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1'Abstract

, In thxs paper, two fundamental theerems are gwen to dzscuss L

' scveral types of decomposxtxon ef an eperator an'

condxtmus for ,

the operator to generate a Cy semxgmup under such'decomposxtm

Ans example is al&o ngen 10: 1nd1cate the apphcatxon of the above :
. heorems. “ S

. Introduction , ;
The “conditions that a linear operator generates a C, semigroup
, p'rodu"t:t’"B-#spaces or decomposition of a linear operator and its

apphcatmn to initial value problems W1th non-locai borundary condx- '

re Xn X, and X, aré Bk-—hs:f)aces, 4 is a lmear operator from x
ta X Wzth domam D(A) ((xl, X1 xa)TEX x,ESx <X xwl,z 3) {/Ve

’ assume that 4; 13 a lmear operator on X respectzvely
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We have the following theorems on decomposition of A and con-

dltxon to generatc a Cu semigroup
“Theotem 1. Wé '

’x13”273 D(A.)-—-(3~1€X1~¥1 Fgle Fglxzt

3). F“ is a bounded operator from xz to’ xn Fa: :

a bounded operator from x; to x,).
ii) 4 (i=1,2,3) generates C, semigroup T} on X respectively.
iii) A can be decomposed into, the following form

Ay 00 I -F,, -Fy,

; : ‘ 0 F,,4, Fgids ‘
A:(O A, 0 )(0 i ;O )‘*‘(0 0 0 ),, 2)

0 0 A o I o 0 0

‘Where f,ESx Then, A can generate a”C'gﬂy‘ semigfoup T, on X, and Ty

is expre»eed as follows

3 T. 'f ,2’ 1,T,:~' "‘"’~'iyfrgngfgﬁy‘;:-Fz‘iTts S T:ths it 7,

‘ Ty= G . ‘lgi ) ’ 0 B (3 bR
R S v -
« Proof According to assumptlons i) and u) -as Well as - C3),

we can verify that

1, Tiig an: operator from: R* to L(X);
2y Ty=dyn G bl i3 T
35 TVE= Tu,, A0y s>0; o ;
4, for any %, € X, }]T;xo~xnﬂ——-—>0 as i+0*

5, ( T, (x, F2;X2 F:}ﬂfs}/t"’x;/t-}-“:;l:"‘\
. + F, lT‘ xz/t + FB,T, xa/t

lim (T ~-::c:)/i lim

3#0* R t—-»()

© e

(Tg 2, W\XQ)/t
‘LY T 'tT‘a‘xé Q,xay)‘f’/{’

(IWQ(X!’,,.FzﬁGz Fazxz)‘“(x‘x f’zlxz Fa:.xs)/t%-

| +1721(T:xz xz)/t’*‘ f’sx(l xs"‘xs)/#

(T x2"'x3)/t D Beieaaun s

(Ttxa"'xs)/t o
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Aixy "‘Fa ¥ “‘f':uxa) + Py Azxz;%»z?a iﬂéx'g“ s oy

Az,k’“; A

A3x3 N

by (2) for x:€ Sy, ~«D(A,) (z~2 %) and %y es,c ,since %~ Fy1%g—

_f’31X3(D(A ) for x esx‘ (z_l 2 3)

fhe proof of théorem is completed by conclusmns 1~5 ;,
remark 1 We can generalize the themem to more general cases
XX, @ @Xm N>2,

D(A”'x”s-x;s,z =2l 3,"-‘”"'~N‘

,iwhere 4; (z- Toerss N'Y is d”““nsdy defined as an closed operator in X,

nd generates a semxgroup I’ on X, respect,&vely, F;(z-«z,f-;-N,)

ectzvely- 7

”bounded operator from Xi o Xa :
on X and -

Then, A genera’ces a C% semlgroup

Mnreover, We ‘can assufite that: i

R(/l ADTY }<m,/(2 af,), PR IR

by Hille—

Yosida theorem and we can conclude that
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HR(A A) E§<m(N+2(N l)c)/(/l a) i | sl LB,

E‘Tf§l<’m(NL2(N Deyexplat), £330, : (D
where m=max(my MyyesMy), a=max(aysdas 1dn)s c=max(cys€s
CN)’ “F‘l I=c (2“1 29 5N, and tak«i'n‘g"

e T, T T, o el

Remark 2 In some cases, operator A usually is. decomposed mto .
the followmg form 4

