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Abstract: The extended set-membership filter for nonlinear ellipsoidal estimation has some shortcomings such as
poor implementation and relatively conservative estimated boundary. In this paper, a central difference set-membership
filter for nonlinear system state estimation is proposed to improve the estimation performance of traditional nonlinear
set-membership filter. To overcome the inherent defect of Taylor’s formula, a low-order multi-dimensional extension of
Stirling’ s interpolation formula is used to realize the linearization of nonlinear models. Then the semi-definite program-
ming method is utilized to outer-bound the linearization error, which is incorporated to the process noise and observation
noise, to reduce the conservativeness of the estimated boundary. At observation updating stage, each observation noise
bounding ellipsoid is replaced by a parallelotope formed by several strips to improve the real-time performance. Then a
sub-optimal algorithm is designed based on consecutive intersection of the time-updated ellipsoid by each strip. Further-
more, the computing method for normalized distances from the centre of ellipsoid to each hyperplane is improved to reduce
the accumulative error, which makes the ellipsoid at each iteration of the current moment participate in the calculation and
the optimal value is selected. Simulation results have shown the effectiveness and improved performance of the proposed
algorithm.

Key words: nonlinear system; set membership estimation; state estimation; parameter estimation; bounded noise;
computational complexity; central difference

Citation: SHEN Qiang, LIU Jieyu, ZHAO Qian, et al. Central difference set-membership filter for nonlinear system.
Control Theory & Applications, 2019, 36(8): 1239 — 1249

1 515 K, 4 T2 Af 11 (set membership estimation, SME) ¥
H A, Kalman g M AR T R E R HHTIRAS  IRPUEZWT 2 3 A, B2 5 A R g 5,

T F IR (HR, RGN vmEx XS A RIS BAR A I EER, AT AT BASE iR
NEE 75 R0 A B A% OB SK. FITLA, SeBRRE g s ARGRIRES AT DT IR BB, RIS IR AT ASRAF Al THIRES
eI fE BB S A TR B R, i BOAIE L SR T I A s 75 3 AR R B

WSk F39: 2018—05—19; I HI: 2018—10—11.

TI@(EE4 . E-mail: liujieyul28@163.com; Tel.: +86 29-84741646.

AL TR TS

B R B ARIAFEG I (61503390, 61503392) 1.
Supported by the National Natural Science Foundation of China (61503390, 61503392).




1240 oA R 5 N A

36 4

- (unkown but bounded, UBB)M: 75 . £ Gl 11 11X &b
P RARFIE REAS A e =1 R R e YEAT A FE 1%, T
P2 A2 e = Pt ] Lot IR T VAR I 4321
S, Novara®8 ¥ 48 UG TH 71 T S 45, g
I RAIT A B T A e EES N ARG EA SEfRE
PEA FERERRZEW, SR SR AT TR
A7 55 1 KA, A HEE FH T 4 I FH R RS 1] 0.
JE PR O R AR 2R 1 £ DL YR AR N 2 AR AR RS
J7ik, SEBL T B shpLas N RS 2 47, Huang &880
B G THH THLE NI R R M2 W 5,
B E T 2 W AT SE R R A

AL R TR AFE 2 R SO, Hoh ek E A
SR B T B R A X T 5, R asBHE ST, o R
AbEE PR R T, BRI S B Bl S v 54

&SR Schweppe 2 A B HE T, At 125 HE 1 B
V) BE 37 AR 0 B R RS W AT SR I AR ER TR,
R IR HAERRER I T4 B e FARER 1) 732,
Tk 38 88 - TH 5 A Bk (1 22, Fogel Al Huang!9%5
THTZHHR B s R E 55 (optimal boun-
ding ellipsoid, OBE). Chernousko!'!!, Maksarov #ll
Norton" X HZFEHAT T E— DR 7L, RSB/ NE
RN HE N A Z 50, LS BIRERIZR - 8 /M
BR. 10 e KA Fe R 7R 1 L T A TH R ZE T Lyapunov
PR > 2, Becis-Aubry$th 1 — P ARSFEE 1)
AL GG TR EEISL SZ R R, X R T — AR
R 08 (A6 K 8 AR A Al 71 57 (ellipsoidal state-
bounding based SME, ES-SME), 3+ \ ¥ i FiERH T
Rk .

£ HEZR 1 R 4, Scholte fllCampbell P& 44 f2
Kalman 7€ (extended Kalman filter, EKF) ) ELAE F]
H X BT ik AR 2 L, feth 74 &L i
i 71 JE V% #% (extended set-membership filter, ESMF),
UERA T P AR RS, R T IR S
SRR A Y T ) O] ] A SR AT
T Lk, 2 & RIESMFIR A AE BUE £ e 22 AN
18 H R B ) 1) A, R - UD 23 i 1) 7 =R 2
[ AP RIE AN S5t & M LR i U = B e A S Uk WA RIS
i i i T AR SR AL ot VI =
&N AR AR G4l THIE I 2% (adaptive ESMF, AESMF),
FHE % T B N T T A JE s LS N RRES
v, Atk P AR FE NG 75 o AR ME LIRS e e
(P Te) R, RO ER B 1 5T MIT KU 5 3& B ESMF
Hi%(MIT-based AESMF, MIT-AESMF), | FI MIT #t
A 4T T Ik R 75 AN o SR V1R BBE, DT
G T AN 2 S A 0 T U B4R Y Liv Y S

FESCHR (14109280 F % BESMEPIE FR AT 7 ARZeted™
JEROT FRH T P A ER A 52 S B AT (extended el-
lipsoidal outer-bounding SME, EEOB-SME) £ 7%, JF
K H R T XU R AT A B AR IR ER 2. Rk R A2
S TR PR BE I M 7 AR R 0 6 P 3 SR R R,
JEBE SR TEN SAAERTIRHIE FE RIStk b, R 730 5L
BN T, S5 AR ARRIVERT, $E s 1 — M
AR T ORAE B SR A AR Stk B T 2322

