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A New Indentification Algorithm for Deterministic
ARMA Models by Using Incremental Matrices
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Abstract; In this paper,a new method is developed which gives unbiased estimates of the paramg_ i
ters and the order for a deterministic ARMA model. Bcing different from any othér identification alge-
rithms, this method employs the incremental matrices of the open-lcop step response of the systemg,
several algebraic properties of thc;sub—matrix of incrgmental matrix are analysed and a simple method
to estimate the order of system is dcduced.’ Simulation resuits show the correctness of the theory pro-
posed.
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1 Introduction
So far, many methodsfljhave been developed whlch are used to 1dent1fy the unknow
rameters, time delay as well as the order of deterministic systems expressed by
Fosdn o A DY@ = ¢ B¢ Hu®),
Where A(q")zl—%— Zagq“‘ and B(q“‘)—— Lb,q", and {_/(t)} {u(t)} are output and
sequences respectwely9 d is the time deiay and gt is the unit delay operator (. e. q“y (t)
y{¢—1) for any £).

In the identification of unknown parameters q;(i=1,2, = ,2) and b, i (G=0,1, ,m)
case of known 3 n,m and'd, s ‘the most representative’ method was the Recursive Least Squa
(RLS) algorithm which uses the input- output data to recursively estimate the values of ¢
b;. However, in the practical point of view, a persmtent excitationl® linput signal is needed in
der to obtain an unbiased estimate in most cases, even though this requirement was not neces
wry._‘ This would lead to some undesirable behaviours for many practical systems. As we ki
in many physical ‘systems, a finite number of ‘data of open loop ‘step response can be obtain
whether the open-loop system is stable or not. So the first problem is to look for an off-line ;
ased estimatién; 'method for unknéwn pérameters a; and b; by using only fmlte number [
minimum number data of open-loop step response? Thns problem will be solved in section
tms paper.

To zdennfy the orders of system (1. 1), a widely used method is first apply the recursive
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on algorthm, €. g. RLS, to identify parameters with different pre-specified orders and then
(mates of orders n and m are obtained by optimizing some functional index. However, this

&S time consuming. So it is aiso necessary to study the unbiased order estimation by using
inite nu
Incremental Matrix and the Identification Algorithm with known Orders

mber of data of the output step response.

for system (1,1) the initial conditions are as follows
y(&) = u(@) = 0, £< 0. @. D
the output data of the system (1. 1), a step input signal () =u(0) = Constant, ({=

AS

ptain
applied to the system and the response sequence of the system (1. 1) is measured,which is

ibed OY the finite set Iy(-N)—‘{O’Os e 9?}(d)9y(d+1)9 ,?{(N)} where N>ﬂ+m+d 1.

5}5tem equétion(l. 1), we have

g (@ = bu(0), 3@ # 0. | (2.2)
tms equatxon the unblased estxmate for bo is ; ;
= y(@/u(0). (2.3)

he unbxased estimate of d is

d—mmm¢OVt6hw%—nmomm—¢k"@4)

5 letk t=d+1, we have e s
- @+ D+ ag@ = balD) + ba(®. .5
:(1)==u(0) and 2(0)by=y(d) ,the above equation becomes
‘ a1y(d) — bu(0) =— dy(d). 2.8
Ay(t)_é,k_y(t-}— D— y(t) for any f. Let t—-d+2, we can also get i ,
ady(d) + ag (@) — bu(0) =— dy(d + a0 e 2.7

aily , the following algebraic equations

ady(d + 1) + apdy(@ + j — 1) 4 o + ady(@ + azy(@) — byu(0)

=— M@+ j+ D 0 ji<m—2; ‘ 2.8
ady(d + ) + ady@ + j— 1 4 0+ ey (@ + a9
=—dy(d+ j+ 1) m—1<j<n— 2; ¢ ))
ady(d + §) + ady@+j—1 + - +a,+ldy(d+j-—-n—1— D)
=—y@+ji+ 1D a1, , @10

be obtained. write equations (2. 8)-(2. 10) in matrix form as

4 =p, - 21D

. fAu Am\I feﬂ fﬁﬂ 40"