A= A+¢v

where A satisfies the assumptzons of the theorem or remark 1 and ¢ i
is a bounded operator from X to X As it is Well known, 4 generates

a Co semlgroup on X . ; . ' :

’ Lspecxally, if A is as the f1rst term in (4) and <,b is as the minus
~ second term in (4), the solutmn for the system '
Lo A o o Gy :

”‘Ji‘"‘AxS x(O) xa"“ (xxna ) ch)

s as iowllows

x:(i)—T.x,, i= 2, -y N,

., N N
*"\x,/a;):’fz"(f xig= 2 Fosio )* DR IR

‘+MI ,_,7}’.,’( EZF” A T.x.o )ds i b :,;"y;‘( s)»-
=2 :

: In what follows, we g1ve more general form of decomposxtxon of
Theorem 2 We assume that

: 1)D(A ) =
3 D4, )“"(XzEXz: Xy =X, _~F3>:z':x!3:s xiEqu i=2,3), t (5
D(A )~(x;EX; x1~x; Fzsxz“mes» xle’Sx

[R4

szD(A Ys xsES 5 )

where Fgs is a bounded operator from X} to KXoy Fpq is a bounded
operator from X; to X, and Fuy is a bounded opgrato;gfrom Xy to
Xy : ¥ ’
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i) As the same as dssumptlon i) of theorem 1o

i )A can be decomposed mto the followmg; torm

I *F“ Fzz’i‘f’zars» -
: )(0 y “Fn ) b

| 0 F”A FS,A 1:2,‘4213;;{

1 cliows

'rx“Aﬂ%n+F;TffTFunz~TFm~F;nb“+F“T

: ’Tsz,:’ﬂ - - FazT el IZF:‘BZ

g ~
mdrk 1, we can see A generates a CQ semigroup Ft on X=X,

( 1'2(9(« ~1* 2x5)+1* zTgxg ‘
1gx3

,g‘,"he one h‘md, 11 foll@vvs fmm (9) that

D(A )»»(xlmxR Fx, x;&le, xED(A)s

‘= (%,m>,meumn,me&g, eI

nghto the assumptmn of the theorem and results of theorem :
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where F-—(F“, Fgl) and. we have

'lpx"‘}’21}521‘b51kn"'FZ&XZ”‘[’?-I‘&J")Z'}(Ssxs

"'(F219 ‘ q;“Fg;qu)"CAFx

On thﬂ other hand, we can also pxpress (,12 )

and F=(Fyy, . “—-F“Iigg) is a bounded operator from .}& to X,
since Fy o Fy and Fyy all are bounded. operators. i L L
So, we can use the xecults of theorem 1 and remark 1 again 'b‘y";

(15), (16) and (17) and we obtam that A generatcs a C0 seng

““(x?.sxs) . (’16")
'by the followmg form

roup T: oa X X /)X X Q}’ZQXU

and 4 . Tix,- F‘F«HFTex ‘
| sz~( = (1% -

At

{ « i Zji x

The proof of the theorem is. completed Ny 5 ‘
Remark 3 It is easy. to Verlfy that the assumptlons and results
of | ‘{heorem 2 are reduced Yo the assumptzons and ‘Fesults of theorem
Uwhen Fyo=0. /A | | i
Remark 4 When F, ;=0 we can obtaln another form ok decompo-
mtzon of A distinct from the forvn stated in theorm 1.

D=5,

D(A )_(XZE'XZ X?“Yﬂ‘"‘f 2Xgs J?:‘ésx;:" i;z‘(ﬁaé)ﬂ

DAy = i€k Tisn B R mES, WEDMy)

A4, 0 0, 1 =Fy FuFa 0 Fody —Fy A Fyyy
A?( 0 4, o)(of By )+ (0 0 Fud, ) :
Ny 0 4 Moo 0 AL T R e F :
BeG CEER 18y

¢ x,iwﬁ {_{F;{ )).;.F“[Z(xz.,}:“x ) e

T‘x:, : Tz(xz*'fazxe)“*"}‘szf ‘53 {]9)
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rRemark 5 When D(A1 ,~,(,x1€Xt %, =5, Py x, < F,
i=1s2s 3) instead of (9), we can also

saposition of A distinct from (2), (3)

Ix“x,(;Sx )
acqulre another torm of deco~
or (18), (19)