I AR R 75 B i g 3 il I ESMIF R e ik B
TR HE A SE AR F SRR SN V(B X AR 2 A A ik
T BRI, MO ARLR IR B 2R A I AL, SR
Je A DX TR] 2 s A AR B ) B TR 22
YO, FHAPRER ML J5 55 6k P A ER B AH 45 5 2H BRURE D015
FEAEREE, SR 5 B 2R EOBESLVE AT AR B . SR
1M, — B ZREEITHE ] FEESMEAAAE LA 2 I
X TR R4, ESMF2 S 8UR K2tk iR 2z,
18 A IE YR A A LAAS E ; Jacobian i B X R R Ok,
ey i, HEOR RS ATk, 10 7 ESMFfE i
MESE; RIS B0) X T) 3 A 7 vE i i 2 kA iR 22
AFE TR, F R RN 2 MR R 2 S 20
PR RCH T3 A, B ST R R A AR B2 f /M e
KA A TT RER MRS T S AT S

ARSI T — MBI o0 22 57 4R GBI (cen-
tral difference SMF, CDSMF), f# By Stirling i & 2 2\
AR 2 ho L 2 T SR IT, A N btk
AL, LA AR 0 FE (1 ] A SR s R P~ AR (semi-
definite programming, SDP) /7 V2 X} 26 P Ak iR 22347 41
g ST, BRARGANEAL R ZE IR RIS, it 6 52
Ty T7 AR SR A, K SR BRAA s 2 AN AE, 2R
Jei 2R FH e AR R — 7 35 AR A B 07 545 21 H AR R
SRAAL T
2 Rk

G, BEEREE S STt RO A SR

EX 1 HiERk&EEE AW

E={z:(x—a)'P (z—a)<1}, (1)

Forr: a RiER L, c HIER N AT = A, POYIESE
TR, & SCT BRERI TR, Z A EREE M AT LLR R

E(a,P).
EX 2 PG E I E, I Minkowskifl ¥
5E SR
U,={x:x=x, + X2, 1 € Ey, 3 € Es},
(2)
AR A
U, =FE, @ b 3)



% 8 TR R RGErfu0 I AME R T 1241
— IR B BRG] LA T A FE R, 1 EL TR R A, K 2 e R AR YR AE TR
xpp1 = flxy) + wy, 4)  TRBIEFFERL v X L n) {5, ASCH) H Stirling

Yorr = B(Tpi) + V1, 5)  PIEARHARSME R B 2 AR, RS R RIT

Hrb: z, e RPIRESAE, w, e RPN FEMEFS, 4500
eER™ABRMALE, v, e R AEMEEF, £(-)Fh(-)
N ES AR M B K, TEESMF A o i b R 4
N AT, I R T A e 1. BT
HIRER T O RIEREE: ) € BE(&0, Py), HidF2
g R BN P 2 s wy, € E(0, Q) vitr € B0,
Ry ), HH Py, Q. Ry IR IEE RS,

3 ¥V REMGTFREE

Y5 E R GEJTRE S WIUE IR A 7 A %, AR ki %1
(R GOIRSHHEREE B (&5, Py ), k+ 1 ZIFRHEESMEFS.
BRIEACE RN (PEAIE B 22 SRk [15]):

1) HRIEWEER B A T+ BOREARH € X 1) X7, Hop
EARIRIR RS

2) I X 8] 43 45 BB B H A1 30 1 AN H E
XX

3) B X UF 2k P AL AR 2 1 A £ A BR
E(Onxla Qk)’

4) 5 I R RDIR A 5 R LR AR 25 A R
[ B L FERE FE IR E (0,01, Q) W E (01, Q1)
D) E(OnX17 Qk) @ E(OnX17 Q_k),

5) WRAEDIR)—4), V15 B S A Sy Rk
VAL R R M FE R (0,001, Ry

6) HRYE L ESMF T i 2 11 57— 28 AR 7S
TEFIERE (T iy 1,5 Prgr,i)» BIRABLAEAL TN ER
E(f(&r), Fi. P, F,[) AR 3000 2 e A5 B ER E(0,01,
Q) I Minkowski il i Sh LR, (7R AR 6 55
SHREREE T

7) HR 5 28 1 SMF 55 5 3 i FEOIR 45 52 AR Bk
E(&yq1, Pey1), BI SR A 5000IR 25 W0 BR E(& 4415
Py ) ROLINSE RS SE I AMELER, (RIS R A S 5
KHER AT AL,

AESMF 572 75 LR R 2548 H 0 R B UD
IR AT SRS R, RIS, 45 & S0 = 1)
1) B S R 3 26 BT SR, R 1 VA R AR e, PR
T BRI 2 MIT-AESMFE/& (£ AESMFF £ |
T MITHCACHR I, 75 281 A5 — 25 TIu s 22 £ 26
BRE /MU IS FERE 7S AL ER, DA ORIIE YD 2 i R
FebRinh A %A TTEEOB-SME& | /2 14 ESMF
(11161 F5 5 £k P ES-SME BEAH 45 4 45 B JE 2R
PEAE Bk ik,

4 HZESTERIEP
4.1 AR ZR AL

ESMF J HoAH J B ) —ANRE SR fE LR ML T 2

FRE B BB U Jacobian F R, AN SR pR 055 S AR

PENERIEE AL, HACHAE T AT -5 B 348,
FER AR BN S AP E & e B RR AT RS
Alivt. i E AT U A KA B, A Stirling 1 {8 R T
AP BE e T R R 2 BRI 50, 2 — R 514
e, f(z)Lha = 20 HStirling# 8 A 2 ik
AT LA AL 2

fz) ~ _
F@) + @) -+ D g

2!
f(3)(3—3) ) f(5)(j) A B
( 30 h* + = h* 4+ ) x—2Z)+
(4) (7 6) (7
(6)
Hh Rz 8.

