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Abstract; This paper studies the path tracking control problem of a robot manipulator subject to -
parameter uncertainty and external dlsturbanoe By using the theory of VSS,and taking advantage of
the important property of the robot dymmxcs,a new control strategy is proposed in which both parame-
ter uncertainty and external disturbance can be easily taken into aecount. It is shown that with this con-
trol strategy ,the accurate path trackiﬁg is guaranteed. Moreover , the ‘on— line parameter estimation is
not required , which makes the strategy easy to implement. - '
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. 1 Introducation

It is well known that path tracking is one of the important issues in the context of robot con-

trdl and much work has been done in this area during the past decade. Howeverthe effectiveness
. Qf these methods is contingent\on’ the assumptions that the parameters of the robot controlled are
éompletely known and there is no external disturbance during operation.

In order to solve the path tracking problem when the above assumptions do not hold,as usu-
ly the case in practicel'], many advanced control schemes such as learning control 2] and adap-
:ii,ve' conrtol®~%] are developed. However , there is 2 need for repeating trial operation in learning
ntrol scheme. As for adaptive control, the complicated on — line parameter estimation is re-
ed ,which generally results in an expensive control ksy,ste,’m., ,

In the present paper we intend to study a simple but effective control strategy for a.trobot
nipulator in the face of parameter uncertainty and external disturbance. Using the theory of

ariable structure systems and the important properties concerning the robot dynamics ,a new con-

VSt’rategy is proposed in which we can easily deal with the parameter uncertainty and external

urbance. It is shown that with this control strategy,the accurate path tracking is guaranteed

and the on—line parameters estimation is not needed , which makes it easy to implement.

Some Properties of Robot Dynamics

- The nonlinear dynamics of a robot manipulator in the face of unceratin parameters and dis-

rbances is represented by |
D(q»pp)q+0(q,q»z>c)q+G(q,Pa) +f¢—v (D

Where ¢:5X 1 vector ,shaft angular displacements;y:nX 1 control torque vector ; p;; equivalent pa-
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rameter matrix (vector) with appropriate dimension,i= {D,C,G};f«;n X 1 external disturbance
vector (unknown but bounded) ;D(g, #p) :nX n sysmmetric positive definite inertia matrix;C (g,
q5P.)¢:% X n matrix reflects Coriolis and centrifugal forces; G(g,pe) :nX 1 gravitational forces.
Property 1 For all q and Ppsthe mattix D(q, pp) is’always symmetric positive definite ,i.
e s *
Y geR*, R, 3 D(q,p)" = D(q,p) and ¥ zeR* — {0},3 2"D(g,pp)z > 0.
Property 2 For all ¢, pp and p¢,the iné,rtia matrix D(g, pp) and matrix C(g,¢,pc) have the
following relation
GP@mw] = 200@ i ] = T
where J, 1s a skew —symmetric matrix. V
Property 3 For the robot dynamic structure. ngen in (1) there exists a vector peR’,such
that
D(g,pp)7T + C(g,4,p0)7 + G(qspe) = @(g,¢,7,7)p.
where @(+)eR***,a known matrix,p is the proper combination of pp,pc and pg, peB".
Remark It is interesting to note that if the three properties are used properly ; powerful con-
trollers can be obtained.
In this paper,we assume that the exact value of the equivalent parameter vector p; is un-.
known , the only information about it is: p;= g+ dpisand dpel p~» ot ], where pt,p,~ are known
bounds, gy is the normal parameter vector,i={D,C,G}.
3 Path Tracking Controller Design .
It is our objecti\}e to design a control torque such that,for any given desired path ¢*eR*,q
B g R,
lim(g; — ¢) = 0 and 'E.g(é‘ =g =0, i=1,2,5m (2
Motivated by the work of Yeung and Chen [ 6] [7],we use the theory of variable structur
systems (for details,see[8][97]) to solve this problem. As a first step, we choose the sliding plane
oy

02

s=(g— ¢+ . (q~q*) , | ‘ ,(34’),'

i.e., .
si=ei + o, 1= 1,2,,na. : (3b)‘"
where 0,>0,i=1,2,--- ,n,design parameters determining the rate of response of the system. e=
g—g*is the tracking error. Define
0D(q,0pp) = D(g,pp) — D(q,pno)>
8C(g,4,9pc) = C(g>q:pc) — C(g,q:pc0) » 4
0G(g,0pe) = G(g,pa) — G(g>pao).
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For simplicity , we sometimes supress the variables ¢, grand p;in D(+),8D() etc. hereafter,
whenever in S0 doing no confusion is arised. ' '
3.1 Controller Based on the Bounds of 8p,8c,and 8o ,
Assume that the bounds of 8;,0¢,09¢,and f, are given respectlvely as
&< (6D)y; < 4T,
G << (80);5 < cs‘j+9
9 < (60); < gt
Fi < fu< futs
Byj = 1,2, ,m, (5
Theorem 1 For a robot manipulator with uncertain parameters and external disturbance as

