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Abstract

In this paper, the stability test of high-order, time-variant and
large~scale system is simplified to that of a lower~order time-—invariant
one by using comparison principle and Lyapunov function, whose derivative
is noncontinuous, Tn the meantime, stability conditions of subsystems are

omitted and those of time variant large -scale system are widened,
1. Background

The stability property of systems whose -coclficients are
variant with time t is significant for both ordinary differential
equation theory and engineering technology. The study of “stability
of time —variant systems is rather a complicated problem, so far.
the sufficient and necessary condition for stability of linear one is
not yet found. Hacker (1) proposed the “coeffjcient — freezing”
method in 1970, however there is not odly difference but some
opposite case between the f{rozen system and the original on
their stability properties. Rosenbrock [2) proposed that the derjva-
tive of coefficients should be limitted when using the “coefficient~—

freezing” method, but he studed only a specifical class of systems.
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e
Qin Yuan=-xun, Wang Mu-qiu and Wang Lian (3) showed the

stability property of systems with slowly —changing coefficients by
constructing Lyapunov function. Wang Mu—qiu, Tian Xiu~gong 4]
investigated the stability of a class of time —variant, large—scale
systems (supposed the coefficient matrixes of subsystems are
symmetric and real, and their eigenvalues all arc negatve) by using
comparison principle and vector Lyapunov function. Zhang Ze —mian
and Zhang Hong—liang [5) also studied the stability of this class
of large scale systems by using scalar - sum Lyapunov function.

In present paper, the stability test of high-order, timevariant,
large ~ scale system is simplificd' to that of IOVVCI;“OrdCr; time —
invariant auxiliary one by using comparison principle combined with
Lyapunov function, whose derivative is noncontinuous. In the
meantime the stability conditions of subsystems are omitted and

those of time —variant whole system are widened.

Definition £6). Functional @, (x;, 9:‘{) is defined as follow;

l,lf x;>0; or lf x;=0 Ell’ld x,’>0
Pi(xi, x;) = 0, if x;=0 and x; =0
-1, if %;<C0; or if ;=0 and x;<0

llemma (6]. B is a matrix whose diagonal elements are negative
while the others nonnegative. (BX also belongs to the class H). If
X(t,Xy,8) and Y(4,Y,,t,) are solutions of

- D*X<BX
Y =BY

resp., and if X,<<Y; then X(¢, X,, t,) <<Y(t,ry,t,) is true for all
tLy<<t< +co, ‘

2, Stability test of time —variant systems
Consider n first —order, linear time — variant sy:"s"‘t’e/r%s
xi = 21 a;i(x; (1=1,2,0,m) (1)
i=

Suppose their coefficients a;;(t) all are continuous and bounded and

4 (DS~ <0 =1,2,-,1) , ()
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ai;=sup {ai; (O} (1=1,2, 1)
to<<t<l4 00
Denote{ o (3,
zi=sup  { e} GFf G7=1,2,m) A
t,<<t<{ 4 o0
Letting Vi=|xil (1=1,2,,m)
then DV, ) :(Pl;fl =<P1ﬂ11(t>9‘71 +(Pla12(t)xz ot @ra (DX,
<a, (D], | + !”12(1)||xz| oot l(lxn(t)‘ [x,]
gzuvx + ZIZV‘) +otoaaVy
Similarly DV, ., )g—[;—“vl +';;“V2 Foee b @V
D+Vnr 1 <;:|1V1 +;;2V2 e +annvn
Consider the auxiliary set of equations
awvsy - e
Frani a Vi +an Vi o+t a Ve
vy . .
dt =a,, Vi + a,, Vi +: 4 aya Vi v C4)
avs - .
T =y V,lk + Quy V;‘ o+ (InriI]y:,=
dt

The zero=solution for (4) is asymptotically stable if eigenvalues
of its coefficient matrix all have negative real parts.
Under the lemma it follows that
Vit,V2,0,) VIV k) (i=1,2,5m)
Hence lim Vi(4,V?,t) =0 (i=1,2,7)
t—>c0

Therefore  lim xi()=0 (G=1,2, 0,7
[=»00
i. e. the zero solution for system (1) is also asymptotically stable.
Thus the following theorem is obtained.
Theorem { The zero~-solution for system (1) is asymptotically
stable if their coefficients are continuous and bounded and satisfy

the condition a;; (1)< -a<0(i=1,2,""sM; V=t,), and if eigenvalues
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of auxiliary equation (4) all have negative real parts.