JEFF IR, A 305 2 3 i JE AR AL, AR TTAT LA
A K, AR R Stirling A L2 IR
FIEEZ T AT dB K il ) 22 R0, St ik KT
1) 22 A T HLR AT R 20 e B AR W R O 3 v
BT, AT 2 7 A ARG F5E. ot 25 K 1 428 s T LA
SRR [24], HAZSCHR A ELIE I b2 5515 22 0 R AR 2%
i T DA R i Stirling 47 R T 2R AUURS

1] 5 ¥ Stirling 46 2 Ji& ¥ 0 J&& B s 4E R 15 1t W
eR", y = f(x) NEkEnE, W{Ee = T4 M Stirling
WEARETF, 17

y=f(@+A2) = f(&) + Daof +HOT, (7)

KHAHOTHREH XS R T Z0H - Far bk
IBWR:

DAzf = ;l(il Axp:u«pép)f(a_:% ()

H: p, NEp P, 5, NEp N ERH T, 2%
LT, 72N
5,F(@) = [@+ he,) — f@E—Le).  ©
1 h h
iof (@) = SF(@ + ) + F(@ — Se,). (10)

NT ITAEAEE, 454 R (8)—(10), ¥4 Da, FAEW R
AL,

DAzf:
1m0, F(2) pado f(2) - 1,0, f (@) (2~ ),
11
ﬁ\:qjﬂp(spf(j) _ .f(','i. + hep) - f(a_: - hep)‘

2



1242 oA R 5 N A

36 4

H IR LT b o SR AL S5 BRPIR A
P AR R R, LA A (D) LA, H5 R 4t
AR R AR 2 Lo Z2 0 T SR TT, 1550 T 2R
PERETY:

f(zy) = f(&)) + Fy(x, — &), (12)
h(zri1) = h(Zps1p) + Hipr (Trp1 — Train),
(13)
Hrr:
14 NN
(f(@,7) - f(@,))
L (f@F) - F@)T
(F(@7) = f(@ )"
T
(h(&1 5, 4) — R(&1504))"
1| (k@) — h(@50)"
Hin =55 ’
(h(Z311 ) — h(25504))
(15)
H
&P = &), + he,, 87 = &, — he,,

“pt o4 Sp— A
®yy1p = Trprk T ey, By = Trprn — hey.

A2 13) 5 BN K@ FIR(S), B AT 45
B RFAHFEM LR, N EdR T FE T LR H, A
2 4 Stirling fi {5 A &P R, AT EHA
Jacobianfi B, 75 BLRLAR R S 4 ) B AR N BRI,
TR, AR R T 1M H, Stirling 6 27 x(
R EAE G LGRS K m T RS UR T .
Jit LA, CDSMF 5L 2 ¢ [ 7] LL13 2 /& T ESMF
TR, T IRESMF [ 45 .
42 LHERZEER

ESMF I SR sidrh, 0 TR MR AR 21l
FE{RIR R, T SR DX R 43 AT 6 7 vk, X Rk g vk 43 4
LA TR . EEREA 35 1) FRA X
O X T H SRR (PR SR [15T) AT 0, TR 22 57
SR FH [ X 17 2% 7 76 90 LK T | — 2B iR A3 2R
BT E(2y, Pr); 2) KT AR G 20—
FERE FIROKIR 2. R f(z) =22 — e, z €
[0, 2], BREISEPRVERE N f (2) € [—3.3891, —1], [X &
TR R G Y ([0, 2]) € [-7.3891, 3]; 3) IR
8 553797 2 K3, BSMF A 6 X 8] 43T )45 22 52 S 07
AR B AMARER DA s A O, FEARRE G SRl i,
W4 SHORE TR TR, W f (2) = 22 o kb
BIRITIEAR R T I LARTR A (2 — 20)°, UK
F0, AR AR AR . ASCRFARZ AR 7%

AR R 7 M RAIEL T, AT 25 R Bkl
G, AT PRSI B sy . ARHE 3 (12), RGT7
PR R ZE AT AR
Af(xr)= f(xr)— f(2r)— Fo(xr — £1), (16)
) 25 4 Al R 222 3 R AT DA DX T R 8 (A frin (),
A Frax (1) RS, KT IX ]R30 IR SR AR A o7 L
FEMGER AT 4T 490 BB P T SR ZR MR AR 22 AR A, i rT 44
TG AR R ] 5K i
min Af},
st. (zr — &) " Pu(zr, —21) < 1. (17)
M Schur kb 51 3, A SCRAZR AL AL S T
fRISDPIAI RS, MR TN sESERA T A .
min Af},
s.t. Lk _ 2 _p
19BN Ze PEAG R ZEVE Bl X IR R i 2, 4% IR AT
WREHHISMUNGER B (ag, Qu) IO RITARMERE:
= i1 ; ;
{WA’ngﬁm@w—Aﬁm@wﬁ

Q] =0, i # ],

=0. (18)

(19)
1
aqQ, = E(Afmax(mk) + Afmin(wk))- (20)

FE I8 R A R 1T DA BT FRZR AR ZE 1)
SMIWEER E(ag, , Ry). SR)5, ATHZIREE 3414 RS
B I R 5 R E (g, , Q) R FUL B e 7
WERE(ag,, Ry,).

TR 2, LLALSDPII SRR N mii:, 782
7K F SeDuMi L B A6 11 & A5 3. 28t #g Az is
GIHT, AR ESROAT, BT R EROK, Rl R 4R
S P, 7 — e R R FLVR ) SEmf . 523
BR[251)8 K, 4 R 50 LR HGE SR PR SR =i
a DLl i ™ 2 (difference of convex, DC)73 fi# % SDP
] AT AR R A R R R

L, R B WE RS () DCRRIE
X, WA E: fi(x) = fi(x) — fiy(x).
fi(x) = fi(x) + ax’x, fi,(x) =ax"x, a > 0.

N OJE K 2t R E B [Afi (x),
Afi (@) AN

mn ) {Fi(mr) = Fro(zr) — fi(zi)},

x evert(E (&, Py

max {fi (@) — fio(xr) — fi(ze)}],

z ), Evert (E(&5,Py))
Hor: 75 5 vert(Q) R on £ & Q2 i A 1 TR,
Fir(@n), Fao(e) B fu (@) 53 50 A £y (), Fio (k)
Ff () RN IL,



ERE ]

VLREE: AREME RG22 M E R b THITE 1243

TS AR K DO S5 3K 2 FAH 25515 2
(4, 55 3CHR (25T B AR 2 BT AN ), A SCfl F A2
WEER AT AT 2, H IV R AR & S br b BRI AE,
S 5t J5 DR 220 FE ) T SR SR 75 SR A SDP ) . Oy
NS, ARG DR MEE FIRAR P (£, Ty
={z e R"|x = & + Ti2, ||z|| < 1}PREITHGER
WE (2, Pr), 9 P, =TI Ty, HILEMHEIRZEDR
AIRE— Ay

min (i (xn) = fao(an) — fllzo)},

x, cvert(P(&r,Tk))

max  {fi (@) = Fao(@e) — fil@)}]-

x cvert(P(&y,Tk))

i T AR P (&, Th) O TR 520 20, BT L I
SRS T B A T A AN R S A KR
S/ MELER T, 84 T P AR A 3 B R, Bk
MR B (RS . R E NS 7 T et 4 vk
FLHER ARSDP i UM E A VA, (ELAR AR T 4R (e
FAR 2 1 L B, R T DA 7 - 2
¥ B I LA 7 B 0T 5. skt T AT 24 010 9
flz) = 2% — e*, x € [0, 2], FIFIDCHILI B 1 5 5
3 Oy [—4.3891, 0], K 2R 18 T [X I 43 47 78 5 19
[—7.3891, 3].

