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Force Control for Tracking a Set of Tasks
in Presence of Constraints

GAO Weibing, |CHENG Mian and XIAO Di

(The Seventh Research Division, Beijing University of Aeronautics and AstronauticseBeijing , 100083, PRC)

Abstract; A new approach to tracking tasks by robots in the presence of environmental constraints
iS proposed. Since the dynamic equations of a tigid object are written in a component form with respect
to axes fixed with the object, a new model of constraints is given in a very simple form as linear func-
tions-of velocity components. As a tresult, the system:of differential equations of motion of the object
is automatically decomposed into two subsystems, equations of motion and equations of reactive force.
Two force feedback schemes are developed. A hierarchical architecture is established for the overall

control strategy such that the robot can tfack a ‘set of different objects for different desired motions.

Key werds,; robot control with constraints; control of the reactive force; tracking a set of tasks;

hybrid control; hierarchical control

Introduction -

The study of tracking task with environmental constraints is an important issue of robot con-

trol from both theoretical and practical points of view. Here reactive forces at the contact points

of ‘the held object with the constraints have to be controlled desirably.” The system is usually writ-

ten as

M(Q)d + N(g,d) = =+ JF, ' b}
o(P) =0 or C(@ =0, ‘ (2

where ¢ is the joint vatiable vector. M(q) the inertial matrix. N{(q,q) a vector including .cen-

trifugal and Coriolis forces as well as gravity, 7 the control vector on the joints, F the reactive

for

ce from the constraints and J the Jacobian matrix formed from the relation

h

Py = h(q), J:'é"p
q

3>

where P, denotes the position vector of the end-effector in base coordinate system. Existence of

contact constraints (2) implies that components of both q(¢) and F are not all known. If n==06,

so is the numbet of all known components of both g(¢) and F in general case. Thereforé, great

efforts have been devoted to decompose (1) into a motion subsystem and a force subsystem. to es-

tablish motion/force controls or hybrid controlst

1~

However, the procedure for such decomposition is huge complicated and needs much. compu-

tation. Furthermore, as the object is considered joined with the end-effector fixedly , invatiance
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against change of either the object or desired trajectory requires the. established control law to be
adaptive or robust. k

All these issues are treated in a simple way inv this paper. First, we consider the object and
the manipulator as two separate units, even though their motions are determined each other.” Sec-
ond, the equation of motion of the object, by means of Newton’s law and Euler’s momentum
law, is described by differential equations relative to central principal inertial axes which is not
an inertial system. Third, as a consequence the mathematical model of the constraints may be in
many cases represented in terms of velocity components for simplicity. - Fourth, the control law. is
in the hierarchical architecture where the low layer provides a control for the manipulator‘itse‘l’f;
thc_a middle layer generates a control to track the object and the high layer is an adaptive one avail-
able to different objects.

This paper is organized as follows‘ Preliminary are introduced about force systems in section:.
2 and about kinematics in section 3, respectively. In section 4 the mathematical equation-of the.
object-manipulator system is established and a new model of constraints is: presented in section5, -
Sequently, in section 6 control problems are formulated. ' After this, in sections 7 and 8 the over-
all hierarchical control strategy is proposed. Then simulation results are shown. Sections §~ 9
provide the main results of this paper. ’
2 Representation and Transfer of Force Systems®]

Suppose a given force system

F = {(.fl’pl)9'"’(fuypn)}

is exerted on a body where f; is the force vector and p; the radius vector of the point of applica-
tion P; of f; and this point may be replaced by any. other point on the force line when the body. is
rigid. This being the case, we can transfer this force system to some point O to get a simplified

force system consisting of a force f acting at O and a corresponding moment (torque):myg,i. €.
% ]
F = {f)mo}; f= Efn Mg == 27':' X fis
i=1 - i=1

where 7; is the radius vector of point P; relative to O.

