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Pinning output tracking control of multi-valued logical networks

SONG Ping-ping, LI Hai-tao’, YANG Qi-qi, LIU Yan-sheng
(School of Mathematical Science, Shandong Normal University, Jinan Shandong 250014, China)

Abstract: This paper investigates the pinning control for the output tracking of multi-valued logical networks by using
the algebraic state space representation method, and presents some new results. First, the dynamics of multi-valued logical
networks with pinning control is converted to an algebraic form via the semi-tensor product of matrices. Second, based
on the algebraic form, a series of proper reachable sets is defined for multi-valued logical networks, and a constructive
procedure is proposed to design pinning output tracking controllers of multi-valued logical networks. Third, using the
property of multi-valued dummy operator, a necessary and sufficient condition is presented for the solvability of distributed
output tracking control of multi-valued logical networks. Finally, the obtained new results are applied to the evolutionary
behavior analysis of networked evolutionary games.
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1 5|3 (Introduction)

% {8 12 # W %% (multi-valued logical networks,
MVLNs) | 2 A7/ T-H P 2 2840 H itk i
T2 ) 2% 3 4k 18 2% (networked evolutionary games,
NEGs)F 4 B 42 157 & 25 B LU R A7 B A 3)
PO OSSR, 7 — A REZ M 25 h (ko KT
SET20 HARED, MIET PR IUE R AL N0, 1,
ooy b — TIXEAME, PSPy il i A
FERE, AT I 205 RORAS b — I 2 N B4
Ja 7 RORS M RAEE 22 4y Oy REpT e M. i T 24
DR o 2 AL 2 ey g o, T T T BRI AR G A,
XTI IRIEFT T T 1 A AME 22 27 R 5%
2151 R Sy A B R R 2% R GBI R b — AN
FE IR, 2R M 25 5 A AT 2 B
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TAER, PR T — Mol AR R e, Bk
9 4 B 16 2 5K & B (semi-tensor product of matric-
es)!1OL. 2R P TR ARUAE L5 1 A P e AR HE ) BT R 4L
TP 22 8], TR B T 30 kR P afe R 1 FE o
I FH AR R ok AR B, AATTRT BAJT {5 Hboke 12 48
28 ARG ROZNME T, AT AT LA F 28 i )45
TR AT T VAR o B FIAE I B 2 21 48 FEARRE 2L
A IB R M 2% RGN oM S dIR R T — FRECIR
A 2% 8] J7 ¥J:(algebraic state space representation)!!7],
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20 LTI A M 4 R4, HH158] TIRZ I F
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TEVFZ SEBR AR TRl Tl 45 A ANnr AR
AR DN 2R A g, ARSI R ] R TR A R, (H 2
fan AR AR AR L T DUIRASIG). G, 24 745 2 EE
S5, NATTAT LAV il 2R 4 10 ) R — A 3
SH I 5, IXAS ) A e T RR kg B e PR B
(output tracking control). 7E1L & ¥ JL-14F, K AAT]
KT PE R G AL 1 R S0 1 L1 BRI 42 ol i) Ak
AT TECHIRNBEST, JEIAS TR 20075 B 5Tk
SR80 H R G TR A s o X % A R s S PR T
T, PEAEE BTN, AR SCRARaE B0,

T L8 R, AR G T 2 (8 AR ) 284 42 il i)
LRI 9T & S 34 25 R 1K 4 A 20 il (centralized
control), BT BTl 225 T R A A Jrp RS (H
S TS B 1 22 (B2 5 X 29 v, W9 245815 i AN EtE
TERRIR 210, IF H A2 A SE DR 25 IR 520, I 468715 i 2
() PR T A5 oy o A A 2 2 B BRI, DRI Uk, A7 4R R
ARBTG5 SRR Y TSI B 1) 22 102 5 9 265,
i, E SCHR[31-32], 2 il 4% il (pinning control)#
FINBNZAHIB W 28 4 il ) B 5T 2 rh . 14l
(VDE RAE T, T HA AN 2D (R R ] S T ) 4
il HAR. 5398, 7524 RGBT ST, A X35
(distributed control) Ll A — /MR T, HEEH$E
TRIAREE, 230 X2 i S 75 2R 32 45 I 28615 RO N JiE
AR JE T R HPIRASAE B BRI, X TR U M 2540 2
SR, A R o A X i e A v X i B R
T, AR S A, 6T A T 0 SR AR HE, At
FPTEN, KT ZARIB AR A 0 2 A ) PR R 2 i A
A RIS, HHTE A SMEBATAH S SCHRRGE.