assumed above, the asymptotic path tracking is ensured if the following control torque is imple-~

mented or
y = D(g,p0) B + C(qsqsP00) B+ G(gspa) — B(e + 0€) + thpe (6a)
,Zruj - f?;'}" szij - ﬂ; + y§"+ V.ﬁ"? ’ if s, > 0’9
Ugud = =1 ' = ' (Gb)
EF1-J+ ﬂ,‘l‘ Efzu+ ﬁ;—%—g,*—}— vaT 1fs,< 0.
J=1

here R & R***,a symmetric positive defxmte matirx chosen arbltranly

Iy~ {dij_ it ﬁJ -0
di;t if ;< 0,
Iyt= {dﬁ+ y ﬂj >0
&~ if B;<< 0, 50
' Dy = {c,-,-‘f it B > 0, ¢
it if B;<C 0,
nﬁzvﬁ it ;> 0,
Zh if g;<<0,

1y = 1,2, ,m.
,Proof ’By (1) and (6a),we obtain
D(g>pp)s + C(g,4,pc)s
== Ugux T [51)(9’51’1))/8 -+ éC(Qoq.aa?c')ﬁ ;
+ 6G(q,6pe) + fu] — Bs. ; ; )

Vhere the relation (4) has been used. Now choose a Lyapunov candidate
. V= —a oG, p)]s (8)
- ‘fferennatmg (8) with respect to time along the solutions of (7) ,glves '

v __2_8,[ D(arps) — 20(q>d,p0)s — §Rs

+ ST{uaux "" [59(9,5%)/9 + 5C(Q9é9apb)ﬁ + 6G(g,6f)5) + fd]}° )]
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Since J, in [Property 2] is a skew —symmetric matrix, therefore s7J,s=0,as a result the first
term of (9) vanishes. Also noting that D(q,pp) is symmetric positive definite,by the Lyapunov :
stability theorem ,the sliding plane s==0 is asymptotic stable if i

 {tux — [6D(q,pp) B + 6C(q59,8pc) B + 8G(g,0pa) + fd]} < 0. REL)!
Obviously (10) is fulfilled if u,, is chosen as follows, i

o << 8Dy + D 0Cu; + 66 + fu, if &> 0, an
=1 j=1

s > D\8Dufy + D10Cup; + 66+ fur i 5 <0, (12)
=1 J=1 -

t= 1,2,
From the above conditions ; (6b) is derived, which completes the proof. :
Remark We can see that the controllers derived are related to the bounds of 6D, dC, 4G,
which are generally available for a practical robot manipulator.
3.2 Controller Based on the Bounds of 8p
In this subsection,we present another controlier which merely deﬁends on the bounds of the 1
equivalent parameters’,ramer than those of 6D,0C,dG,as a result,the controller design procedure.

is much simpler.

Lemma 2 Let dp==p— pg,then we can obtain the following relation.
6D(q,8pp) B + 00(g,4,8p0) B -+ 6G(q,0pa)
= ¢(q,9,8,8)dp. ; 13)
where p(g;q, 8, 5)eR***,a known matrix.
Proof By using of [Property 3], we have here
D(q,pp)B + C(g,qsp) B + G(a5pa) = 9(q,9,8,)p>
D(g,po0) B + C(g:q5pe0) B + G(g,900) = 9(4545 85 po.
In view of the definitions of 6D,dC,0G,the following relation is readily established
0D(g,8pp) f + 6C(g,q,6pe) f + 6G(q,6ps)
= [D(g, ) — D(g>p0) ] + [C(gsq5pc) — C(g,9,Pead 1B + [G(g,p5) — G(gsp00)]
= [D(g,p) B + €(0,4:p0) B + G(gp0)] — [D(g,p00) f + C(q,0,200) B + G(q,pao>]
= 94,9, 8,0 — 9(4:0: 8, Fpo

= 0(q,¢,8,)0p
the result is obtained. With this lemma ; we have the following theorem.