Similarly , transfer the force system to point ¢ we have ;
B B
F={fim}, f=3fi, mg= DX f,
i=1 =1
where 7] is the radius vector of P; relative to O'.
Let Oxzyz and O'z'y' 2/ be two coordinate systems fixed to the body. We have the following e-
Quivalent representations of the same given force system ;
Fg = [fz9 fy9 fas os,y Moy s m(}z:IT9 Fy = [fz" fg/) fzs Mows Moy s m(h.']T
The components of the last two 6X 1 vectors are projections of the f, my and f, my, on the cor-
responding coordinate axes. Let 1:3' be the 3X 3 orientation matrix of Ozyz relative to 0’ z’ y' z' and

its inverse be BY. We have the following transfer relation between the two representations
Fg = 8k, , » 4)
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(R 0] X {0 —¢ "u\
where S = lpr Al R==PRY, P= | ¢ 0 —él, 5
y ) l—y ¢ ol

and [ &,7,&] is the coordinates of point 0 in' coordinate system a'y'z’ . It is obvious § is nonsin-
gular.

Suppose on the robot manipulator a joint force /torque system Fi=v=[7,72,°"° s Ty LIS AP~
plied and on the end-effector another force system Fy==[fus fys Fa» Mes my, m,]"is applied to
balance Fy.' Clearly, force systems F, and —F; afe not statically equivalent because there are re-
active forces acting on the manipulator from the basement of the robot which have not been taken
into account; But F; and F cause the same effects on the manipulator, hence we have

Fy=— G'F; (8
where @ is a matrix defined in (14). When n== 6, J is a nonsingular matrix of variable q except
at a few singular:points.

% Kinematic Representations and Transformation'®]
The position of a body is determined by a 6X 1 matrix.
P, = [0s Yor Zs Pos Gos Pul”
where Z,, ¥, % are the coordinates of the point o and angles @, 8,5 1, are the orientation angles
which may be chosen, for example, as the Euler’s angles. The drawback of this representation is
that the time derivative of P, has no direct meaning in sense of “velocity”. As is well-known, the
Fuler’s kinematic equations
' w, = gsinbsing + fcosy, ;
w, == gsinfcosyp — dsing, P
1 w, == @cosd -+ P
give the relations between Euler’s angles and the angular velocities about z, ¥, % axes and relation
(7) may also represented as ,
o= Wi, o= [0, 0 0], &= [p,0,9], (®

singsing cosp 0
where W = Liné)cm¢ — sing -0-‘.
L cosé 0 . 1_1
Now we have two representations
B, == [Voxs Vors Voss Dos 05y Pu)” ©))
and 4 Vo= [Vas Vops Voes @ny @ys @, |° aoe

to denote the “velocity” of the same body. Clearly, neither of them is adequate in all circum-
stances. It is easy to show that they are interrelated by
] 0
X = I
lo w
where R stands for the base frame and o 2 frame fixed with the body.

Vn""""“""XP09 ;I" 3 l]-::R?? (-1—1)

Also, consider the transformation between any two kinematic representations of the same
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bady at 0 and ¢’. It is true that
, [R PR 7
Vp =¥V, ¥ == R =R, : ~(12)
I'd ’ [_0 R J 9
Related to the object-robot system, let us consxder a six-link mampulator grasping fixedly a
moving body. Thus the position of the mainpulator is uniquely determmed by that of the body
and vice versa. Differentiating both sides of the first equation in eq. (3) yields[®

s _ . o
Pa—aqq Jq : 13

where the subscript 0 to P is referred to as the coordinate frame fixed to the end-effector of the
matxﬁpulator. Another kinematic relation connecting ¢ and the velocity of the end-effector, Vg,
islo] ; Vg = G¢ (14).
in this equation the physical meaning of V,== [v,,,,v.,,,v“,a)w,wo,,w,,z] and g=[g,, - sqs |¥ are
both clear and simple, but in order to get the trajectory q(t) from either of them s We need to per« ,
form mtegratlon of the Euler’s equation (7)

