u1(t + 1),

· · · , u1(t− nBC1 + 1)], (15)

φT
2 t=[−y2(t), · · · ,−y2(t− nAC2 + 1), u2(t + 1),

· · · , u2(t− nBC2 + 1)], (16)

θT
1 t=[aC1

1 (t), · · · , aC1
nAC1

(t), bC1
0 (t), · · ·, bC1

nBC1
(t)],

(17)

θT
2 t=[aC2

1 (t), · · · , aC2
nAC2

(t), bC2
0 (t), · · ·, bC2

nBC2
(t)],

(18)

Ù¥: −y1(t), · · · , −y1(t− nAC1 + 1), −y2(t), · · · ,
−y2(t− nAC2 + 1)©O�Äuθ1(t + 1)Úθ2(t + 1)
�ÑÑ:

y1(t + 1) = y1(t + 1|θ1(t + 1)) = θT
1 (t + 1)φ1(t),

(19)

y2(t + 1) = y2(t + 1|θ2(t + 1)) = θT
2 (t + 1)φ2(t),

(20)

v1(t + 1)Úv2(t + 1)äk©z[21]���g·AØ
��IO/ª,ddéA�c"g·A��ìÚ�
"g·A��ì�±æ^Xe�Landauëê4í
�{?1ëê�#:

θ1(t + 1) = θ1(t) + F1(t)ψ1(t)v1(t + 1), (21)

v1(t + 1) =
v0
1(t + 1)

1 + ψT
1 F1(t) + ψ1(t)

, (22)

F1(t + 1) =
1

λ11(t)
[F1(t)− F1(t)ψT

1 (t)F1(t)
λ11(t)
λ12(t)

+ψT
1 F1(t)ψ1(t)

], (23)

ψ1(t) = φf1(t) = Pf1(z−1)φ1(t), (24)

θ2(t + 1) = θ2(t) + F2(t)ψ2(t)v2(t + 1), (25)

v2(t + 1) =
v0
2(t + 1)

1 + ψT
2 F2(t) + ψ2(t)

, (26)

F2(t + 1) =
1

λ21(t)
[F2(t)− F2(t)ψT

2 (t)F2(t)
λ21(t)
λ22(t)

+ψT
2 F2(t)ψ2(t)

], (27)

ψ2(t) = φf2(t) = Pf2(z−1)φ2(t), (28)

Ù¥�Pf1(z−1)ÚPf2(z−1)�ýÈÅì,ùp:

Pf1(z−1) =
ÃF

ÃFÃC1 − B̃FB̃C1

S̃, (29)

Pf2(z−1) = S̃. (30)

4 ­­­½½½555���ÂÂÂñññ555©©©ÛÛÛ(Stability and conver-
gence analysis)

4.1 (((½½½���¸̧̧eee���­­­½½½555©©©ÛÛÛ(Stability analysis
in deterministic environment)
éu�±�ÑDaì�ÿþD(éÿ�XÚE

¤K��(½�¸,keã½n:
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½½½nnn 1 éueã/ª�ëêg·A�{:

θ̃(t + 1) = θ̃(t) + F (t)φ(t)ε(t + 1), (31)

ε(t + 1) =
ε0(t + 1)

1 + φT(t)F (t)φ(t)
, (32)

F (t + 1) =
1

λ1(t)
[F (t)− F (t)φ(t)φT(t)F (t)

λ1(t)/λ2(t)+φT(t)F (t)φ(t)
]. (33)

XJ��g·AØ�÷vXe/ª:

ε(t + 1) = H(z−1)[θ − θ̃(t + 1)]
T
φ(t). (34)

�â���"Ú��c"�Ñ\ÑÑ5�,XJ

H
′
(z−1)=H(z−1)−λ2

2
, max[λ2(t)]6λ2 <2 (35)

î��¢,�±��

lim
N→∞

N∑
t=0

ε2(t + 1) < C(ε(0), θ̃(0)), 0 < C < ∞,

(36)

lim
t→∞ ε(t + 1) = 0, (37)

lim
t→∞[θ − θ̃(t)]Tφ(t) = 0, (38)

lim
t→∞[θ̃(t + 1)− θ̃(t)]TF (t)−1[θ̃(t + 1)− θ̃(t)] = 0,

(39)

