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Pinning output tracking control of multi-valued logical networks

SONG Ping-ping, LI Hai-tao†, YANG Qi-qi, LIU Yan-sheng

(School of Mathematical Science, Shandong Normal University, Jinan Shandong 250014, China)

Abstract: This paper investigates the pinning control for the output tracking of multi-valued logical networks by using

the algebraic state space representation method, and presents some new results. First, the dynamics of multi-valued logical

networks with pinning control is converted to an algebraic form via the semi-tensor product of matrices. Second, based

on the algebraic form, a series of proper reachable sets is defined for multi-valued logical networks, and a constructive

procedure is proposed to design pinning output tracking controllers of multi-valued logical networks. Third, using the

property of multi-valued dummy operator, a necessary and sufficient condition is presented for the solvability of distributed

output tracking control of multi-valued logical networks. Finally, the obtained new results are applied to the evolutionary

behavior analysis of networked evolutionary games.

Key words: multi-valued logical network; pinning control; output tracking; distributed control systems; semi-tensor
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2 (Preliminaries)

:

• δik Ik i ;

• Δk := {δik|i = 1, 2, · · · , k};

• Dk := {1, k − 2

k − 1
,
k − 3

k − 1
, · · · , 1

k − 1
, 0}.

i

k − 1
∼ δk−i

k , ∼
, i = 1, 2, · · · , k − 1;

• n× t A , A =

[δi1n δi2n · · · δitn ]. A A = δn[i1 i2 · · · it].
n × t Ln×t;

• coli(A) rowj(A) A i

j . A col(A);

• A,B ∈ Ln×r, A × B := [col1(A) ⊗
col1(B), · · · , colr(A)⊗ colr(B)], ⊗

Kronecker .
[16].

1 A ∈ Rm×n B ∈ Rp×q

A�B = (A⊗ Iα
n
)(B ⊗ Iα

p
), (1)

α = lcm(n, p) n p .

1 , “�”.

1 :

i) X ∈ Rt×1 , A ∈ Rm×n, X

� A = (It ⊗ A) �X .

ii) X ∈ Rm×1 Y ∈ Rn×1 , Y

�X =W[m,n] �X � Y , W[m,n]∈Rmn×mn

.

2 f(x1, x2, · · · , xs) : Ds
k → Dk

k . Mf ∈ Lk×ks ,

f ,

f(x1, x2, · · · , xs) = Mf �
s
i=1 xi, xi ∈ Δk. (2)

3 (Algebraic form)

:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1(t+ 1) = f1(x1(t), · · · , xn(t), u1(t)),
...

xr(t+ 1) = fr(x1(t), · · · , xn(t), ur(t)),

xr+1(t+ 1) = fr+1(x1(t), · · · , xn(t)),
...

xn(t+ 1) = fn(x1(t), · · · , xn(t)),

yj(t) = hj(x1(t), · · · , xn(t)), j = 1, 2, · · · , p,

(3)

: r < n, fi : Dn+1
k → Dk, i = 1, 2, · · · , r; fi :

Dn
k → Dk, i = r + 1, · · · , n; hj : Dn

k → Dk, j = 1,

2, · · · , p k ; xi, us ∈ Δk, s = 1, 2, · · · ,

r; i = 1, 2, · · · , n.

2 (3) ,

r ,

.
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(3)

.

x(t) = �n
i=1xi(t) ∈ Δkn , x1(t) = �r

i=1xi(t)

∈ Δkr , x2(t) = �n
i=r+1xi(t) ∈ Δkn−r , u(t) =

�r
i=1ui(t) ∈ Δkr , y(t) = �p

i=1yi(t) ∈ Δkp . 2,

Fi, Hj k fi, hj ,

i = 1, 2, · · · , n, j = 1, 2, · · · , p.

x1(t+ 1) =

F1x(t)u1(t) · · ·Frx(t)ur(t) =

F1(Ikn+1 ⊗ F2)W[kn,kn+1]Mr,knx(t)u1(t)

u2(t) · · ·Frx(t)ur(t) = · · · =
F1 �

r
i=2 [(Ikn+i−1 ⊗ Fi)W[kn,kn+i−1]Mr,kn ]

x(t)u(t) =

F1 �
r
i=2 [(Ikn+i−1 ⊗ Fi)W[kn,kn+i−1]Mr,kn ]