Now with the knowledge of motlon of the manipulator we can umquely determme motxon of' :

the object from (12) and (14) by means of a series of transformatlons‘ S ‘

V=YV, Vi= Gy, B ¢ 1
Eq. (15) is the kinematic transition choin which presents itself in a recursive form; and relates q
and velocities of the object with respect to those frames which are attached to the end~effector,
center of mass, constraint point with constramts, etc. '
4 Dynamics of Robotxc Systems ;

The dynamics of a robotnc system consists of equatxons of motlons of the body and the ma-
nipulator. The equations of motion of the body are given by the Newton s law of motlon and the';
Euler’s equation of momentum; ‘

Vo=Lo+ o' o= H(o) + Jrim,
Vy=L+ w6 =H) + o as
Vo= L+ wlf,, o= H()+Jom,
. L, == a}?V, — oF,, k ”
L = oV, — oV.,
where o4 Z;z _ G;Vz(J WV:T,)w,w,, ' an
Hy = J;7V(J, — J) o,
H, = J;7\(J, — J,)wzwr

m is the mass of the moving body, ozyz is the coordinate system fixed to the body with origin o at

the center of gravity and coordmate axes along the prmmpal axes of inertia. fes f,, fzs and m,,
m,, m, are the components of the principal vector and the prxnclpal momentum of the force system
resulting from all external forces acting on the ‘body, such as reactive froces from the end««effec—

tor of the manipulator, g,rawty and reactions from the env1ronments.
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Note that since oxyz is a moving coordinate system, hence in the equa.fions of motion such
terms as L,, L,, L, appear. The reason why we choose a moving coordinate system is that other-
wise J,, J;, J, will not remain constant during the motion such that the equatlons of motlon con-
sequently become nonstatxonary and much more complicated.

Eqgs. (16) and (17) can be rewritten as a compact from

d

an = K+ F, (18)
where , K = [L., L,, L, H,, H,, H,], \ 19
F=EF, F =[f, f fo m my, I, (20
E = diag[m™',m™, mk“l, Jo I, IR ' @D

Now tum to the equation of motion of the robot manipulator, We have
" M3+ Nia,d) = 7 + 6Fs, | e

where g=[g¢;,q2, ">, |* is the joint vector and M (¢) the inertia matrix: N(¢,¢) denotes a vec—'
tor including gravitational, centrifugal and Coriolis forces; 7= [7;,, 7 ]Tls the joint force/
todr‘que‘ vector ahd Fe={fss fys f,; My Mys W, |° ’the‘reactive force system exerted on the end-
effector by the moving bodyg G is known as the Jacobian matrix defined in (14). '
" For empty payload case; Fg==0, eq. (22) is now reduced to
- M(Qi + Ng,{) =,
where 7° is referred to as the empty payload control.
5 Constraints on the Moving Body
In most previous works dealing with compliance control[1~73 the constramts are apphed on
the end effector and descrlbed abstractxy by
c{P,) =0, c¢;R*—=R"
where P, is either the radius vector [z,y,z ] or the position vecotr of the end-effector [z,,2, @,
8,9 ", described in the base space. Compared with this popularly accepted mathematical model,
fof constraints describing contact of a rigid body held by the end—effecto} with other bodies while
Sliding , its seems better to employ another representatibh in terms of velocity components on oxyz
fixed with the moving rigid body. This new _constraint model may be given by
L) = L), L:RS—>R', L.R->R', 23
Ve [V, Vs Vis @, @y @,
where r<76. For symmetrical bodies the principal axes &, y, z coincide with the axes of symme-

try. In many cases the constraints can be represented in a linear form ;

aV = o (O, + a2V, + as(OV, = @), ’(2‘4)
fro = (Do, + f:(e, + f(Do, = B®). ‘ (25)

The simplest case is described by sotmie of the following equations )
0. =0, v,=0, 2,=0, 0,=0, o=0 o =0 (26)