43 FRAER

1) HRATI.

SERARR PRI PEAL. . LM (IR Y B, T
B SR 42 M R G5 1 07 VEU B SR 25 T i R

E(fékJrl,k:a Pk+1,k)3

Tk = f(&1) + ag,, 21
Poi o Qu

P, =F——F —_ 22

41,k k] — gk + A (22)

S4By, AT LRI R AL TR ER R K/, FLk 07
P J B P A Bk Minkowski A1) 4L AR R 1) 5 R
A, & VA A /N BRI R/ NIEHE ). A SR
5 /INIZETRE U], R DA FH 2248 U mT DAAS 3 e P2 B )
S AFRAL T, T TE G AR 21tk T FE SR AR 1 B /)
HEHENN U AT A B R B AL By A

tr(Qk)

Viu(EPFT) +/tr(Qy)
2) EIEHT
W 2 B ESMIF SV T I 1 3 e 2 47 8 0 B8 3BT,
To v R B /N 2SRRI U3 2 B /N TR U U], 258 o O AE
AR FRAR 43 R M 2 TV S B AT, BUE TR
e R . A SCR F — Pl kA 0 A 28 7 32, K A
BRFAS N Z AN I3, IR AR 5 RRER 122 5640
mARAER T IR RS SR THEL
S SE T B SR A TR S TER E (8411,

B

(23)

Py ) FUIAE S0 = {2|(yr1 — h(x) "R,
(Y1 — h(z)) < 1} 0928 2 10 A A0 W 3R B(8 441,
Pyq). SMEALE, WA RTHH S A

Sk+1 =
{|(Yos1 — h(Zrg16) —
Hy (@ — &r410) — an, ) Bl (Y —
h(Zipi1k) — Hypr (2 — Zpga k) — ag,,,) < 1}
(24)
A5 Fh BN Mg P R B 7 R R A 1R 226 B
UL I W 5 0N D, W gy IS ELHRER E(ag,,
Ry o) TUURA S m AN ROAE, SN — X IEAS T
WRERIFAE ) 2 (1368 1 T A ol
ﬂ{v:ai—ri <ujv<a;+r}, (25)

Horpr: a; = u;FaRHl, T?%.Rk+1 UESEARIER uﬁiﬁfﬁﬁj
(RRE &, ¢ = 1,2, -+, m. Z T LLXAERIE T, 2
DRAAE B AR A E4E B B 20(25) 45 HE AR T
BRI PR TG 08 E(an, ., R )P
TR IR S/, TREULIARE, Q4 LETH A
A, AR AT A M sk + 1, (28 TR
T3 {5, R B L R () AR AN I A TR
bRk + 1.

g4 A F2S), L L JLIRARNFAZ e, 7] DL
Sy Pt R BRI m AN AL :

! !
Sk+1 = ﬂSk+1,i =
i
ﬂ{“f'iyi—az‘—righ?m<yi—ai+ﬁ},
i

(26)
Hrp:

Yi = U;F(ykﬂ —h(Zri1) + Hip1Zr18),
[hl h2 e hm]k+1 = UTHk+17
R...=URU", R, = diag{r},r3,--- 12},
U=[u; us -+ Uyl
It A0 B8 3 AT DAE e e 2 B BT ) 5 VR IR TRCR i
Wﬁﬂ%E(i‘};ﬁ, P;jﬁ)'i%s,;“’iﬁ’ﬂiﬂéifﬂ, AR
R
EAWIUG R
532“ = Zpi1k, P;?H =Py (27)
s o Flo FRoRARER H 0 21 28 4 6 P T A U —
WIS, Hafa; < —1mi, H
& = &, Pl = PO, (28)

7500



1244 7w oo 5 MM # 36 %

B, =B A (20) AL E

@ M1 <o <1 B
. )\iei
Pi=0+X- 2+ )\,g,)si’ (30) =i —a (38)
Hrh: H-1 <y <1
i Ai i i g =Y~ Q; — Ty 39
S; =P~ mPk+}hih?Pk+i’ ‘BJ Y o 59
. +’ B . M 2y < =18y, > 10, Bk S W B &, R Wk
o +a; o — o s g e . e e e .

er = \/gi(— 5 2, di = \/gi(— 5 “), PR SRR, AT DB SO | RS 1 R R B

9i = hiTPIthz‘-
FIIEAR:
(n =g + ((2n — 1)d} — gi +€l)gi\i +
(n(d} —€}) — g;)d; =0, 31)
et
£k+1 == j’;‘:n_,’_l, Pk+1 == P]Z:.l (32)

R(27)(32)F HIHER — 5 3R 58 32 AR it 7 2 5
R (221 4 HL B, T o Al BRI, %0k R %
T U RSB ROEER, B RS 0 B
FEANRET T 1 09— B 35 (L, S PR S 3 1 7
Y SRARER 15 22 N 50 1 2 B P R A VG AR i
R 4 BA, R 5 — MIEER 2 S BUR 2T
. R, S SO ER r 0 B S T 0 01— 4B
TR TREAT T it IR B % e A4 UOEAR
FORRER, TS TERR P ImIA 5L, SR RBE RS, DU
SRR 22 BRI, $E B R R B
IR AT UGS ARRT, R FRTE — LGRS
HE(&], ., Pl,,), j=0,1,-- i —1, iF5AEMER
ST BE B

T 47
Yi — Qi + 715 — hz Ly

v = , .3
hIP!  h,
i—CLZ‘—T‘i—hTi}j
v = Y i Tkt (34)

hI P},  h;

5 Ay 22 T W s Gt 1 T R 16D ) £
BRAR, dmiH HAE L5 T a5 B g ke
SRR B 1 X 0

Siiri={x: B <hjz < B}, (35)
W2yt > 1, HY

B =hld#] , + m (36)

By < -1, B

B; = hlal,, — /APl he  GT)

By I T T 5 AR 5, 57 LT S5 B A
VIR PR B . S P S MERAIASH, B F BT

PR YGR R, DO ER 1 Ao 22 A RS
A[AT4E.