Theorem 3 For a robot manipulator in the face of uncertainty and disturbance,if control
torque y is designed as

y = D(gsp0) B + C(q:5pc0) B + G(gsp00) + Uauxs (14a)

U =— Rs + 9(g,9, 8, $)d — ksgn(s), (14b)

. {p,-—— G 1t Sp@d ] >0, B |

P}‘+“‘ Ejs if [S”w(q,q,ﬁ»ﬁ)]j<0»

ko= ,est‘(?&]{ [fal} + 05 , : (144>

(14¢)
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== 1,250 ,m,  j= 1,2,°00,8,
where and & are small positive constants, then asymptotic path tracking is guaranteed.
proof Invoking (13) into the asymptotic stability condition (10) gives e
(v — [9(q50, 8, B)0p + f]} <0, asy

ot thax = — Rs + 9(g,¢; 8, )& — ksgn(s). (16)
from (15) and (16) ,the following equivalent stability conditions are obtamed, ‘ : )
s"{@a,9,8, 5@ — op)} <0, . , an
"’[fa — ksgu(s) ] << 0. . , 18

Jt is easily verified that (17 and (18) are satisfied if & and & are chosen as in_ (de—— 14d),
which completes the proof. ’ ; |

it is worth noting that the on=x hne Parameter estlmatlon is not requlred both m controner
) and in (14),which makes them easy to implement. ;

4. Simulation Experiment , , o
: The model chosen for simulation is a two lmk planar mampulator thh an unknown mass

'yload as shown in Fig. 1. The links are of lenth I, and I;,and massm, andm, respectively, The

ass is assumed to be concentrated in a point at the end of each link. The position state variables

. the anglesq, and qz,a.nd the control inputy; andy, are the torque appheg at the joints. The

ms in the dynamic equation oy correspondmg to simulation model are

[(my + my )l2 + maly’ + 2mz’ Licosgs)

|my B + my Llcosgs, my' 03 J ’

- [— mg Lilsings(29192) — my lllzsquq.ﬂ

m, L ny/ lxlzsinéquz J

[— my bisingsgy  — my Llsingsg, — my Libsingqz) [q1]

’ l_ my Lisings, 0 J l!lzi
[(m + mz' dligeosq; + ' lgeos(qr + g2) 5]

l. my! lgeos(qy +¢2) I
e g=9. 81m/s?,the acceleration due to gravity.

Fig. 1 Two—link manipulator

my~+my,my, is the mass of the payload. For the purpose of si’r‘xiulation,W@ sﬁt the bounds of
parameters as | b
24+ [—0.2,0. 3]m shb=1-+[— 0.3,0. 4Jm;m, = lkg;my = 0. Skg my, = [0 3 Jkg.
he equivalent parameter vector p be - .
= Gny + mp)lf,pp = my Byps = my' Lz, pys = (ms + my' Dby, ps = my by,
We have gy = fi,p12 = 1 + Pospus = cosqz(28) + B2) — sing2(@2B1 + @282 + 262>
9e0sg1, 15 = geos (g + @20 »Pn = 0,0z = 1 + Pas@as = cosgp + singq1f1,u = 0,
geos(qy + g)e : ’
. :.d the bounds of the equlvalent parameters be
; g1 = [4.86,23.805] = 9.47 -+ [— 4.60,14. 33],

= [0.245,3.56] = 3.30 + [— 3.06,3. 567,

= [0.63,11.27] = 5.32 + [— 4.69,5.95],
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po= [2.71,10.35] = 3.83 + [— 1.13,6. 53],
ps = [0.90,8.05] = 3.58 + [— 2.68,4. 48].

In the simulation, p;(i=1,2, .+ ,m) is chosen arbitrarily between the bound,and the external dis

turbance vector is
fa = 2(Nm) ,fs, = 1. 5sin(2¢) (Nm).
The desired path is given as o o '

gt = exp(— ), ¢ =— exp(— 1),§F = exp(— 1),
gF = 2exp(— 20), ¢F =— 4dexp(— 20), g5 = 8exp(— 20).

The sliding plane is chosen as

(G — gt + 12— g =3, @— &)+ 19.5(—a¢) ==
and matrix R is chosen as, R=diag(24,24). Finally the initial values are set as ¢;(0) = 0.
(rad) ,¢,(0) =0(rad/s) ,g2(0) =0. 02 (zad) ,_(}2(0')’;= 0(rad/s). The simulation under the contro
of (16) was performed by using of the DQY program and the results are shown in Fig. 2—4. 1 :

should be noted that the chattering effects have been taken into account in this program.

1 q}(rad) q% (rad)
0.5 rad) o
s . g, (rad)
s 051 07T U] 0.8 0,36 0.54 0,721
() (b)
Fig. 2 Desired and actual positions of joint 1 (a) and joint 2°(b)
12y .
éx(rad/s) 8 éz(fad/s) .
RN B
o . ,
T 0TS 030,510,727 T 0180, 360,540,721 (5)
i
-2,5 7% (rab/s) ) -g g3 (rad/s)
() (b)
Fig. 3 . Desired and actual velocities of joint 1 \(a) and joint 2(b)
8.4 ,
s1=0 16.2 $;=0 S,
0 ——
.18 70,36 0,54  0.721(s) 0/0.13 0,36 0.54 0.7270s)
~8.4 3, ~16.2 : -
16.8 @ ~32,4 (b

Fig. 4 Curves of sliding mode s1(a) and s2(b)
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5 Extention t0 Task Space
In general for an n—link robot manipulator working in an m— —DOF space, ,the mathemati-

i statement of the problem of determining a joint angle vector g€ R*,corresponding to a given
s .