For example, when the moving bedy is a tectangular cube with constraint surface being a piane

perpendicular to the xz-axis, then the constraints ave,
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Vo=0, =0, @=0 | | @n
This new model of constraints possesses several advantages. Especially, it is simple and remains
the same in most practical cases, no matter whether constraints result from a plane or a curve
surface and are stationary or nonstationary. ' ‘ ‘
6 Control Problem
Let us investigate a typical case of constraint given by (27)
V=10, @=0, o=0

Qbviously, in this case the reactive force i;rom the constraint.on the object should be,

i, 7';’-""7{:09 3= 0, 77, TH (28)

Now from (17)~(21) the differential equations of our objeci-robot system become
av o o
s =K +'F, (2

V= [0, v, v:» o, 0, 0],
K = [0, v, ——kw,v,, 0, 0, 0717,
F = EF! = [m~1f,, m =y, mT o I My, I myy T im, %,
F' = [fus Fy» Fas Mas My, my)" = Fop + S°F, + S3r
Fp==8'Fy, force system descrxptlon of Fy from the end—effector at the center of mass of the ob-
jects
F,. external known force system described at the certer of mass of the object-
r=[r{, 0, 0, 0, 77, 72]%, the reaction force system from the contraints represented at the
center of mass of the object. ‘
Among the transition mamces, only &! depends upon the Jomt vector q. In our case S%=
Ig. : o
Expension of (29) into components turns out that

0= m (S, + Fopr + 79,
% = o, + m (S, + Forp) »
(-1275 = - Wy e m"(S%Fo + FoBS) s
j ai vt : ~.030)
(;‘; = 7SI, + Far) s
0 = J;U(SEF, + Fogs + 15,
| 0= J“l(SgF + Fogs + 72D

The control task is to determine F,z, the dypamic load, and in turn the control on the robot
such that the constraint reaction force approaches the desxred value 7¢(¢) and the m()tlo"l of the
object (robot too) approaches the desued motion represented by ' ‘ '

V() > VA@D, or PO P, or g = ¢©.
under the constraints in our case:V*(¢) = ro, vﬁy(t), va(t), oy, 0, 0:}1*°

Consider two schemes of force control as follows.
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Programmed Force Scheme _
(1) = (@) = [, 0, 0, 0, ), @) 3D
where r{* is a given positive-valued function of time or a positive constant, while 7#(¢) and P
(t5 are given functions of time or constants.

Force Feedback Scheme
r(l) = () — DJ:e,,(t)dt,' e = r(t) — (1), (32)

where (@) = [r{C), 0, 0, 0, w2, 7T,

() = [rf{(®), 0, 0, 0, (&), PO,

D = diag[d;, 0, 0, 0, d5, ds], &> 0, G =1,5,6).
For . simplicity , {*(¢) is assumed to be a given positive constant and (), r*(4) some given
constants. ‘

On the other hand, for esfablishing the control strategy- we often need the current value of
the dynamic reaction force at the end—effeci;or, i. e. the dynamic load on the robot, Fz From
(29) we have ' '

Fg== (8)"W(F — S%F, — 8%), F = E'(V — K).
Hence Fy= (SH™[E-'(V — K) — SF, — §%] (33)
where ; V= [0, v, Vs &y 0, O]
7 Programmed Force Scheme |
' Consider the first scheme'when the reaction forcé takes pro- . P |1
grammed desired values (31). A hierarchical control can be estab- % ; ‘

lished in three layers as follows(Fig. 1). l Adaptive Control v}High Layer

1) Lower layer local control (a special case of multiple

Global Control

i Middie Layer
robot system[1%):where each robot is a subsystem) ; empty payload 1
robot control . Local Control Low layer