TEFTE S IE B S SR AR S 53— LB B
VL BIRGT = min (B)), 57 = max (87), W2
A LAfE%]

+ T i1
. B — h; &,

NG

- _ hTAi—l
o — B; i Lri1 (41)

NS
P A4t TV — LB B e R
I B S AR R LT

+
Q;

(40)

B},

E(i‘I?Jrls PI?+1)

B 1 AR S RO T A R E

Fig. 1 Comparison of the standard and improved calculation

procedure for the normalized distances



ERE ]

VLREE: AREME RG22 M E R b THITE 1245

Bl 1, B () A1 B (b) 70 ) D edeid air i s A A
B R, WIAAHEER (20, ,, PL, ). 13535015 5]
I BR E(2y,,, Ply) A RS 5 5828 AU o7
Sy PIF A, AE Bk 2 )5 5 2 05 IARAT B R R
E(&2,,, P2,,)(HE4) W 5N T itk 2 i
5 HRENHT

Bein > m, WIXETASCH R EIET 5, F2E
REBEMSHIHELBENFEEEREHNAKRT
O(n?), X EIE SN2 BRI & 2o Mk iR 22 o8 5t
[Pk A2, 1R 22 8 FHib S B A R SK A% SDP i)
HPRIEREIEZ R ENO(n?), B KIS kAT
HO(y/mlog §>, e A REIE B 4L, AT IR
Bk IR B LU R O (0 log §>- % TESMF&
ey & e AL B i - A= = A7 =B/S EAE Y = uN )
TES AR Z2 58 B T, 385 X 8] 4 A 15 B h A
B H R T AT E X A EVE R JE N O (n?), IX
AR ESMFR V(B FEEEOBSME Hi5) [ & 4= 5%
HNO(nt). &

At(n) =n* —n3? logg =
n*®(y/n —logn +loge).  (42)
HFRECH
() = dn® — n, 1
At'(n) = 4n° — (3.51og 5 + 10

AR (42), HeHUEERVD, RGE I EEFHn
BRI, 17 76 At(n) /b T 0 15 52, 012 = 0.01 7,
At(2)= —0.89 <0. {HE, ToibeBUI{HE, SRR E 2
B RMIn. € Ry, Mn > n b, 2 AL(n) > 0, Bly/n
>log g AN @3), ATRERIAL (n) > 0. BB

n>n b, At(n) 4R T0, HAZEIER). X
W, RGEIR, oG, AT EE 5 ESMF
KRV, fER 4 ERABIAE. Xn <m
i, R EIR 2 X n B m, AR RAHRISE .

K2 e = 0.0 PR IE S A FEREIRGS 4 20% 10
X L. AT AR, n < 8, ARSCHTIR T AR A
i, HZEBR eI KGN, no > 9B, RSCHE iER
AR PEEAR, PRI 1) 22 BRI f7 oK. Xt — P Ik 7 BiR
5.

Fi4b, Bh B b 9f R 25 T B Jacobian FE R A
Hessian i [ 1B FE. X TESMFRFE LT S, YRR
B ER 25, X Jacobian£E [4 Fll Hessian A [
(RSt S AP R A T A SC T i
VRN I S 1t A DL % e A % 22 e SR it g e T
Jacobian #E [ A1 Hessian A6 [ (A0, ATIRRAIS 1 5%
(R NE, e 7 ] SEHE.

>, (43)

106 6=0.01
7 210
10000
6_
8000
sL 6000
4000
—~ 4T 2000
£
5L 0
2_
1 =
) —, L
0 O 20 30 40 50

K 2 SR FERIRES R T L

Fig. 2 Comparison of complexity with state dimension

B, FEAINNE, LR CLFENESMES
Bk, A SCHE I BEE, SRR 4 A R D
e, X — AT LA 2 . B ) AR 4
o, SV A SR 1) R R 2 B i LA SIZBR N FE )
T X T ARSI ERIN 5, 25k T A S
FORESE RSO NI, AT DUE I K e RIS )
KBRS 2= 5, (HASCRA PR, RN IR 8 B 5 4%
FERIBE L. 5 —Fp B @ 53 AR I DC LR
T30 SDP I i EAT A2 sth SR i, X Foeb 7 vk AT DAY B9
RO TR) 52 24 BE R N O (n®), 1T HLBE(RAIE— EAS E,
B 25 AT R B A AT S AT R A R R
JacobianE .

6 1iEKIE

RIGAUEA ST IR RE, SO CDSMFAHL
I FH T AR 2 1 o o B e MU R S s
SR Ak TR el BN SR 5 SR [15, 201 R0 SR [22]H
[0 B 5 — 8, FER A5 SRR [1S1AE R B S50,
B 7R ik 5 6] ELBGIE AT 7 VR ek e RISR A
WIR H R G

Ty = f(xr) + wy, (44)
Yr+1 = Hpp1@r11 + g1, (45)
Horr:
LT = [$1,k 132,k]T7 H;,, =1 0],
fla) =
T1p+ AT2o

T2k + AT(—k0$17k(1 — kdxik) — CtTQ’k) '

Y A AL B P BB AN R : ko = 1.5, kq = 3,
c =1.24; i EWIEIRE Nz =[0.2 0.3]7, B HE
6] 97 s, RAENE MG AT = 100 ms. 17 B, {5 30t 72
s i R R M 7 1) &) o0 A, B T30 (9)~(10) BT 1)