re A= = 2.12)
-ty R P ks

Ay = dlag(— u(O), - U(O),"' s T ’U(O)) & R'mxmv : : " (2' 13)
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y(d) 0 0 0 0 o0
dy(d> y@ 0 0 0 0] - ;
An= | dy@+1) 4@ g@ 0 0 0|€ R, p
Ag@+m—2) e gD gD 0
(Ml m— 1) MA+m—2) e 4D y@D 0 0enrg
dy(d + m) fg@+m—1) o mA+1D H@D 3D e
An = dy(d +n— 2) My(d+n—3) e R 1C)
4yd+n—1) by@+n—2) e T - 4y(a).
@t atm—2) MU@tatm—3) o e e e myibm
0, = [al,ag,'" ’an]T € B0, = [blabzy"’bm]'! &€ R, ’
Br=[— M@, — dy@+ 1),, — dy@+m— D] € B, C

fr=[— @+ m), — @+ m+ 1), — fgld+2+m— DT E B,
Denote 8, and 8, (8,=[a,,a3,,8,] € B*,8,=[3,,b;,+,b, ] ER* where ,a,r,bJ: ’al';
niated values of ¢; and b;) as the estimates of 91' and 6,, énd solve eciuatio;) 2.1,
obtain the unbiased estimates 8; and 8, as o R

| b =Az'% @
by = ;Aﬁl[ﬂl — And] o ¢
From notation (2. 13),it can be seen that 47;! always exists since u(0)5£0. Thus the
tence of unique solution of the equation(2. 11) depends on the non-singularty of matrix As
it is necessary to prove that Az! exists. This leads to the following theorem.
Theorem 2.1 As for the system (1. 1),if 6,40 and the polynomials A(¢~!) and B
are prime,then

(i) det An540;
(i) 61=6,,8,=86,.
Proof Denote o ,

Ah = [01,02,°0,0,], 0, € B*i= 1,2, 2, , @

where o; is the i-th row of matrix 4,;. At first, we will show that o;54 0 for any ¢ from 1 t
this is not true, we assume that there exists 4, such that

o, = 0,

i, = min{i|o; = 0}. 2
Obviously , 4, >>n — m. Moreover, by the structure of matrix Ay we have o;=0 for any 2

Rewriting matrix A, as
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p@tm—1D  Ay@tm—2ees Ly - y@ 00 0 1
py(d-+ m) Ay(d +m— Desdyd + 1) Ay y(D ces)
fy(d+n—2) o y(d)
9
patmtio—® - @A mte—a—2)
0 0 0 0.
0 0 0 o -

can $6© that Ay (d-+m-+i,—n—2)F#0,otherwise o; ;=0 and which contradicts to the defini-

of i,» From equation (2. 9) we have

,Ay(d+1n+z,——2) ——alAy(d—}—m—f-zo——3)+azdy(d+m+z,,——4)+---

+ audy(d + m — a + i, — 2). @22
ause o;=0 when i3, and by (2. 22) swe have ' i
ady(d +m~+4,—n—2)=0, e 1 (2.23)

nce dy(d+m-i,—a—2)70,we can conclude that a,= 0,this also contradicts to the condi-

fthe theorem.
Secondly ,we want to show that the » rows of matrix 4, are linear independent. To show

we also assume that there exist o; Wwith i==1,2,+++,n and Za?;éo,such that
i ! o : E . =1 SN

Sag=0. @20
out loss of generality,let ’a.#() and f:;;a(z. 24),—o0, can be expressed as
Za.au &= afa,  i=1,2,m (2. 25)
t’riact matrix Ay as - - o R o
. dp=[anlgsd, @28
a—1

et the last row of matrix Ay be added by Zoga, and the last term of f, be added by
y(d+m+n—2)+a._gJy(d+m+n—-3)+---+~a14y(d+m) Because both (2 9) and

5) are satisfied ,so we can see that
M@t m At a— 1) =adyd 4+ m) + Bdy@+ w1 A

4 ady @+ m— 2) (2.27)
the similar way it can be proved that'the following equation ' /
— My (d + ) =trdy@ + j— 1) + aupdy(@d + j— 2) + -

