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Nonlinear robust approximate optimal tracking control based on
adaptive dynamic programming
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Abstract: In order to overcome the limitation of the existing approximate optimal tracking control method that can
only track continuously differentiable reference inputs, aiming at a kind of continuous time nonlinear invariant affine
systems with unknown dynamics, a new robust approximation optimal tracking control method based on adaptive dynamic
programming is proposed. Firstly, the system model is established by using the recurrent neural network. Then, the optimal
performance index is estimated by the established critic neural network. The estimated value of the partial derivative of the
optimal performance index, and the approximate optimal tracking controller can consequently be obtained. Finally, The
error between the output and the reference input is used to designed the robust term to compensate for the modeling error of
the neural network. Simulation experiments are conducted for two nonlinear systems respectively. The simulation results
show the effectiveness and superiority of the proposed method.
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iR T AR AR I R G AR I ) ) L S
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TER) B E N BRI, Vit 7 — Rt Ehl gy,
fiR e T — AR AR LR I R G A B A ) 1) L S [12]
B xeh—28 BLAT VT EC AN 5 P (1038 2 I TR 47 S e 2t
R, B &R AR PIAESE, R T —RiEL:
B 8] 477 559 B 2R 1 AR Gt 8 W A A 4 1 Il . S (13
X SBR[ AR R 4, Il T HIE MBS
KUk, 2 T WAB T2 7 Z T4 s il 48
AR B E R, TR T — I Lm)
(B ELR P R G ) A I 4 ) [l .

R SCHER BT R ALk SR AR A ) g 2 R TR
VR X ERIER R A, ST [ 145X — ISR [A)E 2 i
ARG, P T — R BRI B 1 IE N PR O I,
fR R T — IR T AR 2 M R G0 R B i 1] L SC
[1SVEF X — 2t i [m] 28 R 45, o F B 52 SRR
Wit 7 —Fh B 3E N I R R AR ) A%, SC[16-171% %}
—IRARHAELRNE R G, R F SNSRI 715 %
THp R ER R ] 2%, o rb i i) 28 8 Bh A4 I
SRATI, X B SRA N B R RT3 R R G 1) B0 ) 5
WL SC18-211HF Bt HI T 38 N 3 78 R A 7 28
M ERER S, TR A AR AN Bh A I B 1t 3 B2 (1]
RO IREE [ R S [22-23VEF 0 — 8B [a) R Ak
M R G, TG R PRI AR, it T — IR
SR A AR AR LR T R G0 H IS N R ER R 48, Ak T
— 8 AR R 2R M O S I ) AR G I IR A A o )
S [24150— 2 BA RENBNAS B S a5 S e
ARG, P T —Fh ST R 2% S H R B L R B ]
Jrik. FIRIERURESE IR E AR S S HE N\ e
SRR, BABRESH N — TR E AN
RO

X B I kB e BR R 42 1) v % 2 i N PR A1)
() JR R, AS SR — Pl 1 35 T HE RS S LRI
WAL A BR R 3 1) U7 vk, A BRSPS T,
MBI AT ANESE S A BT EREERAR.
2 [H]BHIA (Problem description)

2 RN N AL (A AR LR PRI AR B R S

&= f(x) + g(z)u(t); z(0) = o, (la)
y=Cux, (1b)
Hor:z(t) = [21(t) z2(t) -+ z,(t)] € RERDS
&, w(t) = [ug(t) ug(t) -+ un(t)] € R™EHA
&, y(t) = [y (t) yalt) -+ ui(t)] € RUZ 4 H 1

B,0<I<m<n; Ce R & EH1H 00 B,
f(x) € R, g(x) € RM™ BKT a(t) HIARFIHEIER
B, 1) £(0) = 0:ii) f(x) + g(o)u(t) TEEFE N

HIERE QW TTHUE, BIFEFEES IR A u(t) e U
13 R G ()IEQ L RIHEREE .