1246 Bow o5 MM %36 %
1 Bk 4E, 3F B Q). = diag{0.002%,0.002%}, Ry, = 03 o
0.001%, HIERAMEERF L2 =1[0.2 0.3]7, FERHEFE 02F  — ESMF -
P, = diag{0.01,0.01}. i FEmE 5 1) 734 an B 3 B, T "EHOBSME
0.1F =--- CDSMF 1
x1073
2.0 00r .
g
L5 -0.1F d
1.0 -02} 4
0.5 -03+ .
SN 0.0 -0.4 | | )
0.1 0.0 0.1 0.2 03
-0.5 x,
1.8 Bl 5 RS
-15 Fig. 5 State trajectories
2.0
<10
wl T T T T T T
— A5 o IS 7+
Kl 3 ke S UBBRE - o = AT ]
Fig. 3 UBB noise in bounding ellipsoid sH & R e e
, , , . ' T4 .
1 FLH OB A ST ) 505 SCRR 115180 SRR [20] K
R R SR EAT 0T B, e X P b SR I R R 3] a 1
{17508 8 5 AR LAIR 25 1) 0 B AL 5 A ST ik A 20 -
— . P BRI AT SRR ER O Dy s A Ly --- CDSMF -
Th ok 7 22 L Re, FF LA34 7 iR % (mean square TR R e R
root error, RMSE) /Ay B4 br. 18 SCHE IR IR 2% .
BEAT T 100G R RIS, B0 545 R 4-9Fr
7, 10077 FL I RMSEFIRRER AR EME IR 1. 40
#* FDCCDSMFH 2 18 F1| FIDCHL &Il B4 Ik 5 2% /&% 35
FICDSMES %, 5 BVE R M0, 0 T 8 S b8 19 B N
My, THEREERAAIEI BRRT R HIE T 1 s Jadh 25
R '
S 20
0.3 T T T T T T
....... 4j(%§E{E 1.5
0.2 ——ESMF 1ol —ESMF |
_ v --=- EEOBSME | ’ == EEOBSME
5 0 --- CDSMF 0.5 ---CDSMF -
00 B 0 0 1 1 | 1 1 1
Y0 10 20 30 40 50 60 70
T 20 30 40 50 60 70 k
k Bl 6 &M iRz
0.4 : : : : Fig. 6 Root mean square error curves of estimated state
....... R B/
02F\ —ESMF == T
== EEOBSME 0.3 T T T T T
8 00 \ =-==CDSMF _~"" |ew... ¥ N e RS HEAE
""""""" 02 ——ESMF
~2r 1 ; --=- EEOBSME |
.y s 50 --- CDSMF
0 10 20 30 40 50 60 70 ook e
k g
,01 i 1 1 i 1 1

K 4 RS

Fig. 4 State estimation results



ERE ]

VLREE: AREME RG22 M E R b THITE

1247

0.6

K7 RS R

Fig. 7 The estimated bounds of state

041

+ REHEME
—— ESMF

--=- EEOBSME
--- CDSMF

Fig. 8 Comparison of ellipsoid feasible sets

1
0.0

K 8 MERATAT4E

2.0

x1073

0.3

——ESMF
==+ EEOBSME

=== CDSMF

______

Fig. 9 Volumes of the state-bounding ellipsoids at each step

9 HHEREM

&1 fEiH AR

Table 1 Comparison of state estimation results

RMSE
Bk A t/ms
1 T2

ESMF 7.15e-04 2.59e-03 3.53e-04 3.1
EEOBSME 6.36e-04 1.51e-03 4.38¢-04 29
CDSMF 5.52e-04 1.53e-03 1.31e-04 34
DCCDSMF 5.58e-04 1.54e-03 1.72¢-04 2.5
PF 5.82e-04 1.89e-03 — 50.4

Pl 46 =5 VR S U 7 VR LA TR RE. o,
BlAbb i 7 3R BRE PPIRAS s At 45 1, BISEA T %
FRHPRS BTSRRI B APIREIE H 2
HeEME S, AR ESLIE P, WE4REISAT LR
W, 3R ELEI REAR I I R B IR AS B AN L S .

K645 H T RMSERE R (B2 {28, 67T LA
FH, HUIRAS 211 3, CDSME it 118 B2 B B A0 T
EEOBSME %032 11 [ 4 ESMF 50325 T % TR A 2o,
CDSMFAIEEOBSME .15 2| FIRMSE Ak i #2ir, {H
X AR B ) A TR B R B B AR T AR EESMF AT
.

P79 32 TGy - U8B 7 VA S T e 3L
H, BTG T SRR PPIRES A THA R, RS 2
=, ESMFAICDSMF 53245 2| 1Al v 1 S e & B2k,
#RHE S B B IR SE, P EEOBSMEH 1415 3
(P32 F B AR e Rl LS, (HAE3~T s [alfdi 1H i
FEAIRT RS . HERAS 2 T F, SESMFAHLL, K H
CDSMFHERT LA 2 3 A S84 5, TIEEOBSME
[l 45 B 5 CDSMFIL L.

KISFIE Ol 25 T 45 i ZI TR AS AT AT BRI AR
BRiA AR, B H AT LUE H, K CDSMF &2 A
THA3 B (1) 10 S R 25 FURH S T At B Rl O
EEOBSMEE1~3 s Z [A] 51 /N T ESMF, {H /& 3~7 s
B FAGHERE T %, SEREREFAZE K H AR R
(RN, 1% ] g & R W EEOBSME S i & 58 3 v v
AT /MBI T LA HEIR R AT S50 X Le#]
5752485182 — 50

A i, 26 197 10074/ B FIRMSEFI i Bk 258 #7151 1
B ERE T EiREE. ARIER 1OETE: Mot
PERESR T, 183 H I TV ESMF A VA A BRI
&, RS T I RMSE 23 Al 3 51 1 2023% f141%, 5
EEOBSME A b, R4S =) A THE FE B B3 &, IRE
2o AT THRE BE MBS AR, M S T RER T, ASCHEH
()7 92 5 HA R VAR L7 SRR FE B T,
ERZ AR/ N NESMFHIEEOBSME 1/3 /245 .