ALY A H AR R ok AR B A A
22 I8 AR DX 8% 1 i ) R R A 9 o R 0 A s
il e, VR G Ty 2 i 4 o 1) 22 R0 B4 1 Y
2 NARBE R, HE TS REER A B T 22
A o o 2 et R A AR R R R T, IR
ZAHB RN IR, 25 T 2 {E& 545 ] N 245 55
A 2 H PR R ) 1) R A ) e A B, AR
I, VR R T AS R 38R 25 R 2 A Y 44 A TR 5
AT A .

ARSI AR LHE R B2 A H T — L8
BRI ENU 2533840 ) R0 B 1 ok S AR IR 7 V2
A A I 1Y) 22 (R A A o D 28 B A S L AREIOE 2
AT ARSI FBEEE AL, 5K TS I B
45 BN T 25t A 2 IR A AT R 23T 2R 638 7
AT e
2 T4 %0iR (Preliminaries)

H A AR RIS

o Op PRI T A4

o Ay:={dili=1,2,---,k};

k—2 k-3 1 N

, [ e SR S
e~ G R B P
Bk i=1,2,---, k—1;

o —n x tUEFE M ARRAE BB AR B, IR A =
[563 0iz - i), W ACANA = 8, [0y g -+ if]. 7E X
Prfin x t4E@ ARG N L e

o col;(A)Mrow; (A) 75 7 FEFE AR 2151 A
AT, AR S A RS I A col (A);

o WA B E Ly, W AX B := [col;(4) ®
coly(B), -+, col,.(A) @ col.(B)], H h ek 7~ i B
[fJKroneckerf.

TR R AR 8 SORIHEAS P 5T 6],

o Dk =

EX1 FAMEA € R™"FIB € RPX4[f)F
TRERE A

Hrha = lem(n, p) EnFlpi i NAREEL

E 1 FEARTGHRIEE ISR, ARSI .

SIEE 1 IR P

) WX e R*MVE A4 ] &, A e R, X
x A= ([, ®A) x X.

i) WX € RMIFIY € RMUEPAFI [ &, WY
X X =Wipnn X X x Y, KW, ,j e R0 & Hf
R RERE.

gl B2 Wf(xy,xe, - ,2,): Df — Dyt —
AN EAEZ 4R R 2 WA AEME— I HEFE M € Lposeps, BR
YE RIS RIS, 1543

flzy, 20, - xs) = M X, @, © € Ay (2)

3 RREUE (Algebraic form)
2 SN T e A A I 1 2 X 245
xl(t + 1) = fl(xl(t)a e 7xn(t)au1(t))a

£t 4 1) = Fo@a(), - an(t), s (1),
xr-i-l(t"’_l) :fr-i-l(xl(t)?"' 7xn(t))7 3)

mn(t + 1) = fn(xl(t)v T ?xn(t))7
yj(t) - hj(xl(t)7 T 7xn(t))a J=12,-,p,
Hoir<n, fi DY =Dy, i=1,2,--- 7 fi
Dy} = Dy,i=r+1,--- ,n;h;: D} =Dy, j=1,
2, pRKEZERE 2, us € A, s =1,2,---,
rie=1,2,---,n.