3, Order —reducing for Time—variant Large —scale Systems
in the Stability Theory

First take a third —order system as an example.

X =a, (D, +a,,(Dx, +a,,(D)x,
Xy =y (DX + 0y, (D%, + 0y 5 (DX, . €5

Xy =g (DX, +8q, (DX, +0a5,(D)%4

Suppose its coefficients a,; () all arc continuous and bounded and
suppose a; (< —a<0 (71,2, ,n Yi=t,), Matrix A is divided
into 2x2 htocks

(a,, (1) azz(t)l a, 3 (1)

' A A :
= @1 (1) a4y, (1) s (1) | = L1 L2
A 2t 22 | Oys [ A, A, :l C6)

|
a3, (1) a5, (1) | agzg(t)

Let b, = sup fa, )+ ]a,, (D]ya,, W +1a, D]}

L, <t + 0

by,= sup {lais M, 1a,,(] }
tosst<{+ 0

by, = sup { las1(t)lsi032(t)l }
by <t<<+ 00 o : , ;

by, = sup {ag,(8) } : (7))
to<t<{+oco

Choosing that Vi=Ux, | +1x2])s Vo= |xs)
then we have that

.

. 3 3
D'V, s, =@ %+ Q%= '21 ®ia,i(Dx; + _21 ®202i(0)%;
i= i= ;

<(ay (D + IQZI(t)l)lxli + (@, (1) + [(lxz(t)l )lxpl
+(laxa(t)[ + ‘023(t)‘)|x3|
<b, ((Ja t+ 221 +b2 x| =0,V +0,,V,

D+V?.<s>:‘(Pax.:s:‘l’sﬂsx(t)xl+<Psaaz(t)x2 + Qaass (DX
<lag, (D] x| +1as2 (@ |xo| +ass (D) |x4]
by (|2, |+ |22 1) +boa|xg| =02,V +b,.7,

Consider the auxiliary set of equations
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dv¥
«w'(*l—[-":':bll Vi +b Vi
avi
- o =hy, VY by, V¥

If coefficients of the auxiliary equations satisly
i)b, <<= B<0, by, <<~B8<0, B i5 a positive constant; and
ii ) eigenvalues both have negative real parts;
then the zero-solution of system (8) is asympDiotically stahle,

According to the lemma we have inequalities
Vi, Vi,t)== V¥, Vi,0,), Vo, VitV (4, VI, 1,)

Hence Hm Vi (4,V0,8) = lim Vat, Vi,t,) =0
{—»co f-»c0

'While Vlzlél’ll'*‘,)«'z!s Va:[xg!.'

therefore we have lim x,¢8) =0 (1=1,2,3),
t-—» co
i. e. the system (5) is asymptotically stable.

Here the asymptotical stability of time~—variant third-order
system (5) is deduced from that of time-—invariant second —order
system (8), and the order—reducing is accomplished of systems
with variant coefficients.

Let’s now concern ourselves with the order—reducing of nth-

order large—scale system in the stability.

= 2 oaiiDx; ((=1,2,,1) » 9)
i=1

Also rewrite it in the form .v:zA(t)x : C 9)
Suppose that a;j(#) are all continuous and bounded, and that
Gi(D<—a<0 (1=1,2,m; Vtz=t,), The coefficient matrix  A@) is
divided into mxm (m<n) blocks
All(t)'“/llm(i) ‘ 7
A() = oo . (10)
»‘4,,”(1)“"/;‘,”";(2:) ;