EEOBSMEiZ /2 LU N RS A2 € AL Al TH 5
PRI F R H G, RS54 T ESMESLIE 2k AL
THEREMEA R 22 8 T 715, Bl s KA i R e
15T A5 TR Z 1 Lyapunov pR £ /D B R S5,
PRI % T B A s At TR 2 A — @ R 4. ESMFAE
WA T B /MR ER AR R A 240, LR H A2
RS PTATERA FEINE S, BrUAEL At 5
AR R ik, P9 5 75 A L, EEOBSME 534 (1)
RMSE/), MESMFSEERI AT TERFLL .

CDSMFH: 5ESMFA 15— FF, il id i /Mb
PEERIABUR A SEL, FIBT MG THRZE RIS T T
FREFPEPAN 7 AT T ofdk: — 5, S o
ZET BT IE R = T 2R MEAURE BE, DTS 1 A



1248 oA R 5 N A

36 4

TR 22 55— T, I8 otk 2R AR 22 e Tk
AE— B BT AR T AT SR ST PE.
ORI AR A SR e ) B TTR, EATTAH B2 R
2= — W, 1E 2 DL LR S ECDSMFH
£ 5 ESMFAZAH L AERMSE R ] 47 SR AR B N FE AR
F#ESA 1R E. SEEOBSMER L4 L, CDSMF&IETE
HFAG T RE B W AR A R AR A THR ZE
K, W& # T LLE 1F7E ESMF 53 381 1) 2t
EEOBSMEH.72: /& M\ S E AR AL I A B2 FR AR A 11 iR 22,
T CDSMFHLIE U & M ESGIE 2R A b 158 22 1 £ P e et
fETHRZE O, B LA FIRMSE#RK T ESMFA. 2,
B BT R AEARE, B EIHFARREARIECDSMFE
) Al TR 2 — (% T EEOBSME. %t T EEOBSME
FOET S, R IR E KT 1), e B IZ T W)
MR ZE, X 2 B LS 8 bR v E (1, BT AEEOB-
SME XM 7E o [Pt 1 EBE LT CDSMF&RE, MifE 2,
M1t FCDSMFEEAR #BH 5.

AT ELEERT SKE, CDSMF 3 5 HoAth P Fh sy 4
bl B % AR T FE TR I () ms A 3 vy, LR PRLAE - %
7+ ESMF fil EEOBSME £ {14447, Jacobian B [ A1l
Hessianffi FE /& N LB ZRTTHE I, A T AFERT, 71X
FEOL T, IEGEES T /BT B —FF, RS 4L 20T,
At(2) < 0, B)CDSMFA 7% & 8 i — 26 {H 5 FH AR
FhOTIEA L ZEBEAR N, ZEARP IR R G H 3 e a2 SR
PERESR. 46, W LLE 5395 Wi A FA st ATDC R
RIDTEERBEREI L E 2R B, HAGR Ik 1 s (DCC-
DSMF), $& 1 SEi PR RIS R AT SRR SR B T P
SR, B SR L T ESMFMEEOBSME & 7%, 7
Ab, RMSEZARYANK, 1 A2 PR N SO (135 43 T2 B FBOK
T I TR, R TR ZE R LRI,

T34, W SR H R T I (particle filtering, PF)
AT T BARIRES Bl T, AlTH s R iR 1R
ChiF#0M500). ARMSERF, HoAL ik FE{EESMFA!
CDSMF2 [H], {HFERT AHXS B K. 2 IR B3R, #9m
W07 DL U A TS B, (H SRER 22 B
W E Bt K, A A DA A2 S B SR 4%,
TR PRI s A T Tk, AR AT 4R, BT AR
HBA 25 AT SR AR, (H R, MR R T I i 15 2
PR30 BAS X [ A5 A S 52 A 1
HFAT T . S5 RKRM, 30 BE X AL A NE
B, EHARE E BT A B ESHE, FrUASRETE Al T
RS BIORUEIL T, T A SCHrR 71245 B it e a4
I B SRS, X IE 2 FrA 42 B A T ik AL s, B
PAABAE R AR E /8 S T, 0 T4 #bsEis W s
ST N FH A B L

2% b, AT H I CDSMF & (1) & EAR 3 il
ST RE PR i, R ARt B —E ik
B, KSR AR SR FH R B v R 2 P A 7 VR R 2 A

25 5 T VRS R g5 S, TR, B0 B T 7E
B IMEZATHE I O BE SR VR AR T VR B 2 8k, 7
SPEARITFEHEAT T B0t P T BiHRZE .
7 W

ARSI T — b Tt 25 R AL O AR L 42
BRI, 1 5, FIF 2 4EStirling il A AR E %
ARG AR AT R TT, LASEIN T R 2R AL AL 3,
SR T RAEAGAT ALURS 2 1 7 I 38 4 T Jacobian’E FE K]
T RN R T R A AR 2 B R A AN E 1k,
I BRI A Ty A S LA R, DA R AL iR 2
5E TR AR TR S B R T LAER
WA BPRAS AT, E BN EH R B, o R L2
Mg P AR BR A S 22 N2, 3B I IAR SR AT IR 7 v
BLRARID G, AR SEVE R 2 [N, A3 e it
TIRE FE, B0 T VA — B 25 R st B, 4 T A
B2 BRI, BU5, i 0 E AL T TR EVATE
BT RIG FAG T T RO RE T4

F T3 e B2 5 BRI, A SO R 07 VR A R B
SN ) 2R B . B R G AR FE IR 8, BARZ
B A 44 B IR T ESME, {H FL Sz 1 04 4R 245
%5, T L, R GEHE 2% B AR 0 T S A SR A
Bl LR AT DA SR A . IR R 4, H
St S I P T SR A v, U T DA 3 ORI ) 77 12k e
RE A, BN — e RS .

534k, HAt ) — B O AR RE S 45 & B A SO
IR b, DR s e r vk RE. fn, A
FERER I IRE B (I UD S A BT AR DA 3
B PR E ST Y 32 5 T SR N N0 BV 1 S
PEUT-181 D) K SR P MR A o R PR DL 5
iRl & e FEi= AR

SECH#k:

[1] LI Haifen, TAN Yonghong, DONG Ruili, et al. No-smooth Kalman
filter based state estimation for Hammerstein systems with hysteresis.
Control Theory & Applications, 2016, 33(6): 745 — 752.

(FEFY, WKLL, N, 55, & F IR Hammerstein R 45 1 IEGHE
RREAREMTT FEHER SR, 2016, 33(6): 745 - 752.)