AR A AR, B0 A RS R St
(1), BTk DU R R 2 1 4%, A3 2 Gefi oy (¢) BR B2
EESH N yq(t) AL, A PERETE R

J(t) = %fooo[eT(T)Qe(T) +u(7)Ru(r)]dr, ()

Hi:Q =Q" >0, R=R" > O RAE 14

XIFRIESENIBUERE, e(t) = ya(t) — y(t) AERERIRZ.
HRGHINA f (), g(x) RFF, L1718 T H

TR HI A BhAT H 88 A B kM 3 A R T ALl d;

PEERERFE I 7. Horh, RS 4% 8L T i 2

250308 i AR B ASRAL AT BT AT R ARYE

S I T 2 B B A BRI RS H A2 0 SR

B2 R 2 RGBT Bt & T Al i 5

A, 1T 8% A SEDLELAE I A2 I 2%, RITE A 194 2%

AT AW EiEAMER IR LR IR ZE R G AT

it BRI A ER R ] R S H M A ya ()

FEEST ), USH LB AES S, HlinsS

FNIE N TN | Toik S R A R R .
NFERIZ—JRIR, AR 7 — R T HE

[ B A ) & B AR LR B P U5 12, 12071

ENASPER a1 E A M AR I AT . T35

HEANEIELSE R, TCIEAF 2R 2 R, i ASh

AT AN BER H SR (1710 i &5 B0t Ik, AR

(R BhAS 1 2% EEAR IR PR 1) REBAY AT 50T,

J& T AR AU ER R 2%, 23 ) S A SE I R 75—

AP P2, BITEAT I 2. S r M dn R AR R Stk

HMIZ 2 N 2 8] R Z2 AT Bt 1Y, AT PAR] B M

EERLRZZAPP I LR 2.

3 H T ah S PRI 0 ER B 4% il (Optimal
tracking control based on dynamic program-
ming)

JURERTHR R BTV B, 1 P AL R G,

BeiHIE T BRI R 2 e LR ER P

30 KT 3 HUR 00 2% bk 5 0 B 45 1 Linear-

optimal tracking control based on dynamic pro-

gramming)
B RN T RS (]I AR E M R G
x(t) = Az(t) + Bu(t), (3a)
y = Cuz, (3b)

Hrr: A, B, COUMINAERUNHEOERE, {A, B} 5e4n]
%, {A, C}5Ear M.
Bseu (z, ya ) NENE FRGE(3) I da 0 BR R 478 1l 25,
FHRL TR ACERERFEAR N T * (2, ya ), TIRE 501 o 006 /2
H(z,u*,J?) = J:"(Ax + Bu*)+



%9 RSOCEE: ST HE RS R A2 M S s L L BR % i 1287
e"Qe+ uTRu* =0 4) 4 B EIr el R B 3% il (Robust approxi-
oJ* . . . . mate optimal tracking control)
Hrp s = — N R br p LA .
s Oz FERIEREA A Talt i SAL 4.1 RGHERI P (System model identification)
01{ ~ Ru*(t) + BT =0, 5) HSCLI7VRISC[25] 77, R (1) AT LR ZR ol
Ou TR 2
?%"i”ﬂ%ﬁﬁﬂﬁﬁ%%?%“%g SU(t) = F* (m) +G* (x)u + €(t), (16)
u*=—-R'B"J;. (6) HEP F*(z) = Atz(t) + Asy(2(t) + A3, G*(z) =
IS (18R] %, sk Redabn () A FREBLRZE, As, A;, Aj, B HAE)
it :
T (@, ya) = lx TPy 2Tg+ w(t), 7 ﬂiiﬂ%@%ﬁﬁ? () 9 B B 4 PR IR R A, b THAE

HA P, g, wEETiﬁEﬁE.
0=A"P4+ PA—PBR'B"P+C"QC, (8)

—g=(A-BR'B'P)'g+ CQya, 9)
1 1
— = 3yiQua — 59" BR™'Bg. (10)
At
Ji = Px(t) — g(t), (11)
HRADARAK (6
uw'=—-R'B"Px+ R 'B'y, (12)