E 2 MG AT LLE Y, ARSI A )
P ZAEEHRMIZS LA R AT m BRI T — M, xS
SCHR ZAEE R 2R RN R A
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TR AR R R AR I 2 (3) e A A SLAEAN Y
HRHEoEA.
alt) = Kiilt) € A, 2(0) = xyi()
€ Ay, 22(t) = X, 2i(t) € Apn—r, ult) =
Xi_qui(t) € Apr, y(t) = xi_1yi(t) € Apo. 5132,
W E;, Hj o3 0 2k kA8 3 45 oR £ f;, by B 45 1) 1B,
i=1,2,---,nj=12"--,p WH
z'(t+1) =
Fiz(t)u,(t) - Frx(t)u.(t) =
Fi(Ign+1 @ Fo)Wign gnta) My g (t)us (1)
u2(t) - Frx(t)ur(t) -—
By g [(Lgntior @ 3 )Wien onvi=1) My on]
x(t)u(t) =
By iy [(LTgnvior @ Fy)Wign gntioa) M, jn]
Wir gmu(t)z(t) =
Liu(t)z(t),
2?(t+1)=F.2(t) - Fat) =
(Fryr X Fryg X oo X F)a(t) i=
Lyx(t),
o
Ly = Fy )y [(Tnrior ® F) Wi gt
M, jn ]Wigr kn) € Ligrsgorin,
Ly=F 1 X FoX- - XF, € Lpnrypn,
M, = diag{8pn, 6pn, -+, 0fn } € Lyznspn
e HE R, Wile x £ = M, 0 x , V2 €
Apn.
EN)l:d
x(t+1) = Lyu(t)x(t)Lox(t) =
Ly(Ipntr @ La)(Tir @ My pn )u(t)z(t) ==
Lu(t)z(t),
Hrp
L= Ly(Iiner @ Lo)(Ljr @ My jin) € Lponepinir.
(4)
FAlHh, A
y(t) = Hix(t) - Hyz(t) =
(Hy x Hy x --- x Hp)x(t) := Hax(t),
o
H=H xHyxxHy € Lioyin. (5
gi b, MZ3)EM T MRETEA:
x(t+ 1) = Lu(t)x(t),
{y<t> — Ha(t).

4 FEZ QL (Main results)
4.1 PIZ(3) ik th R R A % 98 BT (Pinning
control design for output tracking of network
3))
AT I3 W FE R At PR e s ) e L. BT
FEA Rzl
ul(t) = Zl(xl(t)v e axn(t)))
: (7
uT(t) = ZT(xl(t)) e ,.Tn(t)),
43 2 Q) BRER — MR E S HESY, =
(Y5, -+, y3) € Dy A0 4 45 3) AT 6 4R Z52(0) €
Apn THRIPRSINIZ Ay 2 (8 2(0), w), Fir 0y (¢
x(0), uw). BIAFE— N EHr > 0, X TAEE 2 (0) €
Apn FIT Bt > 78y (t; 2(0), w) = Yok . o
2 : DY — Dy EEEH G =1,2,---, 7).
HIFHFERE ok R, 2017 S0 T
u(t) = Kz(t), (®)
:,H\:EPZ K= Kl XKQX' . XKT S EkTan, Klj‘jk’fﬁi%
R Kz SRR, i = 1,2, e N, SR e 5
S MREIE A iy = <P yf = 60, Hhahiys
ME—Hfi5E, i = 1,2, -, p. XHE, B BRER A 45
) LA A ] A RUE 2 B K € Lyer sgon
B GYHPRSHREFEPEL = Opn [i1, 12, - -+,
ipntr | MIZTE IS Ty = O, D
B(a) ={ceN:col.(H) =06y, 1 <c<Ek"},
9)
WS {05, : c € Bla) & T RGP 4 Hh
YRS AW RB(a) £ 2. R 2, #B(a) = o, 1
B L R e ) e LA B A
M ERSENIFEELEEO C A Him =1, 2,

2,,(0) =
{z(0) € Agn : Fu(0),u(l), -+ ,u(m—1) € Apr
1515 x(m; 2(0),u) € O}. (10)
TR T,
1 TG, finth BRERA 7 ] ) ]

il IR 78 73 Wb B AR A RAFAEAF S5O0 C {05, i c €
B(a) AR < 7 < K™MEFS
9 g 91(8)7
2.(0) = Ay
iE (Geortk) A DEGE, TR H R
ERAE I s AR GE(3) A HH R .
Xfm= 12,7, é\ggz(e):‘gm(a)\gm—l(a)’

Y
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UllJle,mge{l 2, , T}, ml#mzﬂfnl(@)

N (6)= @au 2°() = Agn. T B, X 4E 7%
WAL < j < k" Rt mmﬂu m; < i

1267, € 2,,.(0).

