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An Extended Popov Criterion for
a Class of Uncertain Systems

ZHAO Keyou
(Department of Electrical Engineering, Qingdao University *Qingdao, 266071, PRC)

Abstract; An extended Popov criterion will be presented for a class of nonlinear uncertain systems
in which linear parts are the convex combination of vertex models, and the nonlinear functions lie
within a sector. The criterion says that the uncertain system is absolutely stable in some sector if there
exists a common Popov line such that the modified Niyquist loci of all vertex systems lie within the right
of the line. ,
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1 Introduction _ ‘

In recent years, considerable attention has been focussed on the stability of uncertain sys-
tems. Since, in practical systems, uncertainty can not be avoided, and the property that the sys-
tem remains stable must be preserved. Uncertainty is, in general, a result of modelling errors,
changes in operating conditions, etc. A so-called uncertain system is, actually, a family of sys-
tems. The absolute stability or instability of the whole family of systemé will be determined by
the absolute stability or instability of all its mémber systems. \

This paper will extend the notable Popov criterion to suite such an uncertain system that its
linear part is a convex combination of finite vertex models, and the nonlinear part is as the one in
the absolute stability problem. Ah extended Popov criterion will be presented which says that the
whole is absolutely stable if all its vertex systems satisfy a common frequency-domain condition.
Since this criterion deals only with the vertéx systems, a sfgniﬁcant reduction in computational
complexity results. The motivation for this paper stems from the paper written by Zhao and
Barmishl] and the works of Willemst?. »

2 Problem Formulation and Notations

Consider the nonlinear closed-loop system shown in =0 L 9(s,9) ¢!

Fig. 1, where g(s,q), the transfer function of the linear

part, contains an uncertain parameter vector € @, and k L—— @

( + ) is a nonlinear feedback function. If g(s,q) depends
. - ' Fig. 1 - Nonlinear Systems
affine linearly on ¢, and Q is a polytope in parameter & ¢ :

space’, then g(s,q) can be written as the following convex combination
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= {9(50) = 601 (®) + = + 40 0< 6 < Ligi+ oo+ g =11) (€))
where g;(s) s 8=1,+,7 are given and called vertex transfer functions of G. Let ( * ) be any
nonlinear function belonging to the sector -

: H0,B): = {(h(+):h(0) =0, O0<<h(x)y<hy?) - (2a)
or H(0,k): = {h(+):5(0) = 0, 0<h(y)y< ky?) (2b)
where k is a real constant or positive infinity. For simplicity, a pair (g(s) sh(y)) denotes the
ponlinear system shown in Fig. 1.. Define

(9(s),HL0,8)): = {(g(s),h(¥)):h(+) € H[0,E)}; " &)
(G,H[0,6)): = {(g(s),H[0,k)):9(~) € G). : D
similarly, (g(s), H(0,k)) and (¢,H(0,k)). |

Definition 1 The system (g(s),h(y)) is called stable if its equilibrium point 0 is asympto-
tically stable in the large; (g(s), H[0,k)) is absolutely stable in the sector [0,8) if (g(s),
#(y)) is stable for any 4(y) € H[0,k) ; The system family (G, H[O k) is absolutely stable in the
sector [0,%) if for any g(s) €@, (g(s), H[0,k)) is absolutely stable in the sector [0,%).

By using the nonlinear separate method, a large number of uncertain nonlinear systems can
be represented by (4). How to test its absolute stablility? Does it suffice to apply Popov’s criteri-
on to all vertex systems (g;(s) ,H[O,k)) sy t==1,2, -+ ,7? These questions will be answered in this
pepor. . ,

An important class of ¢;(s) in practical systems is defined below.

Definition 2 A transfer-function is said to belong to TRF, if 1) it is properly rational with
no pole-zero cancellations in {s:Re(s)>>0}, 2) all its poles lies within {s:s=0 or Re(s)<<0},
3) the possible pole s= 0 must be simple and have real positive residue. A transfer function is
said to belong to TRF, if 1) it belongs to TRF;, and has all its poles within {s, Re(s)<0}

3 The Main Results A

Before giving our main result, here is an useful lemma.

Lemma 1 The vertex models g;(s) ,i=1,++,7 of @ belong to TRF,;, ¥=0,1, so do&s every
member of G.

