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ﬁbstrac%

It is 1mportant to determine the fzssmn cross sectiin in. the
theory and applications of neclear reacter. In this paper we.
prove uniqueness and cxistence of the optimal fission cross sectwn,

and give. Lhe optimality coundition,

“The settmg of the probiem

In the theory and applications of auclear. reacior a very import-
ant problem is to determine the fission cross section. In this paper
we use 'singley energy static dlffuswn appromma’uon Consider the

mgenvalue problem of the elhp’mc opera’cor of second order

’a olad. ez g o, sutisen |
- Z a a;j (% >~%—)~+O’(x)€0(x> fdf(xW(x)’ x€Q (1)

1yj =1 : ! . ' T
P(x)=0,xET

where the domain Q. oceupied by the reactor is a bounded convex

~op t in R® enclosed by a sufficiently smooth unilateral surface
I; a,,(x)f— ai(x); @{x) is the neutron flux distribution; ¢ (x) is .the
macro — ,absorptlpn cross section; 0;(x) is the macro~fission cross

section; »>>0 is the multipticalion fator; A is the e;QigehxaIue,

. 'W,ef\,fassume ‘fha‘t ;;heré is a constant ‘c,;,>_;0 such ‘that’f{ [
> az,m&&, ¢ Eé, GEIER, 2D
4=l i=1 ety 2y
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- that o’a(‘C)EL 2, a(x)')‘>0 : a, JfE;Q and G[(X)EL @, U;(x)>0,
2 exEQ, We now defrne in L (52)
) N L N
S 2 Lt M
o 0%; oox
:1 R

_ D(L)"{V{ELZ(SZ), LvEL‘(Q) V/F 0}
kand the bounded hnear operators
' - EP=0, (xw(x)
D Zp= a;(x)@(x)

It is known that under the above assumptmns the operator T v(L+ e

571 3f is compact lﬂ.ﬁL;z(Q\), ‘the largest eigenvalue 4(07) of T, which
is algebraically simple, is equal,to’ the spectrum radius and the eigen-
function @(0f), belonging to 4(0y), andy may be chosen to be positive

almost everywhere. (See (1 For 51mp11c1ty, we assume V=1,
‘The problem is to determme the fxssxon cross section as exactly
45 possible by measuring the critical flue d1str1but10n We regard
'as the identifiction problem of a distributed parameter system.
From the physwal consideration, the adm1551ble set of fxssmn
cross sectmns 15 . j L
U {afyeL“’(gz), c,<af(x)<cz}

o where cl, ¢y are p051t1ve constants

e reactor ts in a crxtlc'w} state, Whmh means that the Iargest e1gen~

"tmn, namely the critical flue dxstrlbu t1on, is pos1t1ve almost ever)’-

Sured that 1s

. Note that, the the crihcal flue dzstnbutlon is bemg measured,
e of the system (1) is cqual to 1 and . the correspondmg exgen‘ :

h’ere To determine @ umquely, a reasonable requirement is - that

total amount. of neutrons correspondlng to @0, is equal to that bezng :

. j @0y (x)dx = {»%(z)'d’x Nt ;( 2)
"L?,,t,,gzl? (2) can be rewritten with the scalar product in L? (.Q)g '
i ((p(af),g> = (@’d;é’) ShaE (3)

Thus we will consuler , : i e

(L+Z)ye=00 : (4)
og,>=p (5D

W}}ere = {®4,g%, Using a quadratic cost
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7 (@) _.;_J |9G) — 0u) | *dx

we set an optimal px‘oblezn, of determining @, such that ,
Fo) = imf7I@® - (6
et o ’ , : -
V= {Pl9=0, (P.g) ~P9'710€Usat(4)holds}
We will show the existence 2 and umqueness of the solution 01 (6)
and give the sufficient and necessary Ccmd;tmns of ophmalxty
2, Existence and uniqueness of the op’umal solution
 Lemma 1 V is a closed convex set in L2() ,
 Proof 1) Convexity. Suppose  that P9, €V, t€(0,1), $:=1P, +
A~19,, then 90, (P,g>=1, We have 01,62€U such that (L+2¢)<P,; /
=01 Pis. 2—~1 2. ' 4 ~ ; e P T S :
Define
' idxld’:xi“y’f' tyl”"'/t)yo"zq);
= t(p;+(1»t)% e

then aEU (L+2‘)<P c@ |

)Closeness Consxder a convergent sequence {QP,,}‘ CV, <P-><P in Lz , '