X5 R AR AME AT 21 B U BR B 2 o s — 2,

PRI LR P B A MR B0 5 B v e DL BR B ) 2 LA

—E AL

3.2 HTEhAE R A AR L& A B P ER B % il (Non-
linear optimal tracking control based on dynam-
ic programming)

EF UL RRR, Bl (z, ya) NAELME RS
A BRIER P2 1 5, A0 N (R e AR BR BR AR AR 9T (0, ya )
s 2 1 R A A

H(z,u*, J) =

TN (f(x) 4+ gla)u*(t) + e Qe+ u*" Ru* = 0,

(13)
/7“\
aH _ * T *
5 = B () + 9" (@) T =0, (14)
BB IR 1 2%
= —R™'g"(x)J;. (15)

AR A, i GO AR M R G, AR s X
(3)R Mt e A v B F A T BN IR 3, BRAE £ (2), g ()
CRIAR AR B I L ER A ] 2 1 s e NI R
AR SCR 2T B &R sh A& R 77 8 i e ER
BRI g, BRI M S M AT R sh &
f(x), g(z), PRGBS IEAN AR Z 28k T S L P R F
FrJ*, INITIAS 2T, 3t AR 4 X (15)75 2 Al & A R
g il A

Bz >y e R AL < y(z) —(y) <k(z—y) k
FIEEHL FT30(16), LA T FhEE 28 Al A5

i(t) = F(&) + G(&)u — v(t), a7
e (1)
v(t) = Sen(t) + m, (18)
Hrfr 3 (t) € REAMG T BERT, e (1) = 2(t) —
Z() AR, S € Rrxm 21 i 11 % BUE BE, A(¢)
ERZFTHBE, > 1 REH F(2) = Ai(t) +
Ay (@(t)) + A, G(2)=B; Ay, Ay, Ay, BRAS, A,
Az, B, B T S

AT( t) = Na(t)el (1), (19a)
BY(t) = Iou(t)e,,(t), (19b)
AL(t) = Tyv(@)el (v), (19¢)
A?T(t) = e} (t), (19d)
. T
=D,
HAr,i=1,2,-- - 5RIEEHERE.

B SC[17]7] %0, Ht—oolt, e,,—0, M v (t)—0
R Ay (t), As(t), As(t), B(t)## T EAERE, 455
LNAL, Ay, As, B. TR, 22 P 28 il TSR ) B
G5
z(t) = F(z) + G(x)u, (20)
HAF(x) = Ajz(t) + Ayy(x(t)) + As, G(x) = B.
42 PR A M4 K AL B AR BR B 4
(Ceritic neural network and approximate optimal
tracking control)
Bi% 1 mMRMEREEIR T (2, ya) 2L AT T,
1 SC[26]7] 40, 58 5 1% 7, ) 2 T Weierst-rass
TR IS, FEAE e ML R R B { i (2, ya)
1 R RESR IR T * (2, ya ) FIE R -5 50T 7T LLodE
SN/ NP2 S i (V)
J*(,ya) = Who(x, ya) + e1(x,ya),
= Vo'W + Ve,

Hr: W =

(21a)
(21b)
T e RN yH AR pp 22

[wl Wy - wN}
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25 BUAE 19 &, o2, ya) = [01(2,ya) @2(2,ya)

on (x, ya)| T T R AR B, N RRE X2 B3 Z 15

B, e1(w,yq) NERMAEMIEITIRZE, Xtz —Fr R

SHEHRI, Vo = %, vaz%. 5 (261 AT 41,

MBREAT HEN — oo, iIEfliRZEe; —0, vve, — 0.
H QD) AT %N, £ 2K (20) B G 25 ek i

H(z,u, W)= (W"'V¢+ ve)(F(z) + G(z)u) +

e Qe + u' Ru, (22)
AW W HIMETE, W2 BT T il %omA
Jr=V¢TW. (23)

H130(22) F120(23), 132U T I LI i ek £
H(x,u, W) =WTVo(F(z) + G(z)u) +

e'Qe +uTRu = e, (24)
TR A R w2 T A
i =—R'GT(z)Vo'W. (25)
€ X H Rk
E(W) = eley, (26)

KPR T BRI MU (26) 13 BIW [ S8 B

W = —achi (ATW + Qe + aTRa),  (27)
Horh: e > O PHA W25 (12 2] 28, hy = ho/(h{ ho
+1), ho = Vo(F(z) + G(z)a).