T Al 5 \0’.: 0 1 .... le ; 5 "FS 1' A } 3 { oy
A:yy( 0 Az 0 ) (\ 0‘ I, ~-Fg, )+ SR

o 0 4, Yo 9 0 N
p F, 4, Fz!F°2A +F31A -»”F“A F et ‘ !
B . . - =

+ 10 0 - S FszA i ) : (20)

T (%, ~ FW,Z—MM )+F“I‘ (x Fszx y+

RIT AR +(F21 32+F31)Ttx3 g R

Ta=| | | oy

Tl (x, ‘,“’Fs,zxa)“'FazT:gxa cn e ’ R

; =9
"ﬂ'(’;‘e F“xz 21(x2+}'39x3) F217C2+F21F525‘53

fhe “osult zmphes that the domalns of oporators A 0 A& and A
e coﬂnected with each othe1 hls,e a cham

Remark 7 Tho key point. tg* apply theorem 1 dnd 27is +to fmd

s0 that the dssumptlons of theorems are satlsfled

xamp!e of more than two systems coup!e wzth each other on
ndanes e '

der the systcm as tollows

dfcl/,ot*‘ xx; Qaaxx/(%a:zs 56(09 l)’ tﬁQ»

x<é‘ t‘>“§'f=o =1, €L20, 1);’ o
iy (0 3) = 2 xqg» s e ; RV AYENE N
. e ’ g”‘l ’, ; f(’)GC‘(O l), - (22)
Xi(lst) J f(g)f‘fg(%, f)dz;f, 3 .
éﬁczf@im Lpdy = «-1/59[2/072, A, "-"-”CDanCtion Dp((fd,tor
v DOSIth\, constant (convection speed)y - 0 n o
ythg = <b» X5 2 b= (b bm)r\’ xa(t, g) 1 ")C%n T g?j(ﬁ,:fl')ﬁ?
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u(e) € Lféc(o, o), ult) E'Ii"(}ngm), De—mxm matrix

Now, we have

: ng—:‘(’x:;ER), -
Syq = (xzeHl (0, 1)' x:zi;«‘a = ’(b,‘ k‘?s)R”‘)s N

: N N m
. Sx;: {XEHZ(O’ 1): ?ﬁl&:s: zxieg"’

o wil rj HErea e, nd«s)
If,;"\Wk,e take ' | ;
D(A,) =Sy4,

Df(AQ:(;;GH‘(O,l), ;C\;lﬁ:kylz"Fazxw 'xiesxw 1":233?9

where

Fszxo = <bs x3>k ’

- Voliz

;’   F3 lxn T < G<§) ¢ x >p % G(é) B (Gl(g) % ’ GM(E))F i Lrdo g (’ :

4% %,fysatzsfying d*G (5)/d§2=0’ ¢ Is “1“0’
EPcy 136'2 [ f(&)xzﬁf; z)d‘-’ §ain ‘

then, Al gcneratcs a Lg semxgroup FI on Xﬁ’—;LZ(O 1) and A (1—2,:

3) generates a C, group I: on X (1~2 3) respecttvely, X2 L (0,1),"‘:

X, ——1\ ey
Now, the systems (22) can bc descrxbed bv {

: dx/dt~Ax+¢x+Dw

Whem A is expresced by (20) and

0 szAz ['2,:?'02.4 +F31A —FZlA Fs?

£

<f>=~( -0 - F“A )9

Du—- (0 0, Du)?, and A generates a’ Ce semigroup’ T: given: by (21) on

'X X @Xz X, =L*(0, D®L(0, 1)OR by remark 5.



 The Deoomposnton cf an Operator on Product

 B-Spaces and I J’Apphcatmns T

Hence, gb is a bounded opexator from X to X and (A+¢) generates a
C, semigroup Tt on. X .

Tixg =Tix, +J- T T ixgds 00
9 .

where T is given by (‘21) and

Drv Centre, Un:vers1ty of Warwxck Repor’r 49( 1976)

€3 b Zabczyk I A Semlgroup Approch to Boundary—»value Control
Proc Second [FAC Symp on Controi of Distributed - Parameter
qSystems Pergamon Press ( 1978 ), 99 — 107.

C43 Zabezyk, 1., On Decomposition of Generators. SIAM I Lon’trol
And Ophmuatxon 1€, 4(1978) 523 - 534' e
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