I RREEEL < j < k™, MR olitie:

o Ym; = 1), 17 %’JE BHL <p; <K R =
(p; — DE™ 4+ JiE1 <1< k™ F16, € O.

o H2<my < THY, ﬁ?’iiﬁ%ﬂll <p; <K ERL=
(pj — DE™ + jilifel <1< k™RGS, € £2,,,-1(0).

LK = i [p1,p2, - 7pk"] € Lirspn WAL R
(K] 91 46 IR Z&2(0) = 0L, € Agn, FTx(my; 2(0), u) €
O,V 1<j<k™ HO C 2,(0) 1 1Jx(t; 2(0),u) €
OXF TVt > 7HV 2(0) € Apn L. FTLL, XV E > 7,
Vx(0) € Apn, Ay(t; 2(0),u) = Hz(t; 2(0), u) = ys.

DI, ZEflu(t) = Ope[pr p2 -+ pan () PTIER
28 (3) ik ERER .

() B BRI T ) ] A, DA
AR Ru(t) = Ko(t), K € Lirypn, TERIZ3)
(0 4 R BRys. FUEAEEAE S B0 C{d5. :ce
B(o) P < 7 < B D KAL.

W23 EfETlu(t) = Kx(t) R R 48

z(t+ 1) = Lx(t),
{y@f) = Ha(t), “2)
WAL = LKM, .

S XL O A P24 (12) IR AR SRS CBLHE A7 TR AN B R
W), 1< T, < kP A el Bk, sLanxtTe
MT = T, 0L

TR HO C {65, : ¢ € B(a)}. Fi Rl .
HOZA{05. : c € B(a)}, WHEAES;. € O, Hi & B(a).
K A0y, A2 M 45 (12) ) — AN ANB) 8 — AN LT
2, WAEHERHT > 0, XfVneN, 0%, =x(nT; 6i.).
Ity (nT; 6i.) = Hx(nT; 6i.) # ys, Yn € N. X 5
B &, PO C {05, : c € B(a)}.

acs

E 3 ACEBIRGUEN] TP ST T R 2SR R 2%
iRy PR H s H s e R

# 8 W 2% (3), HOR A B M MEL = 0pn [i1, i, -+,
igntr ], BRBAFEAESEESO C {65, - c € B(a) PRSI < 7
< KA L. WO AT RIEEE < j < k", BAFAE
ME— [ HEH < my < THEAST, € 20, (0). 21 <pj <k
L <1< KT

{5;‘;,1 €6, m;=1,
S € Qny—1(0), 2< my <7
BAL, Jehl = (pj — 1K™ + 5. W22 R4 41 ) 4 i i R
R 7 ) 45 i 2% 7T LR U Au(t) = Kao(t), K = 0pr[p1 p2
- Pl

4.2 W23 o A =X PR R 32 il (Distributed

output tracking control of network (3))
TEMZ G)RIFEHIT) Y, W S5 R 2
(AR, W) E K

21t +1) = fi(Ni(@1(1)), ua (1),

204 1) = (N () (1),
T (t+1) = frp1 (N (241(2))), (13)

y;(t) = hj(z1(t), - ,za(t)), 7=1,2,---
Hor: Nz(xl(t)) = {le( )7‘7:]2'(15)7" ) J‘N ‘( )}%T
2 (8) 1 T 40 S (1 5 R EhAL IR 4 4, | IV | 3
@ (8) A8 (L & A D AN 3, i = 1,2, 1<
i <Gy <o <l <o fi hp R EEYERTIRAEIE
B ER AL

ARSI o0 A X L0 BRI ) ) v
I OYiE ot
uy(t) = z1(N1(21(2))),
: (14)
up(t) = z.(Ny(2,(1))),
ﬁﬁl—‘](l3)H’J$HIJEHEEET~AQA%H'J’%% F9Ys = (v,
,y5) € Dy RIEAE— 4K > 0, % TAEE )
2(0) € A FUER L > rHry(t: 2(0) W= Yﬁ}ij.
Horp 2 R G S S R R, i =1, 2, -
&S
Ik7 ji = ]-7
Y, = ”
" {Eé}gl, i1

