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Abstract

bv the symmetmc pomtwe defmxte sol,atmnv of the Rxcratx mcitrlx
'equamov and the Riccati d1ffereﬁha1 matrix equatxo ‘we construct

positive def;mte, quadratic form functxo*ns, and give the equwalence i

of linear constant control systems and linear coustant control
" systems with time -lags, and the equivalence of linear tzme»varymgf
contrel systems and linear t;me»varymg contrel - systemse with .
 time-—lags, At the same time we ebtam the estimate formvuiae for
' /the bound of the hme-1ags e

(,ontrol svstem as showu m Pig 1-], 1ts contrc)l equation is

In ;évddfition.,; we have  the szmplest ciosedmloop commi system.
shown in Plg 1=2, the equatmn of thm is usually Wmtten as.

[-

dfl + (C’J-K)X(w = U (t)

However, stnrtly speakmg thzs diagram should Le zepresented ’b&ﬁ
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*'clectromagnehc waves nccd time to propagate In the g (Jm] problems

w3

f contr i pngmeemn , (1 3) is teplaced bv a, 2) on the ground that

’atzcai ;ustlficﬁxon, siiice,

_dx ;’L +X () =

fm exampi?g when Umo, ihe 'éqnation

I

qua‘mor

CodX@y
S 2 X (T *ﬁi()' u"'(’r'}()”)
@ Y=o
5 ﬁns’cexbleg,,rj.c» matter how small Lhc posnxvp numbex~ 'mav be.

cing (1,3 by ( ), we should give a,‘tneorgmcally systematic
themahca] proci g i taradt g 16 dloon sl

me~1aus. and thc eruivalence of the hnear, timcy—varymc” vontro»

The Equwalence of the Lmear,: Constant Conts‘ol System and

Fhe venetaﬁ lmear, f:onshmf LO!IH‘OI %vstem wzth tunewidgs is

L dX@)

= ;:’;fztf1,>X(z)ﬁ‘+*;4‘<12))<'(f4 f)~‘+BU’ﬁ<w.*‘i» Ty

refore, regarding the" pmbiem(; of stabilization credted by Cres

tem dﬂd Tho lmear, tzmo?wvarymg control system Wuh time——lags'

vhere >0 may he a constant or a functlon of tjme i, since even

is vcrv Small For coﬂzo] ‘;st«sms this mp]dcemem xeqmres math- .

:}»es,es a sfable trwm? soluhon Whereas ‘the tuvial qoluhon of che‘

inean Constant Control System wnth Txmemiags m the Theory of‘
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Y =X @ ' 4 (2,1)
: 2D A A X @)+ BUD + A (X(i%fr):‘“ﬁX(t))f’ o

I=1,2; vectors X () = (x, @ ,x,i(z))f, U ;7(u,t(z), zzm(t)’)f Y@ =

dt
CAXBUM + A KG-D =K@, (2.2)

where A=AV + 49, r=7,0)>0 U, j.m'”l‘,' ,n) is a constant or a

function Of time, when 7=0, (2 1) and (2,2) become constant control
systems .
BEO _gxossvo (28
ymecxam sy
W'heyfé ﬁo.ns;tant matric’é AT (a"ly')m;"” - <bi1)ﬂxm9 C((q}){)xrré /1 1) = (as,(vh)ﬂx"k

(O OFEINN RN ,
Suppose that (2 3) is Controﬂable and observable Eor the hnearg
consiam comroi svstem we can rhoose an optlmal neqatme vectoz
function ’ ’ s
Uty = =KX, DR €2

which minimizes the qﬁadra‘tic performancé index :

oG

= { (X‘(t)OX(z)«th(t)RU(z))dz.
) ts

iwch ihat all the roois oi the chardremstic equatmn
) o D(M—MA BK) — Al =
of the closéd, loop system of (2 .;}
s A (A~ BK)X(&}
have negarl‘?ivé real p’éf%s’ fhat is, the. trlwal solutmn of (2 7) 15
asympfotlcaliy ctable, where L e , :
; K R”BTP Pomad D gindiu; U (2 8)