EI1  EROCEREATA SR S, If
HOP 4 o (R Kis [7] BE p Fe 4 S R K el £,
1) Hepyp = O, B it Wiksso;

2) M eyyp H R, W e BURAAT I, Ko
emgp = Vel (F(z) + G(z)u), W =W —-W.

E ZEENE BB S SRR E R, H
B ) LA PN

_ 1 1T
L(t) = 2actr{W Wh. (28)
(22)-(27) AT %0,
W = —ach (hTW — enyp), (29)

BAL it
() = ;Ctr{WTﬁ/} _
Citr{WT[—oéchl(thW—eHJB)]}. (30)
1) Meyyp = O, K (B0)ATEATRIHL
L(t) = —tr(hTW)ThIW =
— || ATW |I’<0. (31)
MR B, AR MR ZE WISk 0. ik

S FE TRE T R B o A ST M A .

2) HeyypfI A, % Xh hT = P, R o 8
W, BT LA P2 OF s AR B, B AF AR IEH B o, 15
Amin(P) > o > 0. B30 2

L(t) = tr{~WThy hTW + W hyenyp)]} =
tr{—WTPW + WThleHJB)]} <
—o || wr H2 +tr{WTh15HJB} <
W e W = [l haems 1), (32)
H1ER(32) AT, L(t) 1554 QAN 5UE .
0= i | < My © )

11‘@%%1 E‘]I'_E')Z, ﬁEQ/I\E%@%ﬁOEM, 1%?%"’%1“ <
o H T enmp B G, MBUE A TR 2 2 —BUR AR
TP UEEE.
4.3 EHED#MEES (Robust compensator)

BRI A AR 1) U 1 22 X 285 B A oF oK AR )
RGNADHATHBG T, B LA RS R
ZEATET0. v I AR 22 X2 il RF BN AT RE
SO, NN B T, 0 AT A ME:

ae
T e tay’ 3

Hre = yq — y, a1, ax NATHZHL

FE 1 S 7ERE LR R A, RS
NIRRT, T DA ST 2 X6 G R ph 25 PX 45 455 70 A
SHERRZ (AR E RERTY, BT H 1S P ME RS R AR
RERGETAT R, AR SCHS S FFME 3 ELEAR YR
RS E AN AR Z AT T, T RARIERME g
TR ZEFVT AN P 2l 22, B THE B/ AMERUR I 5
A=

A2 AR R D B 2% R T —
AV LS. SCERISTH IR 1 e RS — M
B HIRE AT I, R RAEMRE T BN M. 5%
T RGN N — P E

Zi BRI, ta@s)MaE4) al A, A SCHR &
Pl il s P R R 1 A

U =U+ Uy =

_ I aiéy
—R7'G(z)"VTW + m (35)

5 {iE 5L (Simulation)
N T BRAUEA S B 7 B RO, 3 )t Rt B
N\ R GRS N AU H 3R GedEA T 7 B
1 EEa R AR RS
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iy = — 0.52; — 0.525(1 — (cos(2x1) +2)*)+ o
(cos(2z1) + 2)u,
1.05 i
Yy = Ta. /
(36) Lol ]
AL B AR NE R BB RENZIER RS0(36) Bt S k W
B IT AL ER ER Y 48, 18 Ry FREE S5 0.95T- W; ]
itkyq 1221k, ool | w, |
B 4R B U1 o 20 I 45 6t R 5 (36) AT BLARE, e |
0.85

¥
S =15, n = 1.5, I = [1,0.1;0.1, 1],
Iy =[1,0.2;0.2,1], I, = [1,0.1;0.1, 1],
[, =02 I =0.1,
y(x) = tanhz, = [z, 25]",
A ERA9) LI T A2 R A5
{IL‘ = F(x) + G(x)u(t), 37
Y = X2,
Horr:
x) = A1x(t) + Axy(x(t)) + Az, G(z) = B,