By =1, - I, | REEEEW T

k
M1 < p < |N;| = L, 52X
v _{Ik, . oo —Jp =1,
P o1 =0 p— . .
d,k ) j;—i-l _j; > ]-a
e Jows — 70 =1,
o b —9b=1p Jpr —Jp > 1

My = [N, 7E X
Ik’ j\iNH =n
YN, = { g

[k\Ni\,k"HiiN»\]’ j\lNi\ <n.
LaNi(t) = ayy (g (t) gy (), FITEREF:
SRR BOMI_E e SRR, A
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2Ni(t) = T (t)xj; (t)--- Tiig (t)
WlNilxij”+1(t)95jfw+2(t) (1)
Ui Wiz (0 (t) - - a1 ()
xijiﬁl(t) cex(t) =
W|Ni|VV|Nz‘|W|Nz‘\*1xiji‘,1+1(t) T
$iji‘71(t)xjj () () -~
PN WiNe X vy -1 (T, W) Pz (t) =
Ax(t), i=1,2,--- ,n.
gr borHr, ALL RS
= Aiz(t), HhA; = v Wi D(;:\N,J—l (P, W,)%.
I TR FH R R A g RRURT 5] B 3K A(13) A
(Al R AN AEE AL
oI BE 1, W Qy, Hy, K, 73 0l N KR E 45 R £ S,
hj, 2 EKRERE, 0=1,2,- -+ \n; j=1,2,--- ,pym
=1,2,-,r, WH
B+ 1) = Q™ (B (1) Qua™ (B)u (t) =
Qi Mz(t)ui(t) -+ QA x(t)u,.(t) =

(Q141) Xy [(Thrrimr @ (Qidy)) ¥
W[k1L7k7L+i71]Mr,kn]W[k1v7k1L]u<t)1'(t) =

Quu(t)x(t),

2 (t+1) = Qridrpiz(t) - QuAnz(t) =
[(Qri1Ari1) X - X (QnAn)]z(t) ==
Qo (1),

Q1 = (Qi ) Xy [(Tinrir @ (Qi;)):
Wikn gnti1) My jon ]Wigr g1,
Q2 = (Qraadrg) X - X (QuA).
B[l
r(t+1)= 2" (t+1)2*(t+1) =
Quu(t)a () Qo (t) =
Q1 (Ijntr @ Qo) (Iyr ® M, pon u(t)z(t) :=
Qu(t)z(t),
HhQ = Ql(fkn+r & Qz)(Ik"' ® M, jon).
Kbl 5
y(t) = Hya(t) - Hya(t) =
(Hy x -+ x Hp)z(t) := Ha(t),

u(t) = Kidyo(t) - Ko Ax(t) =
[(K1Ay) x -+ x (K Ap)|x(t) := Ka(t),
I o H o= Hy x - x H, K =
(Kl/ll) X oo X (Kr/lr)
£ b, g (13) Al (14) 554+ MARBOE
#(t+1) = Qult)a(t), s
y(t) = Ha(t),
u(t) = Kx(t). (16)
[, 45E S THRIRBIE Ry = I yf = 0p..
HpahyM—ie,i=1,2,--- , p.

EE2 0T MEE(13), 53 A U R )
AT R A b R R AR K, €
Ekxk\Ni\, v = ]-72, ot 7T$D$‘§§&1 < T < kn,fjﬁ\?%

row.((QK M, jn)") = Ogn, Ve & B(a), (17)
;H\:EPK = (KIAI) X (KQAQ) X - X (KTAT)

W (et BT AT, kA A
SR T ) e T A

SHERRWIEREZ(0) = A, VE= T

z(t;2(0),u) = Qu(t — Dz(t — 1) =

QKx(t— 1)zt —1) = QKM, jnx(t — 1) =

= (QK M, n)'z(0) =

(QEM, 1) [(QE M, )" "x(0)].