[θ̃(t + 1)− θ̃(t)]TF (t)−1[θ̃(t + 1)− θ̃(t)] <

M1 < ∞. (40)

XJª(35)ÑÑî�Ã
,��

lim
t→∞[1 + φT(t)F (t)φ(t)]ε2(t + 1) =

lim
t→∞

[ε0(t + 1)]2

1 + φT(t)F (t)φ(t)
= 0. (41)

XJ∀t > 0,k

F (t)−1 > αF (0)−1, F (0) > 0, α > 0, (42)

@o

lim
t→∞F (t)φ(t)ε(t + 1) =

lim
t→∞[θ̃(t + 1)− θ̃(t)] = 0, (43)

lim
t→∞ ‖θ̃(t + k)− θ̃(t)‖ = 0, k < ∞, (44)

‖θ̃(t) 6 M2 < ∞. (45)

T½n�y²�ë�©z[23].

XJ

H
′
1(z

−1)=H1(z−1)−λ12

2
, max[λ12(t)]6λ12 <2,

(46)

H
′
2(z

−1)=H2(z−1)−λ12

2
, max[λ22(t)]6λ22 <2.

(47)

î��¢,d½n1��

lim
t→∞ v1(t + 1) = 0, (48)

lim
t→∞

[v0
1(t + 1)]2

1 + ψT
1 (t)F1(t)ψ1(t)

= 0, (49)

lim
t→∞ v2(t + 1) = 0, (50)

lim
t→∞

[v0
2(t + 1)]2

1 + ψT
2 (t)F2(t)ψ2(t)

= 0. (51)

d�y{�±��: v0
1(t + 1), ‖ψ1(t)‖, v0

2(t + 1),
‖ψ2(t)‖k..

lim
t→∞ v0

1(t + 1) = 0, (52)

lim
t→∞ v0

2(t + 1) = 0. (53)

XJS(z−1), F (z−1)��O���ý¢���,
�±��,éu¤kªÇ��Ä6Ä,

|(AFASAC2S

M
· ÂFÂSAC2Ŝ

N
)− 1|, (54)

M =AFAC1[ASAC2−BSBC2]+BFBC1AC2AS ,

N =ÂFAC1[ÂSAC2−B̂SBC2]+B̂FBC1AC2ÂS

o´¤á. =ûÐ�XÚE£U
���tþãî
��¢^�.éuXÚE£(g?Ï��.,��"
Ï��.)��°(�¤k��XÚ,ùp�Ñ��
{3(½�¸eo´­½�.

4.2 ���ÅÅÅ���¸̧̧���ÂÂÂñññ555©©©ÛÛÛ(Convergence analysis
in stochastic environment)

éuØU�ÑDaì�ÿþD(éÿ�XÚE

¤K���Å�¸,¦^ω(t + 1)L«ÿþD(,K

v1(t + 1) =

H1(z−1)[θ̃1 − θ1(t + 1)]
T
ψ(t) + ω(t + 1), (55)

v2(t + 1) =

H2(z−1)[θ̃2 − θ2(t + 1)]
T
ψ(t) + ω(t + 1). (56)

d�,=¦θ1(t + 1) = θ̃1, θ2(t + 1) = θ̃2,g·AØ
��Ø¬�".

½½½nnn 2 éueã/ª�ëêg·A�{:

θ(t + 1) = θ(t) + F (t)ψ(t)v(t + 1), (57)

F (t + 1)−1 = F (t)−1 + λ2(t)ψ(t)ψT(t), (58)

0 6 λ < 2, F (0) > 0.

b�éuθ(t)=θ�±½Â­�L§ψ(t, θ)Úv(t+1,
θ),ëêg·A�{���θ(t)áuU
½Â­�
L§ψ(t, θ)Úv(t + 1, θ)�Ds�S,b�

E{ψ(t, θ), ω(t + 1, θ)} = 0. (59)
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½ÂÂñ�Dc�

Dc : {θ : [θ̃ − θ]Tψ(t, θ)} = 0. (60)

XJ

H
′
(z−1) = H(z−1)− λ2

2
, max[λ2(t)] 6 λ2 < 2

(61)

´î��¢D4¼ê,Kk

P{ lim
t→∞ θ(t) ∈ Dc} = 1. (62)

T½n�y²ë�©z[23]. d½n2�,b�
éuθ1(t)=θ1�±½Â­�L§ψ1(t, θ1)Úv1(t+
1, θ1),ëêg·A�{���θ1(t)áuU½Â­�
L§ψ1(t, θ1)Úv1(t + 1, θ1)�Ds1�S,b�

E{ψ1(t, θ1), ω(t + 1, θ1)} = 0. (63)

b�éuθ2(t) = θ2�±½Â­�L§ψ2(t, θ2)Ú
v2(t + 1, θ2),ëêg·A�{���θ2(t)áuU½
Â­�L§ψ2(t, θ2)Úv2(t+1, θ2)�Ds2�S,b�

E{ψ2(t, θ2), ω(t + 1, θ2)} = 0. (64)

½ÂÂñ�Dc1, Dc2�

Dc1 : {θ1 : [θ̃1 − θ1]Tψ1(t, θ1)} = 0, (65)

Dc2 : {θ2 : [θ̃2 − θ2]Tψ2(t, θ2)} = 0, (66)

XJ

H
′
1(z

−1)=H1(z−1)−λ12

2
, max[λ12(t)]6λ12 <2

(67)

´î��¢D4¼ê,¿�

H
′
2(z

−1)=H2(z−1)−λ22

2
, max[λ22(t)]6λ22 <2

(68)

´î��¢D4¼ê,Kk

P{ lim
t→∞ θ1(t) ∈ Dc1} = 1, (69)

P{ lim
t→∞ θ2(t) ∈ Dc2} = 1. (70)

=�Å�¸e��{Âñ^��H
′
1(z

−1), H
′
2(z

−1)
�î��¢D4¼ê. �(½�¸eaq,ûÐ�
XÚE£U
���tþãî��¢^�,=éu
U
k��°(�.���XÚ
ó,�ïÄ¤J
Ñ��{3ÿþD(����¹e�o´Âñ�.

5 ¢¢¢���²²²������ïïï���¢¢¢������ÄÄÄ������¢¢¢������

yyy (Experimental platform construction and
real time vibration control verification)
��y�«���{,±ã1¤«�äk�k�

�"�Å�XÚ(��¢�é�,�ï
Xã3¤
«�±xPCÌÅ–8IÅ�Ø%�¢���XÚ.æ

^NI�PCI−1200�k����XÚÑ\ÑÑ�Ø
%�k,XÚæ�ªÇ�1000 Hz. PCI−1200�AD
àæ8²L>Ö��ìNn�\�ÝDaì&Ò,

æ^��ìO��ÑÑKÏLPCI−1200�DAà
ÑÑ�õÇ��ì,l
\1�³��Äì³�X
Ú�Ä.g·A��ì��ê�u20,æ^�C¢
#Ïf�Landauëê4í�{, λ1(0) = 0.99, λ0

= 0.99,g·AOÃÝ
�Ð��10. ¤k�é'
¢����ì�êþ�20,�����g·A��
ì�æ^�Ó�Ð��½.

ã 3 �ÄÌÄ��¢�¢�XÚì¡

Fig. 3 Photo of real time active vibration control system

³�¢�¥6Ä�Äì�6ÄÑ\,©Oæ^
üªÄ�6Ä,VªÄ�6Ä±9°�6Ä��Ñ
\&Ò.Ù¥üªÄ�&ÒÀ�(�����kª
Ç,VªÄ�6ÄÀ�(����Ún��kªÇ
U\,°�&Òæ^����ÅS�(xD()��
Ñ\&Ò.éuüªÄ�,���J����m{
§Ú��c��õÇÌ©OXã4–5¤«. 50 s�c
���\���Å�XÚ�Ä�A,350 s?�\
���, 50 s�250 s��\����Å�XÚ�Ä
�A.éuVªÄ�&Ò,���J����m{
§Ú��c��õÇÌ©OXã6Úã7¤«. �±
w�éuüª�VªÄ�6Ä,�©�Ñ��{�
��Jþ�©n�.