—0.8375 0.8955
—2.368 0.4977

—0.2785 0.2314
0.4097 2.8080 )’
7.69 x 1075

9.03 x 1075

[ —0.0404
108325 )
IR I R ST IANPHZE IX 28 0 B B PR bR HEA T A 11
AR R B B (2, ya ) FOBUE AT B W 25 R
¢ = [(x2 — ya)® 0.5(z2 —ya)® 0.5(z2 —ya)*]",
W = [Wl W2 Wg],
EFA NS Fa, = 1, IIRHEQ =1, R = 1,
EHEI 2% a, =20, ay=1, RFEENEt=0.01s.
BIAW ISt 28, €2 0 4555 N yq AT 7
it R Gt y S ya 2 AR ER Hh 2K,
] -03, te0,2],[5,8],[11,14], [17,18],
Y7 Zos, te (2,5, [8,11],[14, 17),
K32 % Nyq = sin thf R G5 H Syq2 18 R
BERZE.
RN B3 AT 50, 2S5 N NIESE I IE 5% R 3
FNEAG RIELL p 5 PR, R A SCHTR H 1 7 146
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Fig. I Convergence curve of weight vector W
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HSEs. 4NN B E i A\ ya N LRI, RSt
ySyaZ A BRER H 26 SN2 H i Ay = sint
i, ARGy 5 ya Z AT ERER HE 2K
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Fig. 4 The tracking curve between system output and
reference input when the reference input yq

is a square wave
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FH B AR IS AT S, EAR SR ST 1132 H & F il
BRI BR B 4 1) 77 v e W A R e 1 i BRI 1 5% bR
B £k, (HAE M S5 NN T, Tk sem A R
REFS AN L.

il 2 BT RS AR T R S

T1 = —T1 — Ty + COST UL,
Ty = —x} + 27 + uy, (38)
y=r,

Hrr = [z 2,)T.

ARSI B bR NE S B R EE A RS (38) Wit
BRI ol s L R R AR R B, R Gy = [
CUZ]TEEE? %iﬁU)\yd = [yd1 ydz]TE/JEQ;

T 56K 3 VA #8455 R G (38) HEAT AR
#HS = —101,, n =15, [1=[1,0.1;0.1,1], I, =
[1,0.2;0.2,1], I3=[1,0.1;0.1,1], I} =0.2, I =
0.1, v(z)=tanhz, BLUTFHHE LB

{;t = F(z) + G(z)u(t), .

y =1 z2]",
Hor:
F(z) = Az(t) + Axy(z(t)) + As, G(z) = B,

. _ [—0-2888 —0.5604
"7\ 202507 —0.5526 )

A _ 00331 —0.0631
27\ 20.0579 —0.1270)°
0.0011 0.4625 0.3225
A3 - 5 B - .
0.0019 0.3025 0.3993
SRIG ST I AL R 285 B U VE REFR AR BEA T4t 1T
AR AL B (x, ya ) FBUEAS TR W 53508
¢ = [(z1—ya1)” (@1—ya1)(@2—Ya2) (T2—ya2)?]",
W= [W, W, W],
ML 3] Ka, = 1, IMALEQ = 101, R =
0.011,, §#IrZ%a, = 55, ay = 0.1, SKFFERT[A]
t=0.01s.
K6 W IS 28, 70 2495 2 5 A yar Flyas

NUTE T3, R GeH Yy S yan B R ye S yaa Z TR
PRIERHTZR:

0.75, ¢ € [0,3],[6,9], [12, 15], [18, 25],
ydl:{o.s, t € [3,6],[9,12], [15, 18],

— 0.3, te[0,2],[5,8],[11,14], [17, 25],
y‘”:{— 0.5, t € [2,5],[8,11], [14,17],

EI8 AU ZE M A yar = sint, yao = cos tIfRERER
2.

1.8 T T T T T T T T

1.6 - B

14} -
1.2 q
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|
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Fig. 6 Convergence curve of weight vector 144
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FASCRT R 7T VR B BRI ERERRCR. B9
M NN TP, SR SC 71T T &
Gty 52 F ANy  Z B EREEI 2, B10o8 U5
FHAya1 = sint, yao = cos ti AIFRER 2k,
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Fig. 7 The tracking curve between system output and

reference input when the reference input yq1

and yqo are square wave
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Fig. 9 The tracking curve between system output and
reference input, using the method given in [17],

When the reference input is a square wave
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