Tt is obvicus that (@,g} ;p For any fEC‘”(Q) Wxth f>0 f <Pfa7x=:

lsztpfdx>0 thus 9'0>0 a.exE,Q Suppose that O',Eu, (L+Za)¢i_’

N~

LGP, ‘Uiis a’ baunded seﬁ in L""(Q)g so that 1? ist sequentxally weak

compac‘c We rnay assume thax {0} converges ’co GEU For any fEC” e

, (52), (<P=,(L+Za)f) (QD;, G:f) Let i—>00, we ob\,am {<P, (L+Ea)f>:

(P, 0,V fGC‘”(SB) which zmplzes that ¢7€V

Lemma 2 Le’c A ‘be the fzrst elger\value of the operator L-i— Za, g

and @*>0 ba the correspondlng elgenfunatlon (L+Z‘a)¢>*"h*¢* Then 3

the set ¥V is nonempty if 3
<ﬁ. <Cz

Proof The part of “if”’ is emdeni Suppos‘e that @EV UCU '
(L+ e = 0‘97 By makmg scalar productlon Wxth W‘, we ge‘r k
(o9, 9*)={(L+Z)P, ¢*) ,
=(9, (L+I)P=AP, 9%y
Si’nce ¢;SO’§€2_, : < s : e il d
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¢1{Pi, PO (Uq’; ‘p*)’{Cz((p, P*)

thus Cl<,1 <Lz for {@y @*)#O S
We now state the main result of thls paper. e ]
‘Theorem 8 Suppose that ¢, = /1*<cz, then (6) has an unique . optx~
‘mai solution Py, satlsfymg e o i e
R PPy 9= >>0,, VQ?EV LR AL
Proof Since V is a non-—empty closed convex set, the existence
and umqueness of @, and the optimai condltmn (7) foIIoW from the
general result of convex analysls We s1mp1y recall o
- Theorem Afs1, Let V be a nonempty closed convex set m a
Hﬂbert space H, @4 be a f1xed pomt in H, then there ex1sts an unxque
"pomt 09° in V such that Pohl e A e
' [Po =94 = inf [@- ‘?’af
PEV

' Moreover @, is the ophmal solution 1f (7) holds
Remark Stnctly speakxng, we, should show 1he umqueness of thef

hryvop’umal critical flssxon cross sectxon cr, Whlch can be done in the
following way. Suppose that (L+ £)9=0,9,9EV, o EU z—1 2, then

,<P 0,9, Since 9>90 for a .e xGQ, (7;——02. R '
~ Optimality condmon LA LS T

- Although (7) is really an optzmal conchtmn for Q’«'u, However it

is not convemen’c for use, since the structure of V is not. clear dn
s section, we introduce a more - ana}ytxcal cond1t1on Defme,' at
irst, the dual state ¢ satzsfymg ‘the equation oo

) (L+Z)¢= O P+ (P —-PD+ag ... (8)
where the constant @ is to be chosen For (8) bemg solvable. we
st have s 4

Py~ Patog, @o} =0

AECEN R '
= _,-; (q)o 'f:(pdb ‘p0>

In this case, usmfr @ specml solutxon (8), we can ssmphfy (7) and

o 'tham R s R e e ; '
R cﬂ> <<L+Ea><lz Uc‘l’ ag, ¢ %> o

=L+ Z)¢- a°¢, P> = <<b <L+z:o~an><<p ?, >> |
={¢y (o~ 0’0)@}* F

Thus the optimality condﬂ:loﬂ (7) can be rcwrltten as
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H{o=0)P, ¢Y=0, VOEV

To simplify (9) further, we need some lemmas in 23

‘Ik =0 and [h{>a>0, Va-exEQ, then there exists £,>0 and ¢.€V ":

- for 0<i<t, such that

Lemma 4 The solution mapping o; —>(P(op), A(op)) defined by
(1) with the restriction (2) is a Fréchet differentiable mappxng f'

from o;€U (Wlth L= —topology) into Lz(g) XR-

Lemma 5 For any hE€L™(Q) and t€R small eaough, set o= 004' o

thy (Pf 99(0':), /1: &(O'r), then
ST _d_j ,‘ A(kw, iy
Cde <an<p.,, P,

Lemma 6 Suopose that ‘PéV, (L+2)<P aqo, hEL (52), a+hEU

(L+E)(pf Gr(pf
where '
o U+th+0(t) &

Proof Let 3= o+, ?=0 (o, Afj_uf;,) By Lemma 5 z, /1(0')