For the robot described by

MG+ N(g,@) =7,
employing the computed torque mehtod, or other methods such as Fig. 1 Hierarchy of control

variable structure control and so on, we have
7= N(g,9) + M(D[§ — K& — Kpe], (34)
where e=q () —¢(t).
This control part in the local layer of our hierarchical control drives the robot itself to the de-
sired motion, i.e.e(?) — 0, or q(t) = ¢*(). '
2) Middle layer—— global control ; task control.
This control part +¥ is dgdicated to the tracking activity for the object. Based on the force
transition chain as in (6) and (33), we get
o = @AFy = TS~ BV — K) — 8%, — 8% ]. (35)
3) Higher layer—adaptive control ; Adaptivity to object change.
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In almost ail cases, it is desirable to develop a control strategy for:the robot such that its a-~
bility to implement tracking tasks is not affected by the mass, size and desired trajectory of the
held object. The mechanical parameters of the object may be described by inertial parameter vec-
tor I involving mass m, moments of inertia J,, Jys J.y and some geometric parameter vector L,
and the desired motion Pi(¢). By considering these values as input to a control unit to get the con-
trol law for the current object in the higher adaptive layer, a three-layer hierarchical control
strategy is built up as shown in Fig. 1. Now we obtain the overall control a

' = o M, ' (36)

Generally, the objects to be tracked are lirited in variety with measurable inertial and géo—
metric parameters [ and L and they are all known. For the sake of finishing this set tasks, a con-
trol strategy implemented by a parameter-adjustable éomputer unit is probably superior to other
techniques such as robust control strategy , on-line identification and the like.

§ Force Feedback Scheme '
Solvmg from (35) for T, we obtain
o= (ST E IV — K) — SZF] - (S") s (G”) LM 37
Let ‘
p == — (Ss)—lsl(afr)—-l,ru
and recall BEq. (32), we get B
@y = Df et = (VBT — 1O = ST+ (38)
where v is the new control vector obtained form ¥ by a transformation. Now letting
v = () — (SHIEY — K) — S, ],
which implies oM o= — (§)"1rd(t) — (ST BNV — K) — §%F,]}, : (39)
we arrive at e, () + DJ;Q,(L)dt = 0. = 46>

Equation (40) means that the reaction force is asymptotically stable as a solution of a first |

order dynamic system. The control " not only guarantees the asymptotically approaching pro-

perty = (t)—=7*(¢), but also bear the dynamic load necessary to track the object. Eventually we

obtain the control 7 == #¥ + 7 where v is given by (39) and 7% is defined as in (34).

9 Example and Simulation y

ney

A three-link planar robot shown in Fig. 2 is investi-

gated, where the constraint is a vertical line which moves

TR

sinucoidally with
D) == 1.5 - 0. bsint.
The initial condition are given below
2(0) = 1.5, g(0) ==0.3, 6(0) =0,
#(0) = 0.5, 3(0) = 0.2, 6(0) =0, : f
7(0) = 10, 7§ =10, 757 =20.5 Fig.: 2 - Robot, with. moving constraints

Yatd
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under the desired task of the object described as .
=15, =1, 2 =1.5+ 0. Ssing,

7 = 0. 5sin[—g-(t - D], 4@ =0,

Now the dynamic equation of the robot is written as
M(@§ + N(g,9) = v — GFy,
where
middy + mpL} + mal3 + 1) (malnlog + mslnLy)cos(gz — ¢,) malnloacos(gs — ¢;)
Mg) = ,’ (molnlp + mylnLy)cos(gz — ) maldy + meL§ 4 ly maLiploacos(gs — ‘Iz)] ’
mglnlocos (g3 — ¢1) msLologeos (g3 — gz) myldy + Uy J
(mgLnley + malnLy)sin(q — g2)¢4 + malnlyssin(gy — g3)¢
N9 = | (maLuder + moLiLydsin(g; — )¢ ++ msLok,gsin (g5 — g)48
MyLnlegsin(qy — ga)¢f + myLokssin(gs — ¢,)¢3
(myloy -+ mpLy + maLy) geosg,
+ [ (moley + malp)goosg, ] )
magloscosgs ]
sings — ¢1)  Lysin(gs —g) 0
G == Licos(g3 — Q) Lzcos(g3 — g7) Lyl , Fg= [fsu Frys msz]Ty v = [”n’fzﬁﬂT'
0 0 1 ’
Note that G is the matrix defined by relation Vy==Gg, where V; is the velocity and (zg, yg)
the coordinates of the end-effector.
Denote the mass and moment of inertia of the body by m and ({ respectively , then the equa-
tion of motion of the body will be