Where 4,,(1) is n, Xu, submatrix, (ras=1y05m), ny b oo b, =n
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» v sup ny '
Let { p,, = tpt<{+ oo {dii(t)+ 2 _[d;i(t)i}'
721,01y 1=1,15] S
sup n
< b,2=' ysst<+ o0 .E ]Cm'(t)ll’ (11>
JEngtlye,n b, Ti=1
sup [ 7y
bin=  L=<i<+oo 2z la;;-(t)l}
71=0~Nu+1,5n 1=1
. sup 5 nyt i+, i
byy= tyst<{+oo 1 py [a:i(2) ] }
7=1s5my = up et n,L +1
sup
blr:: t0<t<+w
j:111“}“""l‘?ly-;‘{'1,"',711+"'+nr
| N+t ) C
p @i+ = lais(O 1§ (r=2,38,m)
t=ag by + 1 '
i
sup 5 L0 e % .‘) :
brm:. Fpt< 4 o D > Idn(t)l’g (r=2,3,,m—1)
JENT Myt Ly e 2=y A b R ] ‘ ‘
! .. 12)
" | . .
1.,Ctti11‘f; I/‘.: “‘, %xilﬁ ”9]/m: Z !X;
=1 TR |
’ mn, . 7, 1 h
then DYV, 4, = 3 @ixiy = ,S_: [W;Z (lij(t')xi-]f
i=1 =1 7=1 ’
1 1 ny '
=2 ( ST TICIR TR @iaij()xj+ o+
=1 % j=1 ‘ J=mp bl :
n
2 ©ia;i(t) x; ]
j=n—1m,+1
7y 7y ‘ ny T ny oy
<3 [aolale 3 aollsl ]+ 0SS el
i=1 1= 1,15 j=ugbl 1=1 :
n n k
+ ok 2 IR N OINET
1=n—n,+1 =1 , L
gbllvl'{"bQZIV?,'%'""*"bln\l.Vm
7, + . +u, N ny + 7Z,-' ~ .
DV,iy, = 2 Qi x; = 2 { @i 20 @ii(t)x; J
R PRI P =

: “~ ‘ L
t=ny b,y + 1
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ny + - +n, [ n, n,+n; \

= pX 2 Qiai®xi+  F @iaii(t)x;
i=n e+, +1 Si=1 J=n; +1 :

n

CRTUE D ) @iaii()x; ]
7:n'—nm+1
n1 n1 +"‘+72,
< X 2 lai i) | i)+«
1=1 d=n,+4nu., +1
gt nyto o,
+ 3 (@it + s EXCIRIPY
f=ny+edu +1 t=qyp ke b+
17
n 121 +"'+ﬂr
Foee > > e ] )

i=n—nm+l i=n1+"'+nr~1+1
<brIVI +erV2 + oo +brrVr + o +brme (T: 2’ Y/ (e l)

n . n, n
D+Vm 5 — 2 q):x,<z Z laij(t)l Ixf] + e
t=n—1n,+1 j=li=n—-n,+1
' n n
# 3 faos B aw] 1w
F=En—n,+1 CoiEpe-n,+ ]
i ]

<bmilV1 + meVZ R bmme

Consider the auxiliary set of equations
4
dvy
dt

=b V¥ +b,, V +o by, VX

by, VE 40y VE e 4 by (13)

= by VE 40, VE 4 4b,,VE

If the coefficient matrix of the auxiliary equations (13) satisfies
1) b.-,~<—(9<0,z'=1,2,'--,m,ﬁ is a positive constant; and
ii) all the eigenvalues have negative real parts, then the
zero—solution for (13) is asymptotically stable.
According the lemma it is known that

V@ V0,10) S VE, VO, t,) (r=1,,m)
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—

Hence lim Vy(t,Vro ,t0)=() (721""5771)‘

{~» 00
n1+"'+n,
While V= 2 lei (r=1,+,m)
i=ny 4+t +1
therefor lim x()=0 (=1, 4n)
t—» oo

;. e. the zero—solution of system (9) is asymptotically stable.
Here the stability study of nth—order, linear, time—variant sys-
tem (9) is simplified to that of mth-order, time-—invariant,
auxiliary system (13), and the asymptotical stability property of
the former is derived from that of the later, so the order-
reducing for large—scale system is accomplished. Thus it follows
that.

Theorem 2, [f coefficients of linear system (9) with wvarjant
coefficients are continuous and bounded, and if @i (D<-ea<0 G=
1,,m; ¥i=t), and if the coefficients of its auxiliary ‘equations
(13) satisfy o

i) the diagonal clements are negative; and

ii) its eigenvalues all have negative real parts, then the

sero—solution for (9) is asymptotically stable.
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