+adygd + j—n+ 1),

ds for Y j—=n-+m— 1. This means that the system (1. 1) can also be expressed by a— 1 order
MA model, which also contradicts with the condition of the theorem. Thus (i) holds and there
sts an unique solution for equation (2.11). Q.E.D. '
3 The Identification of Orders n and m
In the above section,we have shown that the matrix Ag is nonsingular if n and m are
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known exactly. It is natural that there must be some relations among the determinant of maq(
Ay and the orders of polynomials A(g~1) and B(g™'). In this section we will give a the()r

which reveals these relations. Denote AfP™ A Ay  and AZT?7t"  as

dyd+m+r—1) Ayd+m v —2) oo Ay(d) y(d) 00 0
dy(@ 4+ m+7) dy@+m+r—2) o dyl@+ 1D 4@ y@D eee0)
dy@+n+p—2) dy@+n+p—3) o y(@
Uy@+r+p+m+r—2) ) one veo it e o e dy@tmtr— 1),

then we can obtain the following theorem.
Theorem 3.1 As for systém (1. 1) ,the relations
1) det Afte™ =det A b2u?(0) forV p=>1;
ii) det AZ ™) = (— 1)*"gidet AF™for ¥V r=1;
iii) det A+t mtP =0 forV r=1;
hold.
In order to identify !:he orders # and m by using theorem 3. 1,the normalized expression
system (1. 1) is introduced by
A+ g+ ag 24 o + ag™y® : .
= q (B + big7 4 bug ™ A+ 00 T A 00 e g DU

a—m—2

and the following algorithm is obtained.
Algorithm
1° Let M is a number which is larger than the true order a* ,for exainple M = 100;
2° Calculate detA$*Pwith the order h from 2 to M; k
3° Choose n*which satisfies
2* = min{n|detA@" P £ 0 and detAR? VP =10, p>un}
and this n*is the true order of polynomial A(g™Y);
4° The correct order m*is determined from m* =max{j|b;=0}.
4 Simulation Examples
Example 1 (Stable systein)Consider the system
, (1 — 1.6¢7" 4+ 0.63¢7Hy() = ¢~ + 0.23¢7Du(®),
with u(t)==1. 0 when {220, The output of the step response is shown in Table 1,and the ma
AV s ; k ’
[1.8300 1.0000
2. 2980 1.8300)° |
The estimated parameters are a1=—1 6000,a,=0. 6299,5,=1. 0000,5,=0. 2300,d= 3
Example 2 Let the system be
A+ 0.9+ 0. 39"”" Hy(e) = ¢=3(0.3 + 0. 6¢~1 + 0. 2¢7Du(t),
and also with u(¢) =1. 0 when ¢=0. By using the algorithm of section III,the max{n,m}'*"j’

Aﬁ 3
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ined with M =7 and the relation between f1(n) =det Afp=""/det A§—*—Dand a is shown in

1. And also e can get the m* =2 and the estimates of the parameters are a,=0. 8999 ,a,=

00> as=0. 9999 i=3; bo~0 3000,5,=0.6000 bz-«() 2000 In order to illustrate the cor-

,simulation with = fixed to 3 is also carried and the corresponding result is

0
e
Wn in
gand ® ranking f
(hat the theoretical results of the previous two sections are correct.

« of theorem 3.1
Fig. 2,where f5(m)=det A} /det A$p™=D, Fig. 3 shows the simulation result with m

rom 2-7, where fa(n) =detA%? /det AP, From these simulations we can

i Step response data and their incremental values S VNG,

izl 3 | 4 | s s

olol 1 | 283|512

01} 1.83 | 2.298]2.523 0 3 3 i 5 6 (m
- 0,1477

i Fig‘;lly The rclatioﬁ‘ between f1(n) and 2 '

f(my>x10"
fons

(n)

= 0. 14774

3 3 4 5 7§ (m) 6 .
/ v s 3 3

Flgk. 2 The relation between fa(m) and m Fig. 3 The relation between f3(n) and 1

- Conclusions ,
“As for the identification of both parameters and the orders of unknown ARMA mo‘del‘by on-

ng the step response data,an mcremental matrix can be constructed by using the mcremental

ues of the step response The orders as well as the parameters can thus be 1dent1fxed by sxmply

raic calculations. The main advantages of thlS mcrementa.l method are

1° Only mlmmum (or finite) mformanon of the systems is needed
2° The input s1gnals {u(t)} need not to be persxstent excited ;
3° There is no requirement on the stability of open~loop systems

Thus this method is sxmple in calculauon and can be easﬂy apphed in real systems.
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