P is ihe unlque symme‘rrlc p051t1ve defxnite solution of the ‘R1c '

matrzx equation
] AP 4 PA- PBR™\B'P +C°C =0, (2.9
R is a mxm symmetric, positive definite constant matrix, Q=C'C is

an mXn symmetric, nonnegative definite matrix. Let
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[Dis] =15 19/"1, 911, ,f,,wmax(‘z“” 1’]_1’ . 97?)_,”’ ,
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We choose symmetrlc posnlve defxmte, quadratic form 3
VX)) =X"OPX @, AEPHTF

from®®", there exist numbers §| >0 and £:>0 such that e
: SRR XT(t)X(t)/V(X(t))<ﬁs,X‘"(t)X(t) | (2,12)

Lemmai Suppose that (2 °) is controllable and observable,
then there. eXlsts a functlon 111(2 11) such that
dV
dt

<0,
(267) :

hat is, the trivial solution of (2,7) is asymptotically stable.

~ proof The derlvative of V along the tralectorxes of (2 7)
mputed as [7] : AR IS T , :

v

e :-»X(z) (CTC 1 PER- ’BTP)X(t) (e, 13,5_

Q.7
nce XO(t)y (CI'C+PBR 1BTP) X(i) is a bymmetrm, p051‘uve, definite

padratic form, from E33[8] there f?x;sf n”u’mbers; B:>0 and §,>0

ch that , ek
53XT(1>X(z)>X2(t)(CT("+ PBR"‘B‘P)X(t) =8XTMX (D) S (2,14)
d LB, XTMXW <0, o ¢2,18)
2.7 ; : :

proof of 1em“”aﬁ 1 is gcrmplete Lk

Lemma 2 kixk(i”-m)*-x;(t)l =

j »~%~xk(t>dt
| ,

t=Ti d

EIEARENGEY

<r [mE( 2 ) x(zk rk1>r>+bx\7m<1k>}] (218>

‘Lemma 3 If (ijv(f;:“""rk]), A ,Xn(tk ""[kn)) 18 in 4V(x1(t), ° gxn(t))s

tﬁat is

VB T e G T ) SV (2, () 4, () from

€2,12), then
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Now, suppose. that €2,5) is. thc negatﬂe feedback function ofﬁ
' (Z 2), and that (2,11) is the positive definite [unction

‘therefore, we have

Theorem 1. Suppose that (2, 3 s cmroli ble a;nd observable,

then there exists A>0, the trivial moiu ion of ihc clesedmloop system

of (2, 2) is asvmptohcaﬂy stab e, psouded that

, -‘7—<J~,<—41n '
where e

452 ) o

1

‘ (1;1)1}2 (2{11 +b klm) (

ERERE 0 0

of

(27

(2,18)

(2.2),

(02,19

(2,20

"'pé/oc'){ 'Su‘bsiiﬁim;‘fifjg (2, 4) in (2, 2) and rewmimg (z 2) and (2 11y

as scalar forms respectively, we tako the derivative of 14 along the

tra;ector:es of (2,27

t ‘ SR L 7 R

av ~ GV dxi(D) o s

’E‘“J ~2 “'é';" It % = ‘ £ ( 2 aii 5 (1)
Eb.,u (t)+ E aw“(x (z- 'r,J*- X (t)} )
,.,,} : ,mj Gt ;

from Eemma 1 :mti (2 15) and (? lb)

n lf

At Lt

Vi - | , : 
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Rewriting (2,4) asthe Scala‘r farm ,
lw (t)?ﬁ 2 Val la() | =<

2 §xr(t): o E=1yeymy o o (2,22)

' ’1"((2 P,n z ]xz(i)

lczgry o

Godbeom o ,
[(aﬁ“b k’m) 2 ﬂ‘ :

EE S (x,j (“~~T 3

,p-11~lz-‘l

: l’( Tu))s

S Xemma 3, (2 177 and (2 ]8), then v

L‘{ dV V +1:a1 n (ax+17 k

A i{;ﬂz e 73

1;1

Vheﬁ~ nggdn we have e i
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fhernfore; th«, trivial solution of the (instdw‘iw;p system of (2,2) is

asymptotically stable. ‘ '
, Theorem 2 If the trwzal solution of the losednloop system
(2 7) is asymp‘rohca]l}/ sl‘ableg then there e;msts. a number A >0, the
trivial solution of the closed— ]oop Ssttm of (2,2) is also asympm
ucallj stable, provided that e ' ‘ '
osT<d, (2,200