Proof Obviously for the case k=0. We need to prove it for the case k=1. By the set-
theory » any g(s) €@, apart from {g;(s)}, can be represented as

9() = 0.5{(g* () +g** ()}
for some g* (s), g* *(s) €G. Without loss of generality , it suffices to prove that g(s) € TRF,
Provided g* (s), g* * (s) €TRF;,. There are three cases we should deal with ;

i) 9*(s), g** (s) ETRF,. Clearly, g(s) € TRF,, futhermore, g(s) ETRF,.

ii) g* (s) ETRF,, g** (s) € TRF\\TRF,. Obviously, ¢(s) has the 'simple pole 0, too, and
res{g(s)}=0. 5 res{g* * (s) } >0. No pole-zero cancellation arises at s= 0 for g(s), hence g(s)
€TRF,.

iii) g* (s), g** (s) €TRF,\TRF,. g(s) has the simple pole 0, too, and res{g(s)}=0.5
* (res{g* (s)) +res{g** (s)})>0. No pole-zero cancellation arises at s= 0 for g (s), hence
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g(s8) €TRF.
Ina word, every member of G must pelong to TRFy. - Q.E.D
Theorem 1 Given vertex transfer functions g.(s) € TRF,, i= 1,7, then the system
family (G, H(0,k)) defined by (4) is absolutely stable in the sector (0,k) if there exists a real
number b such that :
| | Re{(1 + 0GR + 1/ >0 | L ®
for all x>0 and i=1,°,7 ' '
Proof Any g(s) € G can be written as
0(&) = ap(®) + - + g, 0<e<1, @t +e¢=1
Fxrstly, by lemma 1, g(s) belongs to TRF,; secondly, ’
Re{(1 + jbwg(im) + 1/k} —Re{(1 + jow) Zq.g.(w) + 1/k}

=1

= quem + pudgiCin) + 1/8) >0

- o=1 .
for all u=>0. By well- known Popov criterion (See [2]), the last inequility implies that (g(s),

H(0,k)) is absolutely stable in the sector (0,k). Because of arbitrariness of g(s) hence the te-
sult. Q.E.D. , g ,
Theorem 2 Given vertex transfer functxons ¢:(s) € TRF,, i= 1, ,7, then the system
family (G, H[0,k)) is absolutely stable in the sector [0,k) if there exists a real number b such
that the inequility (5) is true for all 5=>0 and i=1,°",7 7. ‘ ‘
Proof By lemma 1, any g(s) in G belongs to TRF,. The remainder is similar to the proof
of theorem 1, and also based on the classical popov criterionl?, Q.E.D.
_ Remark i) We define a curve in the complex plane, called the modlfled Nyquist locus of
g;‘(s), by means of

X(w) . = Re{gi(im)}s o ~ (6a)
Yi(w): = wm{g: (G} : (6b)

Substitution of (6) into- (5) produces
Xi(p) — bYi(w) + 1/k = A M

It follows that for (7) to be satisfied it must be possible to draw a straight line through the pdint
—1/k+ jO with slope 1/b, and for all loci of Xi(w) 4 ¥i(p) s p=0, i=1,- ., has no pomt to
the left of the line. o

i) Even if for every g;(s) there exists a real number b; such that

Re{(1 + jiwg:(iw) + 1/k} = 0 forall =0,

‘put a common real number satisfying condition (5) may not exist.

_{ii) Even if all (g:(s), H(0,k)) are absolutely stable in the sector (0,k), we can not say
(G,H(0,%)) is absolutely stable in the sector (0,k). This is because of the nonnecessity of
Popov’s criterion. ’

Example Given the vertex transfer functions
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7)) = (0.55s 4+ 1) /(s + s+ 1),
92() = (s — D/(+s+ 1),
9s(s) = 1/(s + 0.6s + 1).
perive a k>0 Aas‘large as possible such that (G,H[0,k)) is absolutely stable in the sector Lo,
k- : “ 1.5
Solution . |
Step 1 Draw the modified Nyquist £ 05
1oci of g:(s), 1=1,2,3. Here the locus of ‘?: 0.0

g1(8) is dashed; g;(s) solid; gs(s) dash-
dot. (Fig. 2).
Step 2 Draw a straight line through 2

the point — 1/k+ 50 with slope 1/ where real axis
Fig. 2 The modified Nyquist loci

1.6

t> 0 is as large as possible, and all the
modified Nyquist loci of ¢;(s), i=1,2,3 have no point to the left of the line. »
Step 3 Clearly kuy=1, and (G, H[0,1)) is absolutely stable in the sector [0,1).

4 Conclusions

. In this paper we considered the absolute stability for a class of nonlineaf systems which lin-
ear parts are the convex combinations of vertex models, and the nonlinear feedback function lie
in a sector. An extended.Popov criterion has been proved. Since the criterion is only applied to
the ‘vertex systems, hence a significant reduction in computational complexity results. Another
important class of systems is the one which contains interval transfer functions, and the further
study about this problem will appear in another paper.
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