W[kr,kn]u(t)x(t) :=

L1u(t)x(t),

x2(t+ 1) = Fr+1x(t) · · ·Fnx(t) =

(Fr+1 × Fr+2 × · · · × Fn)x(t) :=

L2x(t),

:

L1 = F1 �
r
i=2 [(Ikn+i−1 ⊗ Fi)W[kn,kn+i−1]

Mr,kn ]W[kr,kn] ∈ Lkr×kr+n ,

L2 = Fr+1 × Fr+2 × · · · × Fn ∈ Lkn−r×kn ,

Mr,kn = diag{δ1kn , δ2kn , · · · , δkn

kn} ∈ Lk2n×kn

, x� x =Mr,kn � x, ∀x ∈
Δkn .

x(t+ 1) = L1u(t)x(t)L2x(t) =

L1(Ikn+r ⊗ L2)(Ikr ⊗Mr,kn)u(t)x(t) :=

Lu(t)x(t),

L = L1(Ikn+r ⊗ L2)(Ikr ⊗Mr,kn) ∈ Lkn×kn+r .

(4)

,

y(t) = H1x(t) · · ·Hpx(t) =

(H1 ×H2 × · · · ×Hp)x(t) := Hx(t),

H = H1 ×H2 × · · · ×Hp ∈ Lkp×kn . (5)

, (3) :{
x(t+ 1) = Lu(t)x(t),

y(t) = Hx(t).
(6)

4 (Main results)

4.1 (3) (Pinning

control design for output tracking of network

(3))

.

:⎧⎪⎪⎨
⎪⎪⎩
u1(t) = z1(x1(t), · · · , xn(t)),

...

ur(t) = zr(x1(t), · · · , xn(t)),

(7)

(3) Ys =

(ys
1, · · · , ys

p) ∈ Dp
k. (3) x(0) ∈

Δkn x(t; x(0), u), y(t;

x(0), u). τ > 0, x(0) ∈
Δkn t � τ y(t; x(0), u) = Ys .

zi : Dn
k →Dk k (i = 1, 2, · · · , r).

, (7)

u(t) = Kx(t), (8)

: K = K1×K2×· · ·×Kr ∈ Lkr×kn , Ki k

zi , i = 1, 2, · · · , r. ,

ys = �p
i=1y

s
i = δαkp , α ys

i

, i = 1, 2, · · · , p. ,

K ∈ Lkr×kn .

(3) L = δkn [i1, i2, · · · ,
ikn+r ] ys = δαkP ,

B(α) = {c ∈ N : colc(H) = δαkp , 1 � c � kn},
(9)

{δckn : c ∈ B(α)} (3)

ys . B(α) �= ∅. , B(α) = ∅,

.

Θ ⊆ Δkn m = 1, 2,

· · · ,

Ωm(Θ) =

{x(0) ∈ Δkn : ∃ u(0), u(1), · · · , u(m− 1) ∈ Δkr

x(m;x(0), u) ∈ Θ}. (10)

.

1 (3),

Θ ⊆ {δckn : c ∈
B(α)} 1 � τ � kn{

Θ ⊆ Ω1(Θ),

Ωτ (Θ) = Δkn .
(11)

( .) (11) ,

(3) ys.

m=1, 2, · · ·, τ , Ω0
m(Θ)=Ωm(Θ)\Ωm−1(Θ),

Ω0(Θ) := ∅.
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∀m1,m2 ∈ {1, 2, · · · , τ}, m1 �= m2, Ω0
m1

(Θ)⋂
Ω0

m2
(Θ)=∅,

τ⋃
m=1

Ω0
m(Θ)=Δkn . ,

1 � j � kn, 1 � mj � τ

δjkn ∈ Ω0
mj

(Θ).

1 � j � kn, :

• mj = 1 , 1 � pj � kr l :=

(pj − 1)kn + j 1 � l � kr+n δilkn ∈ Θ.