* When the matrices B=0 and C=0, (2,1) and +(2,2) become

; ﬂ_);,:A“}X(zMAWX(tmT) ; (2.24)
"_)%Qﬁ: (A +A4§§)X(z) =AX( (2.25)

respectwely Prom theorem 2, we ha\e the eqmva]ence of d]itejentlal

equations and dszerence—-dxfferentml equahom m the rheorv of

stability ©8% 163, : , ' o . ‘

3. The Equwa!ence of Lmear, Time - Varymg Control Systems
and Lmean Txme—-Varymg Control Systems wsth Tlme Lags
in the Theory of Stablhzatlon ' s ’ '

. Consider the" Mm,ar, hme-—*&arymg coniio] system wﬂh 11me~1ags

K= A0 (X F AL DX +BOUGD (3D
ey Y =CHX@ (3.1,
or rewrite (3.1) ¢ o b wiis JRARI SR
X(i) = (4“’(1)+ 4“’ ()Y X +BOUD +A D (1) (X (- 1) »»X(t)) ,
-~A(f)X(z‘}+B(t)U(t)+A‘“(f>(X(i—~T)~X(t)> (3.2

wheré T=15;(0) 20 (1 )-], -,n) is a constant or a function of time
foand AW =AVMHEAD@. e
When I‘—«Oy

3 1) becomes the hncau tzme—- vaerg &:Onho) system

X(r) =A@ X @ +BOU W (3.3
Y(t)~C(t)X(t> A o , (3.3)
1 ime — Varymg coeihcwnt matrices A(i) = (a”(t))m, i B{L‘) =0 (8) Yanm

C(i) :-",;(Cij(’t) )pma 2 VA”) (?) = (”3(:} (i))ﬁmn» l: 19 2' \fe(:tors X(£> - (,x'r(t)Q
X};(t))T, Lr(i) = (ul(t>t'”v ﬂﬁ(i)>fy Y(t) = (yl(i%”f‘a,y.@:(t)f)rs For iEiMih
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A(t), B(t) and C(t) are. sectionaﬂ} cont"imid"ﬂs' and uni-

' ;\*a. 1

xemeﬂts Uf

‘ formly bounded, ‘rhat is, ] r AN e

Ea(‘; (i) I8 < —-—--' u(t) | <;,¢,Zv’ Tag= 1/’,,‘,?"”5,\1},‘,!?:;..‘?;1} 9’2’ hogrerieie 4
"(Z)E\bz’ ""1*'"~ ”19 /‘1',,’ ama : : :

here a, and by are posﬂwc constants mdependem ot ¥, dndio ;

Suppose that (3,3) is completely unlformlv contr ollable dlld

completely uniformly observable for t(>t ) then theie exists the

,, ” Op“mai negative feedback vector functmn ‘
Um=-K@®X@, o (3.5)

h‘mh minimizes the quadmnc pertoxman(e mdm

e

=] ex (t)@(lt')xcw*-%U(z‘)fR(z)Us(mdi; (3.6
tg. o
ugh that al 1 the roots of the chardctemsttc equatlou

D) = CAM - BoKa) <=0 PRERON

e clo'\ed- loop sy wem

A=A -BOE@X® o (3.8)

3) have negative real parts T ST R e stinitab
Re(A(t)) < —-6<0 (8 is a pos1t1ve Lonstant), 03 9)1

is, the trivial solutmn of the closed—«loop system (3.8) of (3 3)
uniformly asymptotically stable, Where VYRR : S
K@) =R B MPW (3103

P(1) is the symmetric, pusxtwe dPilIlltC solut;on of the Riccati

ntial matmx equation

(f) -&—P(t)A(t) +Al(t)1)(z) - P(t)B(t)R 1(t)B‘(t)P(t’) +61(2)C(t) =

3Px)(t)i§[)>9 4, }"‘"]! ”;!;:m’ N
K;,(t)[SKz, 1= Ly ey My ;,7_1" oMy 7

nd K, are positive constants mdependenc of b and Ty

s a time - varying, symmetric, positve definite mxm: matrm, Q) =
t)TC(f) is an mxn symmetric, nounegative definite matrix, for
tos ifs elements are ;s,ec?c,;,pnaﬂy' continuous and uniformly bounded.
W€ construct thef’p\osi‘tive definite, quadratic form . .. .

