o BERER SN Vol. 9,No. 4
%% i CONTROL THEORY AND APPLICATIONS Aug. ,1992

giability of the Convex Combination of Two Polynomial
‘ Square Matrices Arising in Robustness Problems
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Abstract; This short article will consider the robust stability of the convex combination of two
polyﬂomml square matrices. Necessary and sufficient conditions, and an algorithm will be presented to

check this stability.
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1 mtmductnon
Robust stability of a polynomial famlly has been studied a lot recently. Kharitonovil] has

: shown that a famlly of interval polynomm,ls is Hurw1tz if and only if four spemally c0nstructed
extreme polynomials are Hurwitz. For a more general family of polynomlals other than mterval
polynomlals, it is not sufficient to check all the vertex polynomw.ls In fact, for a. polytope of
polynomials, the well- known Edge Theorem[z] states t‘nat we have to check all the edge polynoml—
als. A so-called edge is just a convex combination of two extreme polynomlals; and its stabxlxty
can be catried out using the classical root locus method or even more sxmply using the result given
},,"'f;by Fu and Barmish!®), In this short article we will extend the result in [3]toa polynomxal matrix
case, and give a criterion for checking the stabxlxty of a convex combination of two polynomlal
square matrices. The motivation for this attempt also stems from robust stabllxza’uon for MIMO
systems; e. g. , one compensator sxmultaneously sw.bllues a convex combmatlon of two extreme
plant models. Up to now, there emsn no good method,s for checking tlus kmd of robust
stability,
2 Notations and Preliminaries . .
If H is a square constant matrix, the determinant and spectrum of H are. denoted by IH l
and sp (L) respectively, and the i-th elgenvalue of H is , denoted by A(H). H is stable if sp(H)
belongs to - , the open left half of the complex plane A polynomlal matnx H (s) 1s called sta-
Ve if all the zeros of {H(s)]| lie inCG™. A farmly of polynomlal matnces xs stable 1f every 1ts
Member is stable. Let conv{4,B) denote { BA+ (1— BB, 0 <1}, the convex combmatlon of
4and B where 4 and B are two matrices with same dimensions; and A@Am 3A®I + I®A the

l(honecker sum of A and itself where ) is the symbol of the Kronecker product of two matrlces
e 4D,
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Given two polynomial matrices
A(8) = I8" + Ay + oo + Ais + Ao,
B(s) = Is* + Boy#*™ + + + Bys -+ By,
where 4;,B; i, j=0,1,+,n—1 are m X m constant matrices, / the m X m unit matrix; alsg

(2

Q :

define the two mn X mn matrices

) 1
0 0 I oo 0
A= 1| sorveeenses seevesciesenseene sessoos sessene s @
0 0 0 . 1
— 4 —4 — 4 * - Au—ﬂ
o 7 0 . 0 7
0 0 I . 0
B = :t| e seercrisareres tesstecnvreecens 0
0 0 0 I ~
— By, — Bl — Byt — By

The following lemma 1 is simple and clear; lemma 2 is based on the continuity of 1,
eigenvalues of (APA)+ (1— B) (BEB) with the variable BE[0,17], and a factl4] that W
@H)=2(H)+2;(H) where k,i and j range the numbers of all eigenvalues of H.

Lemma 1 conv{A4(s),B(s)} is stable if and only if conv{A,B)} is stable.

Lemma 2 conv{4,B) is stable if and only if

i) one of 4 and B is stable, and

ii) conv{(A®4), (B B)} is a nonsingular family, i. e., every its member is
nonsingular. ‘ ;

Combining the two lemmas above, we have

Lemma 3 Suppose that A(s) is stable, then conv{A4(s), B(s)} is stable if and only
every member in conv{(APA), (B@B)} is nonsingular. “

It is important that lemma 3 turns the stability of conv{A(s),B(s)} into the nonsingulaﬁ
of conv{(ADA), (BEOB)). .
3 The Main Result and Algorithm

Having the preliminaries above, now we are in a position to state our main result. ,

Theorem 1 Suppose that A(s) is stable, then conv{A(s),B(s)} is stable if and only if (A
@A) (BAB) has no eigenvalues in (—oo 0] where 4(s),B(s), A and B were defmed in
(O~ .

Proof By lemma 3, it is sufficient to prove that every member in conv{(APA), (B@
B))} is nonsingular if and only if (ADA)"1(BPB) has no elgenvalues in (—eo,0].

In fact, from

BADAD+ A —PHBOB| = |U—HAUDA]] = ﬁ1+ (A@AB@B|
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5 the ponsingularity of (A@A) we derive that (A(DA) " (BMB) has no eigenvalues in
00,00 f and only if |f(ADPA)+(1— ﬂ)(B@B) [7&0 for any € [0,1], that is, every
omber in conv{(ADA), (BOB)) is nonsingular. ‘
The above result suggests an algonthm WhJCh is easily implemented using various ready—
ade goftware packages. ‘ : ,
step 1 Determine whether one of the tWo given vertex polynomial matrices is stable. If
55, then 80 to step 2; otherwise the family is not stable.
gtep 2 Derive the matrices A and B based on (3) and (4)
tep 3 Derive the matrices ACDA and BEHB.

' Step 4 Suppose that A(s) is stable, calculate the elgenvalues of (A@A) -1 (B@B) yand
see if there exist any eigenvalues within (—oo, 0]. If yes, then the farmly{ is not istable,
otherwise it is stable,

4 Conclusions - ; : —_

In this short article we considered the robust stabxllty of the convex combmatxon of two
polynomlal matrices. Sufficient and necessary condxtmns, and an algonthm have been obtamed
for checking this stablllty For the dxscrete time case the correspondmg problem has meanmg also,

put may be more difficult.
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