v, m™l 0 0 fes 7] ~ gsin
@2 =0 w70 DT fyl + H]D) 4+ | — geost
é -0 6 It g, n 0

where (z,y,0) is the coordinates of the body and r=[7r{, {, 7|7 the constraint force represent-
ed in the frame fixed with center of the mass of the object. In this case, 7§==0. The velocity of
the body is represented by ‘
0
* Ve=¥YVg Y= 10 1 4,
0 0
The values of the parameters are :
my = my = 10, my=2, [ == (8, iy = 0.5,
Li=1Ly=1.0, Ly=0.5,ly=ly=05 I;=0 025
m=30, (=25, d=02,
where length is given in meters, time in second, mass in kg, moment of inertia in kgm? and force

in Newtons. To use the two proposed control laws, we choose K,=40, Kp=400,
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Simulation results are shown in Fig. 3 and Fig. 4. Fig. 3 gives the results in case of pro-

grammed force constraints, while Fig. 4 the case of force feedback control. Figures with alphabet

a shows the tracking position and velocity errors, b the errors of constraint force and momen-

trum, - and ¢ the components of the torque on the robot.

1. 000f - N 1000
\.’~ error of position 0 000\’
0- 000 r ) i error  of position
— 1,000} | ~ 1,000} |
I _ |
- 2. 600 ferror - of - velocity: 2. 000 :
-~ 3. 000 : - 3 0004
: | .
— 4. 000': — 4. 000 ixen'm' of velacity
= 3
—s‘ooo,' ~ 5. 000§
| 3
—~ 6. 000 _,b; G00 ’ e
sy v s
- R — T s
PO T T G R 00 06 5,00 6,00 ! 6.66 1.00  2.00 - -3.00 - 4.00 -~ 5060 . 6. 0C
1. 000 1:.000
error of force 4 /error of momentum ) )
— 0.00 I errof of | monentum B — 0.000,5 error of force
P (s X , b (s
1 00T o0 800 400 50 hoe T LO%GeTTTee - #ae 500 406 E0G. 600
1000. 600 SR e 1000. 000 wri}'u:e of Jjoint- 1
t f- . joi Joi
800, 000 orque of ot 800. 000
600. 000 600. 000 Z
L
400. 000 400. 000
/ torque of joi /
200. 000 200. 000 / \ que of joint 3\,
X , \
0. 000 y - 0. 000f=Emmr . . ; L LG
. 1. 00 2. 00 3. 00 4. 00 6. 00 1.00 2. 00 3. 00 \ 4. 00 ! 6. 00
~ 200. 000 AN ! - 200. 000 \ /
¥ f
— 400, 000 ; AN - 400. 000 RN -
- 600. 000 ' torque ~ of joint 2 = 600, 000 worque s of joint 2

Fig. 3 Simulations of programmed:force scheme

Fig. 4 Simulations of force feed&a’ck'scheme :

Simulations state that the design procedures of both control schemes are simple. In case of

programmed force control the static force error does not vanish but oscilates slightly. In the case

of force feedback the static force error approaches'zero'quickly.
10 Conclusion

In the previous sections, by using local coordinate systems attached to the object, a new type

of 6 X 6 matrix representations for static, kinematic and dynamic quantities of a object~manipula-

tor system(®] is proposed. This is a powerful tool, especially when the object is constrained, . It:is

also shown that a hierarchical control stratetgy is tracking a set of objects. For force control two

simple control schemes are investigated. Besides, simulations indicate that the proposed control

laws are aéceptable.
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