ã 4 üªÄ��Ä³��J
Fig. 4 Vibration control performance for a

sinusoidal disturbance
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ã 5 üªÄ��Ä��c�õÇÌé'
Fig. 5 PSD with control and without control for a

sinusoidal disturbance

ã 6 VªÄ��Ä³��J
Fig. 6 Vibration control performance for a narrow band

disturbance with two sinusoidal components

ã 7 VªÄ��Ä��c�õÇÌé'
Fig. 7 PSD with control and without control for a narrow

band disturbance with two sinusoidal components

éu°�xD(&Ò,���J����m{
§Ú��c��õÇÌ©OXã8–9¤«. Ó�,�
©�Ñ����{U
k�³�°�xD(�Ä.

ã 8 °�xD(�Ä³��J
Fig. 8 Vibration control performance for

white noise disturbance

ã 9 °�xD(�Ä��c�õÇÌé'
Fig. 9 PSD with control and without control for

white noise disturbance

�þzé'�©JÑ����{Ú©z¥®k

��«���{����J,½ÂXe�Ä³��
Jµd�I:

SA = 20 log10

N∑
i=1

|d(i)|2/
N∑

i=1
|e(i)|2, (71)

Ù¥: d(i)��ÄÌÄ��c�í�DaìÑÑ,
e(i)��ÄÌÄ����í�DaìÑÑ, SA�ü

 �dB,XJ�k6Ä��P~,KSA�ÎÒ�K,
SA��¿�XÌÄ����k6Ä��éP~§

Ý��,���J�Ð.��Ð�`²��{��
É,æ^xD(�Ä6Ä(����ÅS�),�©J
Ñ��{����J�: −23.94 dB,3�Ó�¢�
^����ì(��¹e,�8cÜ©®úmuL
�{�éÓ�¢�²�����Jé'XL1¤«.

L 1 ØÓ���{����Jé'
Table 1 Control performance comparison for

different control methods

�{ ���J/dB
Filtered-U LMS�{[22] −15.53

MFXLMS�{[23] −15.62

©z[16]¥�c"g·A�{ −16.23

©z[17]¥�g·Ac"+�½�"�{ −20.53

©z[15]¥�H∞�{ −12.37

©z[18–19]¥�YK with H∞�{ −16.76

©z[18–19]¥�YK with PP�{ −15.56

©z[18–19]¥�IIRg·A�{ −16.89

©z[20]¥\ÈÅ�IIRg·A�{ −20.62

�©�Ñ��{ −23.94

I�`²�´L1¥�Filtered-U LMS�{��
m$1¬uÑ,á�mS����J¦+`uÙ¦
�,
�{,�Ù¿Ã{��A^u¢S��Ä�
�ó§¥. ©z[15]¥�H∞�{´8c�ê�Ä
�ÄXÚ�k��"�°����{,�ÙnÜ�
��J3L1��«�{¥��. U?.�g·A
ÈÅ�{XMFXLMS3¢S��L§¥�­½5
�Ð,�8cÿvk�'����Âñ5©Ûy².
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6 (((ØØØ(Conclusions)
�é�3�k��"�Å��ÄXÚ��Ä�

�¯K,JÑ
�«·Üg·A�ÄÌÄ���{,
mÐ
nØ©Û�¢��y. �{­½5�Âñ5
©ÛL²,éuXÚE£��°(��Ä��XÚ,
�©�Ñ��{3ÿþD(�±�Ñ�^�e,o
´­½�;3Ø��ÑÿþD(��Å�¸e,o
´Âñ�. �'¢�(J�y
�©JÑ�{�k
�5,U
k�³�ó§¥~��A«�Ä6Ä.
é'Landau�JÑ�eZ°�Úg·A��ì,3
Ó�¢�^�e,�©�Ñ�·Üg·A��ìä
k�Ð����J,�y
�©JÑ�{�`�5.
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