• 2�mj � τ , 1� pj � kr l :=

(pj − 1)kn + j 1 � l � kr+n δilkn ∈ Ωmj−1(Θ).

K = δkr [p1, p2, · · · , pkn ] ∈ Lkr×kn .

x(0) = δjkn ∈Δkn , x(mj ; x(0), u) ∈
Θ, ∀ 1 � j � kn. Θ ⊆ Ω1(Θ) x(t;x(0), u) ∈
Θ ∀ t � τ ∀ x(0) ∈Δkn . , ∀ t � τ ,

∀ x(0) ∈Δkn , y(t;x(0), u) =Hx(t;x(0), u) = ys.

, u(t) = δkr [p1 p2 · · · pkn ]x(t)

(3) ys.

( .) ,

u(t) =Kx(t), K ∈ Lkr×kn , (3)

ys. Θ ⊆ {δckn : c ∈
B(α)} 1 � τ � kn (11) .

(3) u(t) = Kx(t) :{
x(t+ 1) = L̂x(t),

y(t) = Hx(t),
(12)

L̂ = LKMr,kn .

Θ (12) (

), 1 � Tt � kn [16], , (11) Θ

τ = Tt .

Θ ⊆ {δckn : c ∈ B(α)}. .

Θ�{δckn : c ∈ B(α)}, δikn ∈ Θ, i �∈ B(α).
δikn (12)

, T > 0, ∀n∈N, δikn =x(nT ; δikn).

y(nT ; δikn) =Hx(nT ; δikn) �= ys, ∀n ∈ N.

. Θ ⊆ {δckn : c ∈ B(α)}.

.

3
:

(3), L = δkn [i1, i2, · · · ,
ikn+r ], Θ ⊆ {δckn : c ∈ B(α)} 1 � τ

� kn (11) . 1 � j � kn,

1 � mj � τ δjkn ∈ Ω0
mj

(Θ). 1 � pj � kr

1 � l � kr+n{
δilkn ∈ Θ, mj = 1,

δilkn ∈ Ωmj−1(Θ), 2 � mj � τ

, l = (pj − 1)kn + j.

u(t) = Kx(t), K = δkr [p1 p2

· · · pkn ].

4.2 (3) (Distributed

output tracking control of network (3))

(3) (7) ,

( ), (3)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1(t+ 1) = f1(N1(x1(t)), u1(t)),
...

xr(t+ 1) = fr(Nr(xr(t)), ur(t)),

xr+1(t+ 1) = fr+1(Nr+1(xr+1(t))),
...

xn(t+ 1) = fn(Nn(xn(t))),

yj(t) = hj(x1(t), · · · , xn(t)), j = 1, 2, · · · , p,

(13)

: Ni(xi(t)) = {xji1
(t), xji2

(t), · · ·, xji|Ni|
(t)}

xi(t) ( ) , |Ni|
xi(t) ( ) , i = 1, 2, · · · , n, 1 �
ji1 < ji2 < · · · < ji|Ni| � n, fi, hj k

.

:

⎧⎪⎪⎨
⎪⎪⎩
u1(t) = z1(N1(x1(t))),

...

ur(t) = zr(Nr(xr(t))),

(14)

(13) Ys = (ys
1,

· · · , ys
p) ∈ Dp

k. τ > 0,

x(0) ∈Δkn t � τ y(t; x(0), u) = Ys .

zi k , i=1, 2, · · ·, r.

Ψ0 =

{
Ik, ji1 = 1,

E
ji1−1
d,k , ji1 > 1,

Ed,k =
[
Ik · · · Ik︸ ︷︷ ︸

k

]
k .

1 � ρ � |Ni| − 1 ,

Ψρ =

{
Ik, jiρ+1 − jiρ = 1,

E
jiρ+1−jiρ−1

d,k , jiρ+1 − jiρ > 1,

Wρ =

{
Ik, jiρ+1 − jiρ = 1,

W
[kρ,k

ji
ρ+1

−jiρ−1
]
, jiρ+1 − jiρ > 1.