[2] RAANES P N. On the ensemble Rauch-Tung-Striebel smoother and
its equivalence to the ensemble Kalman smoother. Quarterly Journal
of the Royal Meteorological Society, 2016, 142(696): 1259 — 1264.

[3] CERONE V, LASSERRE J B, PIGA D, et al. A unified framework
for solving a general class of conditional and robust set-membership
estimation problems. IEEE Transactions on Automatic Control, 2014,
59(11): 2897 —2909.

[4] NOVARA C, CANALE M, MILANESE M, et al. Set membership
inversion and robust control from data of nonlinear systems. Interna-
tional Journal of Robust and Nonlinear Control, 2015, 24(18): 3170
-3195.

[S1 YU W, ZAMORA E, SORIA A. Ellipsoid SLAM: a novel set
membership method for simultaneous localization and mapping. Au-
tonomous Robots, 2016, 40(1): 125 — 137.



8 ThamEs: ERME RGP O E SIS TR 1249
[6] ZHOU Bo, QIAN Kun, MA Xudong, et al. Multi-sensor fusion for (W%, BhdA. FETUDMRIN BIENY RE RStk Baltb

(7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

mobile robot indoor localization based on a set-membership estima-
tor. Control Theory & Applications, 2017, 34(4): 541 — 550.

R, B2, IR, 55 FETAR A A THK = R EhHLEE A 242
A e L. P3RS SR, 2017, 34(4): 541 - 550.)

HUANG J, WANG Y, FUKUDA T. Set-membership-based fault de-
tection and isolation for robotic assembly of electrical connectors.
IEEE Transactions on Automation Science and Engineering, 2018,
15(1): 160 —171.

HUANG J, DI P, FUKUDA T, et al. Robust model-based online fault
detection for mating process of electric connectors in robotic wiring
harness assembly systems. IEEE Transactions on Control Systems
Technology, 2010, 18(5): 1207 — 1215.

SCHWEPPE F C. Recursive state estimation: unknown but bounded
errors and system inputs. /EEE Transactions on Automatic Control,
1968, 13(1): 22 - 28.

FOGEL E, HUANG Y F. On the value of information in system
identification-bounded noise case. Automatica, 1982, 18(2): 229 —
238.

CHERNOUSKO F L. State Estimation for Dynamic Systems. Boca
Raton: CRC Press, 1993.

MAKSAROV D G, NORTON J P. State bounding with ellipsoidal set
description of the uncertainty. International Journal of Control, 1996,
65(5): 847 — 866.

BECIS-AUBRY Y, BOUTAYEB M, DAROUACH M. State estima-
tion in the presence of bounded disturbances. Automatica, 2008,
44(7): 1867 — 1873.

LIU Y S, ZHAO Y, WU F L. Ellipsoidal state-bounding-based set-
membership estimation for linear system with unknown-but-bounded
disturbances. IET Control Theory & Applications, 2016, 10(4): 431 —
442.

SCHOLTE E, CAMPBELL M E. A nonlinear set-membership filter
for on-line applications. International Journal of Robust and Nonlin-
ear Control, 2003, 13(15): 1337 — 1358.

SCHOLTE E, CAMPBELL M E. Robust nonlinear model predictive
control with partial state information. /[EEE Transactions on Control
Systems Technology, 2008, 16(4): 636 — 651.

ZHOU B, HAN J D, LIU G J. A UD factorization-based nonlinear
adaptive set-membership filter for ellipsoidal estimation. Internation-
al Journal of Robust and Nonlinear Control, 2008, 18(16): 1513 —
1531.

ZHOU Bo, HAN Jianda. A UD factorization-based adaptive extend-
ed set-membership filter. Acta Automatica Sinica, 2008, 34(2): 150 —
158.

[19]

[20]

[21]

[22]

[23]

[24]

[25]

1, 2008, 34(2): 150 — 158.)

SONG Dalei, WU Chong, QI Juntong, et al. A MIT-based nonlinear
adaptive set-membership filter for ellipsoidal estimation. Acta Auto-
matica Sinica, 2012, 38(11): 1847 — 1860.

(R, R, M, 5. T MITHUUR EE R R4 Rttt I7
5. HEMEEAR, 2012, 38(11): 1847 — 1860.)

LIU Y S, ZHAO Y, WU F L. Extended ellipsoidal outer-bounding
set-membership estimation for nonlinear discrete-time systems with
unknown-but-bounded disturbances. Discrete Dynamics in Nature
and Society, 2016, 2016(5): 1 —11.

LIU Yushuang, ZHAO Yan, WU Falin. Bearing-only target track-
ing based on ellipsoidal outer-bounding set-membership estimation.
Journal of Beijing University of Aeronautics and Astronautics, 2017,
43(3): 497 - 505.

CRIER, AR, AR, FT-H1E FMFEREE R AL THR2E77 s H ARER
B AU TR 244, 2017, 43(3): 497 - 505.)

ZHOU Bo, QIAN Kun, MA Xudong, et al. A new nonlinear set mem-
bership filter based on guaranteed bounding ellipsoid algorithm. Acta
Automatica Sinica, 2013, 39(2): 150 — 158.

RN, BR2E, THBR, 25, — Pl T (RIE S FUER S i R et
B UGS ALK 4], 2013, 39(2): 150 - 158.)
N@RGAARD M, POULSEN N K, RAVN O. New developments in
state estimation for nonlinear systems. Automatica, 2000, 36(11):
1627 — 1638.

NORGAARD M, POULSEN N K, RAVN O. Advances in derivative-
free state estimation for nonlinear systems. Copenhagen: Technical
University of Denmark, 2000.

ALAMO T, BRAVO J M, REDONDO M J, et al. A set-membership
state estimation algorithm based on DC programming. Automatica,
2008, 44(1): 216 — 224.

Y& R

Ww EERTUE, EENFRE R, ZUE SR B

P ST ST, E-mail: shenq110@163.com;

XVEH B, WA, EENEBIE S F RS EoRSE

J7FIHEAL, E-mail: livjieyu128 @ 163.com;

B B EENEHS S5 R KIS, E-mail: hdou_

1988@163.com;

OB BRI, EENESHE DT E T, E-mail:

johnson_shen @outlook.com.