F0M =1+0(), thus S e
(L+Za)¢t— (1+0(t)) O’t‘pt i

Denote: o’;~(1+0(t)) o‘, c7+th+0(t), we! lel show that U,GU as t is ’«:

small enough In fact, if h<~e, then

: : =g+th+ 0@ -
. 'ﬁd-'—f&+0(i)$b‘$6:; ;

if i>e, we have ot :

o javpds, od 2
=g+ —th-=th+0(
o =0 zih ztk 0(8)
<0 -!'-%t h<o+h<c,

Similarly, o, =>¢, as & is saiall enough.
Theorem 7 @, is the optimal solution of (8) if

J‘ {o(x) ~ 0’0 (x))(!)(x)tpo xdx=>0 = ’ 10y

for any o(x)EU satlsfymg

J G(x) Q% x)dx=§gaa (x) ?%(x),dk | | 11D

where ¢ (x) is defined as (8):

B
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M ‘c
Proof “Only if”. Set h(x) =0 (x) =0, (x') First we assume that B
| catisfies’ tlie assumption of Lemna 6, that - lh(x)i>s>0 In this
anse, by Lemma 6, we have o,~a+tk+0(t), 0= q;(dt){:;; and ‘

| j <o~f~o >¢<p,>o

, o ;»0*, we obtain (10) }*or a func’tlon GEL (Q) in general We
argle by an approxxmahon , PR L o e
Lemma 8 Let 0€U, G#%‘Uo: sahsfymg (11), then we can find
0, €U such that o, ¢ satxsfles ‘
(@ as e>0, i

Proof Deﬂate S)a~ {xEQld<a(x} ~a°(x) mb} ance jr <Pz dxe

!ofwcro}>8>0 and o.»0 in

{ O modx,(l’(,>0,o’ o‘géz‘:(), there exist a,6>0 s_t. mes 53 23 me};

 0.=0 in ON\Q:, .,;Conv,er,,sefl ¥, supp

se, for e/Xa'mpie,JQE o0 dx >

938"@%4"’ we define

in 9\ (SB*"“ UQ:;}

here d is chosen so. that f o, Q’)%dx J G‘Z’zdx Netice

',""f’;“:that d=0(e), so ¢, =<0, (x)<t:z. Moreover
100041200 ~ 0y (| = [0,(0) =0y | =a - d 2, yrEQL"

log~ol=0¢) i s b
Now return to prove fheorem 7 Take U as the approximatiox;

S¢Quence in Lemma 8, then o

, f(ara,,‘)w Qo =0
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Let s-—-z»O*,' we ob’caln again (10). A S
- The %if™ 'part of Theorem 7, We show that (9) follows from

hen ‘maer@

.—-‘w

(10)»,(11)-3% Zs:{xEQI%}(x)’s;;} ,U'j EQ!@(x 2%

0, as e-»0, If 0=0, in %, for some &> o,**iie&
hix) = i o (12 -0, (x)

~@(x)  otherwise.
(pg (x) ‘

For t small enough o=0, +tkEU and j a,t@%dx:qu.,;qz%dx, since

Lv va"(tzﬁ: ¢,)dx=0, From ’<"‘1'0’), i

Jf (-0, )qﬁcpdx>o
For ¢ in genera.l, we choose lEL“", such that l 0 in }_78 for some‘ .
e>0 and jaa (<P <P0)l 0 Set

h(x) = %,f‘““r"‘q;‘u—(':")—————-@( )l(x) X,/,E.,Q\ze

om0y +th
then , L
qug‘p%dxzjgao i dx—x—tjg(cr»ou)qz ©y b dx :Iqw@:dx

,@-a01 ¢ 9 ar=0

Using an argument of approximation, we get :

- J,e-o0gvazo

- Remark Condition (10) is of the bang~bang type, In ,faﬁf‘;’%t’,“,‘"ﬁ
from (10) we have St ’
o, (&) = %ci 1 gb(x)’>¢wo{ .
' c: if d(x)<0
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