ρ = |Ni| ,

Ψ|Ni| =

{
Ik, ji|Ni| = n,

E
n−ji|Ni|
d,k , ji|Ni| < n.

W|Ni| =

{
Ik, ji|Ni| = n,

W
[k|Ni|,k

n−ji|Ni| ]
, ji|Ni| < n.

xNi(t) = xji1
(t)xji2

(t) · · ·xji|Ni|
(t),

,
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xNi(t) = xji1
(t)xji2

(t) · · ·xji|Ni|
(t) =

Ψ|Ni|xji|Ni|
+1(t)xji|Ni|

+2(t) · · ·xn(t)

xji1
(t)xji2

(t) · · ·xji|Ni|
(t) =

Ψ|Ni|W|Ni|xji1
(t)xji2

(t) · · ·xji|Ni|
(t)

xji|Ni|
+1(t) · · ·xn(t) =

Ψ|Ni|W|Ni|Ψ|Ni|−1xji|Ni|−1
+1(t) · · ·

xji|Ni|
−1(t)xji1

(t)xji2
(t) · · ·

xji|Ni|
(t)xji|Ni|

+1(t) · · ·xn = · · · =
Ψ|Ni|W|Ni| �

1
ρ=|Ni|−1 (ΨρWρ)Ψ0x(t) :=

Λix(t), i = 1, 2, · · · , n.
, .

3 xNi(t)(i = 1, 2, · · · , n) xNi(t)

= Λix(t), Λi = Ψ|Ni|W|Ni|�
1
ρ=|Ni|−1 (ΨρWρ)Ψ0.

3 (13)

(14) .

1, Qi, Hj ,Km k fi,

hj , zm , i=1, 2, · · · , n; j=1, 2, · · · , p; m

= 1, 2, · · · , r,

x1(t+ 1) = Q1x
N1(t)u1(t) · · ·Qrx

Nr(t)ur(t) =

Q1Λ1x(t)u1(t) · · ·QrΛrx(t)ur(t) =

· · · =
(Q1Λ1)�

r
i=2 [(Ikn+i−1 ⊗ (QiΛi))×

W[kn,kn+i−1]Mr,kn ]W[kr,kn]u(t)x(t) :=

Q̂1u(t)x(t),

x2(t+ 1) = Qr+1Λr+1x(t) · · ·QnΛnx(t) =

[(Qr+1Λr+1)× · · · × (QnΛn)]x(t) :=

Q̂2x(t),

Q̂1 = (Q1Λ1)�
r
i=2 [(Ikn+i−1 ⊗ (QiΛi))·

W[kn,kn+i−1]Mr,kn ]W[kr,kn],

Q̂2 = (Qr+1Λr+1)× · · · × (QnΛn).

x(t+ 1) = x1(t+ 1)x2(t+ 1) =

Q̂1u(t)x(t)Q̂2x(t) =

Q̂1(Ikn+r ⊗ Q̂2)(Ikr ⊗Mr,kn)u(t)x(t) :=

Qu(t)x(t),

Q = Q̂1(Ikn+r ⊗ Q̂2)(Ikr ⊗Mr,kn).

,

y(t) = H1x(t) · · ·Hpx(t) =

(H1 × · · · ×Hp)x(t) := Hx(t),

u(t) = K1Λ1x(t) · · ·KrΛrx(t) =

[(K1Λ1)× · · · × (KrΛr)]x(t) := Kx(t),

: H = H1 × · · · × Hp, K =

(K1Λ1)× · · · × (KrΛr).

, (13) (14) :⎧⎨
⎩x(t+ 1) = Qu(t)x(t),

y(t) = Hx(t),
(15)

u(t) = Kx(t). (16)

, ys = �p
i=1y

s
i = δαkp ,

α ys
i , i = 1, 2, · · · , p.

2 (13),

Ki ∈
Lk×k|Ni| , i = 1, 2, · · · , r 1 � τ � kn

rowc((QKMr,kn)τ ) = 0kn , ∀c �∈ B(α), (17)

K = (K1Λ1)× (K2Λ2)× · · · × (KrΛr).