Position,xéﬂ" 18

' z=E(Q) or g= Q(x) as
| Def ferentiating (19) with respect to time one obtains o R SO

Qhere J(Q is known as the Jacoblan matnx J —--——GR"‘X' in the case of non—-redundent ma-

pipulator wh

ere m="n ,equatlon €20) will have a umque solutlon ‘when the Jacobxan J is nonsm—
gular. In the following , We assume TV exists. o o ‘ '

, ,; =g 2D
thh thxs relatnon,Eq (l) is rewntten as o o e
D@ pp)¥ + C(zy3,p0)x + G(zspe) + f.; = e 2 (22)

‘D(ZBPD) = J“'TD(Q(;,;) sPD)J 1, ‘

Clerirpe) = T7DQG) ,p) T~ + C(Q(x) FETRRYES N

G(z,pe) = J‘TG(Q(z),pa), ' (23)
T = J'F, ‘
fo= J—'Tf’i’
It should be noted that the same propemes mentloned in the sectxon 2 still hold for the task

ce case. Thus we can easily obtam the followmg result

Theorem 4 Suppose the desired path is given as (z A }, if the followmg control
uge is used, - / G B s O '
F= D(w,ppo)ﬁ e O(x,x,pco)ﬂ + 6(z, x,pco) + uaux’ R

U gy ;—_ ‘Bs + <p(x,:1:,ﬁ pHd — ksgn(s), &
el d — {P; ’-,—* 8., . [8 ?(z,fﬂaﬂ ﬁ)] > 0 o
' P€+— ) if [S (p(:l?‘,z, 9ﬁ)].< 0, : ’

SUP {IfiJi} + &,

t€e[0,00]
1= 1,2,%0,8, j=1,2524m,

s=(z—2z*)Y+ olad—z*),

p=z* — oz —z*).

~ Where 4 and & are small positive constants,then asymptotic path tracking is guaranteed.

6 Conclusion
' A variable structure control strategy is proposed to deal with the path tracking control
Problem for a robot manipulatbr in the presence of parameter uncertainty and external distur- k

bance. By making use of the robot dynamies structure properties , control algorithms are derived
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which guarantees the asymptotic path tracking. Simulation results are presented and the task space
case-is also addressed.

Reference

[1] Ahmad,S.. Analysis of Robot Drive Train Errors, Their Static Effects,and Their Compensations. IEEE J. Robotics and Au-
tomation, 1988,4(2);117—128 .

[2] Arimoto S. , Kawamura,S. . Learning Control Theory for Dynaxmcal Systems. Proc. 24th IEEE CDC, 1985, 1375— 1380 °

[3] Bayard D. S. ,Wen. J. T.. New Class of Control Laws for Robotic Ma.mpulators,Pan 2. Adaptwe Case. Int. J Control,
 1088,41(5);1387—1397 ' \ '

[4] Slotine J. ,1i W. . On the Adaptive Contral of Robot Manipulators, Int. J. Robatics. Rcs, 1987,6(3):49—59 L

[5] Craig,J. ,Hsu,P. ,Sastry,S. . Adaptive Control of Mechanical Manipulators. Int. J. Robotics Rescrach, 1987,6(2) : 16
28

[6] Yeung K. ,Chen Y. P.. A New Controller Demsn for Mmupma‘mrs Usmg Theory of Variable Structure Systexm I.EEE
Trans. Auto. Control, 1988, 33(2) :200—206 i N -

[7] Baily E. , Arapostathis A. . Simple Sliding Mode Control Scheme Applied to Robot Manipulators. Int. J. Control, 1987, 45
(4):1197—1209

[8] Utkin V.1.. Sliding Modes and Their Applications,Mascow,USSR,1978 -

[97 Young K. D.. A Variable Structure Model-—Followmg Control for Robonc Apphcanons. IEEE J. Roboucs and Automation,’
1988,4(5):556—561 )

BT HBRAPUIERER 45 Hg

(:lt)?fﬁtﬁﬂ?ﬁ%jc"#%“hmﬁi)

WE. asﬁmaummﬂqn Mﬁﬁ&z&ﬁ%ﬁmmi HRFEN, m%#:ﬁnzwﬁmm
25 N\ H 0 U , ZE IR RS PR PR R X AU IR T MR AR SR, ML A B IRE
. FIFIAS IR , 25 ML A B SO0 A0 TR T RS A, B — XM R BUR
BAERERMRHOIIEASE TX SBMR, HTHEH RS, Eﬁ‘@éﬂ Ev&ﬁ#ﬁ&ﬁiﬁﬁsﬁﬁi
T AT R REE.

KA HURIRE ARG HLA A RRE T