Vi, X(0) = XUOPOX®, (3.13)




4 CONTROL:THEORY AND APPLICATIONS

‘rhen, £mm[3], there exnst numbers 3 >0 and 56>0 Such that ;
55X1(t)X(t)SXI(t)P(t)X(t)iﬁ Xr(t)X(t) B (3 14)
therefore, we have : . .
gt Lemma. 4. Suppose: that for 11, the elements of matrices A(t)
'B(t) C(z) and R(t) are sectionally continuous and uniformly bound
ed, and that (3.\)) is uniformly completely controllable and  uni
?ormly cempletely observable, then ihere ex1sts the pOSlth& deflmte
functmn {3 13) such’ that S R

AV <
dt ey !

that i;;, ‘the trivial bolutlon of (3 8) 15y;unifdrmly asymptotically
stable. ' BEEE AT i o
« Prool  We take the derivative of V aloug the trajectories of (3.8
(7% ’ v H )
R b ol I ::;exxwzcwx>,c:<,t>:+5@_5@)@7@(t)@f(z)mz)zxum,
S , < 3 15)
' Si‘ﬁde S CT(HC ) +R(t)B(t)“P“i(t‘)BI“(i)P(ﬁt) “is the symmetrtc, posﬁlv
dehmte matrix, from [3][8) thexe exist numbers B >0 aﬂd B >0 such
B, )@(t)X(t)«XT(t)(CT(t)C(t)+P<z)B(t)R i(z)Bl‘(t)F(t))X(t)

=<8, XT(i)X(t), TR r L {3 16 /
€hezefore, we obtain ERER W o ,
d <=8, XTMXW <0, L 3@”
£ j¢3.8) ;

\]ow, suppose that the optxmal ncgauve feedback fu.nctmﬂ (3 5)
of (3 ,3) is the negative feedback function of (3 2) and that the positive
édefxmte, quadratlc form (5 1,3) is that of (3.2), U dnde we hdv
, Theorem 3 Suppose that for 1=1,, the elements of time -~ varying
mdtnces 4y, By C@) and R@) are ectxonally continuous and

‘ umtormly bounded and that (4@, B{t)y of (3,2) is umformly co
pletely controllable and - that (AW, C@) of (3,2)1is unxformly co
pletely observ‘abls, then ‘chere emsis ‘4 numbex 4,>0; The frxv;al
ution of the closed—-loop system of (9,2) “is umformly asymptoE
aiiy stable, provided that ; TE T AEy R O R
Ry 03«‘1’{112;45' — S (3.18)
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‘ '“3(,2(zz+b K. nl)(

(3.19)

RS S

455‘>  

8

- pr’oof,’ We xewnte (3. 2) as the scalar form of dxffezence~d1f

texentzal equatmns ihe derzva’txve uf Y, X(t)) in (3,13) along the
irajectories of (3,2) is f.,omputed and (S.b) 5 fsqb“,sptgjie,’d_%n (3.2).

srrn il Sp i 7 U A A B e e ey
ov oV dxi () , oV < oV
2 Ox; - dt )(s 2y *

: Cm .Q Tanag e a e i
L as;(t)% (t) + Z b,,(t)u,(t) + E a(z)(t) (X;(i 1‘,,) X,(i)) :

a2 .
VoA

av oy
dt tes.zs
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therefore, the trivial solution of the closed system of (3.2) s uni-

iormly asymptotically stable.

all the characteristic roots of the closedwloop system (3.8 of (3,3)
sahsfy Re(h (1)) < - 6<0, then there ex;sts a number 4, >O, The tri- -

vial-

“Theorem 4 Suppose that for i==t,, the elements of 4@y, B(), C(t)
and R(t) are sectionally contmuous and uniformly bounded and tha

sol utlon of the closed-—loop system of (3.2) is untformly asympzo

+1ca11y stable, prov1ded that

c1l

€21
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