( .) (17) ,

.

x(0) = Δkn , ∀ t � τ

x(t;x(0), u) = Qu(t− 1)x(t− 1) =

QKx(t− 1)x(t− 1) = QKMr,knx(t− 1) =

· · · = (QKMr,kn)tx(0) =

(QKMr,kn)τ [(QKMr,kn)t−τx(0)].

(17) col((QKMr,kn)τ ) ⊆ {δckn : c ∈
B(α)}. , ∀ t � τ , ∀ x(0) = Δkn ,

x(t;x(0), u) =

(QKMr,kn)τ [(QKMr,kn)t−τx(0)] ∈
{δckn : c ∈ B(α)} (18)

. y(t;x(0), u) = Hx(t;x(0), u) = ys = δαkp

∀ t � τ , ∀ x(0) = Δkn .

.

( .) (13),

, τ , x(0) ∈ Δkn

t � τ , y(t;x(0), u) = δαkp . ∀t � τ ,

∀x(0) = Δkn , x(t;x(0), u) ∈ {δckn : c ∈ B(α)},

(18) Ki ∈ Lk×k|Ni| , i = 1, 2,

· · · , r τ (17) .

τ̂ � kn, τ̂ (17)

τ .

, τ̂ >kn, x(0)∈Δkn x(τ̂

− 1; x(0), u) �∈ {δckn : c ∈ B(α)}. Δkn kn

, t1, t2 0 � t1 < t2 � τ̂

− 1 x(t1;x(0), u) = x(t2;x(0), u).

u(t) =Kx(t) , (



9 : 1205

k ), x(0)

{x(t1; x(0), u), x(t1 + 1; x(0), u), · · · , x(t2;
x(0), u)}. ∀ t � t1, x(t;x(0), u) ∈ {δckn : c ∈
B(α)}. , τ̂ . , τ̂ � kn. ,

Ki ∈ Lk×k|Ni| , i = 1, 2, · · · , r
τ = τ̂ (17) . .

4
. 1 , 1

, 2

,

. ,

.

5 .

Θ ⊆ {δckn :

c ∈ B(α)} (11), 1

K. B(α) .

5 (An example)

.

4 .

,

. ,

.

, [3].

.

, 6 ;

, , 9 ;

. 1

. : 1 , 2 .

1

Table 1 Payoff matrix

x1 \ x2 1 2

1 (1, 1) (9, 0)

2 (0, 9) (6, 6)

4 ,

N = {P1, P2, P3, P4}, 1,

P1 , ,

{1, 2}. :

P2, P3, P4

, ( )

, ( )

, .

1

Fig. 1 Network graph

t P1, P2, P3, P4 u(t), x1(t),

x2(t), x3(t),⎧⎪⎨
⎪⎩
x1(t+ 1) = f1(x1(t), x2(t), u(t)),

x2(t+ 1) = f2(x1(t), x2(t), x3(t)),

x3(t+ 1) = f3(x2(t), x3(t)),

: fi (i = 1, 2, 3).

, P4 t x3(t),

y(t) = x3(t).

u(t) = k(x1(t),

x2(t)) t

“ ”.

i ∼ δi2, i = 1, 2. x(t) = x1(t) � x2(t) �

x3(t). , 1 3,

:{
x(t+ 1) = Qu(t)x(t),

y(t) = Hx(t).

: Q=δ8[1 4 8 4 7 8 8 8 5 8 8 8 5 8 8 8], H

= δ2[1 2 1 2 1 2 1 2].

, u(t) = k(x1(t), x2(t))

u(t) = K1x1(t)x2(t), K1 2 × 4

, 16 . 2,

, K1 = δ2[2 1 1 1] δ2[2 1 1 2] δ2[2 2 1 1]

δ2[2 2 1 2] τ = 3

.

, x(0)

= δ18 , K1 = δ2[2 1 1 1],

2 . , t =

3 δ22 , .

2

Fig. 2 Output trajectory of the closed-loop system

6 (Conclusion)

. ,

.
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,

. ,

.

. ,

.

, ,

.
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