= (17) 715 col((QK M, 4n)7) C {05, : ¢ €
B(a)}. H, 3Vt > 7,V 2(0) = Agn, A1
(t;2(0), u) =
(QE M, 1) [(QE M, 1) "x(0)] €
{64n 1 c € B(a)} (18)
AL BT By (¢ 2(0), u) = Ha(t; 2(0),u) = ys = 0%,
XVt =7,V x(0) = Apn L. B3 A 20 HH ER RS
i ] U] i
(R ZLE.) ABBO T W2 (13), o3 A7 2 H SR ERA%
Tl AT A, WIAEAE IR R £, SRR 2(0) € Ay F
EENt > 7, A8 y(t;2(0),u) =52, Frhxtve > 7,
Vz(0) = Agn, z(t;2(0),u) € {85, : ¢ € B(a)}, W
A8 A AEZ IR, € Lyxpn,i=1,2,
<o, AR T A3 (17) AL
NHAFREY T < B, Heh 7 i 2 (17) AL
A IR PN
M RUEVE, 57 > k™, W A7 #E2(0) € Apn 8 FF2(7
— 1;2(0),u) €{65. : c € B(a)}. I HAwHE" >
JCER, I LLAAEAE PN IR 1, 10020 <ty <t < 7
— MlifGa(ty; 2(0),u) = x(te; 2(0),u). T LEFEH
u(t) = Ke(t)WREN, JRRGIE BT A EI(—
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N EAEZ R ML), I LU R 58 M (0) A R TE
BT 3 {x(t; 2(0), w), z(t; + 1; 2(0), w), - -+, x(ta;
z(0), u)}. PRV ¢ > ty, x(t;2(0),u) € {0, : c €
B(a)}. WAR, X 57HE X E. B, 7 < k™ BrLk,
AR € Lo, i =1,2, -+ rRIEEE
Hor = HEARATD L. R

FE 4 AT T AR I % A 2 R
BEPE ) AT R R AR, e E LRI L, s LA TR
VhAE b R B AR K 771, AR e B2 AN H T 3 A
HBR R ) A A K AR A, ANREBEUE 2 A1 s 2
FRE. OG0 A1 3 B 1R 2 (0 B i, 5 AR R
(KW TAE 7 LU .

ES5 AR R T B
I R ASCI B 5 R A F AR A O C 6]
¢ € B(a) ME L3 2 011, 285 AT E B v 23 A
FMEK. XHEB(o)HEI T %55,

5 ¥ (An example)

Ao B T AR I EES 25 S F T M 4 Ak SR )
BAT o HT.

NS PR RANG RS T S CEZ TSNS N R
T ST AA L 4. 190 4% ] v f 4 ki 36
IR IR, WERSEATUR 2 R W5 B I6
ROIXFERRAN DU I I 546 LA 2T, R S
FHERIU B H LR 2D [ S,

T, AR R NAE R B ZRE A DL ]
DU R [l AN AN SR A B ST [N AE
PRIISE T 2RI, Gt SR N AR BRI o 45 S —
NI — AR, W A R, AN A 94
T AR AN [ 0] PRAE 4 AN A2 25— 4F. A R R L
(IS ATAERE. Ferh: IREAIHA, 2/0RIHA.

&1 EATER
Table 1 Payoff matrix

z1 \ T2 1 2

1 1, 1) (9,0
2 0,9) (6,6)

M A AN DILR S 5 W M 4 s R, Hoh
LKW HNN = {Py, Py, Py, P}, M4 K LI 1, Ho
P —MAELRK, oI H ISR A O D IR,
ANDUZ A M H] SRS 4 A {1, 2. S ms T+ 2 ) -
Py, Py, Py P RANILE K S A CAR AT N A R S5 1
g%, I Hak P48 o (B A B h il i e /M B K 1 56
WEAE A B O — I 2 (SR, W AR (B A B
e NG AH R, HUObR5/INII LS I S

Bl 1 gl
Fig. 1 Network graph

CLIN ZI Py, Py, Ps, Pyff) S0 73 530 Ju(t), z1(t),
(1), z5(t), WZMI AL ISR IEh A TN

z1(t +1) = fi(z1(t), z2(t), u(t)),
zo(t +1) = falz1(t), z2(1), 25(t)),
z3(t+ 1) = fa(za(t), 23(t)),

e fih GIEYEBINAT R EL G = 1,2, 3).
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Fig. 2 Output trajectory of the closed-loop system

6 %58 (Conclusion)
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