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A Design Method for Control Systems Possessing Dntegrity
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Abpstract, This paper is concerned with the design method of the state feedback control system
which possesses integrity. A control law which maintaing the closed-loop system asymptotically stable
against arbitrary. sensor failure is derived by utilizing the solution of & type of matrix equation and con-:

.. straint condition. . The simplicity of this methed js demonstrated with two numerical examples.

Key words, integrity; feedback control; sensor failure
1 Introduction :
A multivariable fesdback control system may. become unstable when:the feedback signals.are

switched off by a failure in the actuator or the sensor.. We say that the system possesses integrity

if it still remains stable in the presence of such failures, This is an.inherent property of multi-in-

put multi-output control systems. the over closed-loop system under the failure is not necessarity
stable even if the open-loop system is stable. : L

Some worle has previously been dong on integrity. In the state-space.approach, Shimemura
and - Fujiral!d studied a state feedback system:which possesses integrity against-actuator. failures by
solving a matrix equation. Furthermore, Ni and Wul?) gave a designing approach for multivari-
able control systems possessing inlegrity by using-Lyapunov.equation and Riceati. equation; These
rethods vield a sufficient stability mazxgin, but-there is no guide for control systemdeéign, DOSSEsS+
ing integrity against sensor failures.

In this paper, a new method for state feedback system which possesses integrity against sen-
sor failures is proposed. Firstly, we intreduce about-the questions of the sensor failures.” Second-
iy, the design method for linear continuous and discrete -with state feedback systems possessing in-~
tegrity against the sensor failures is derived. Finally, the effectiveness of the proposed:mehtod is
Husirated with two numerical exaiaples.,

7 Statement of the Problem

We consider the linear time-invariant dynamical system -

Gw Ax R Buo e o it (20 1)
where 3 is an a-dimensional vector, u is an 7-dimensional input vector, and ‘4 and B are n X and

) 7 constant matrices, respectively. We assume throtghout this paper.
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a) (4,B) is a controllable pair, and b) A is asymptotically stable.
Now we discuss a method of deciding the state feedback gain matrix K by which the closed-
loop system still remains asymptotically stable, even if one or more feedback loop failures. Sys-

tem having such a property is called “integrity”.

Assume that all state variables are .
measureable. To represent the sensor =) Controller == Actuator ==  Plant
failure in the feedback loops, we define t
a “switching matrix” ‘ ' -

L= diag(dy, 0z5 >y 6,) (2.2) i Fig 1 Switch mateix

where 8, (i==1,2,+s>;n) is either 1 or 0. When this matrix L is placed between the plant and the

controller; as in Fig. 1, we have a model of the failure in the sensor channel;d;= 0 corresponds
to the situation of the ith channel being “open” as the result of the failure, while d;==1 cotre-
. sponds to the normal situation of the ith channel.” We require the plant to be asymptotically sta-
ble, even when all d; are zero, which means the complete disconnection of the plant from feed-
back loops. The feedback control may be regarded as
: u == KL
& Now we consider the feedback system
& = (4 + BKL)x

instead of the system (2. 1). Then the problem of integrity is formulated as finding the feedback
gain matrix K to ensure the asymptotic stability of the system matrix A—!—-BKL forall' LE &£,
where & is a set of L matrices for all the possible combinations of 1 and 0 in the diagonal ele-
ments. '
2 Main Result for Linear Systems Possessing Integrity

Now we consider a method of synthesis of a state feedback system possessing integrity. De-
fine the following concept of mairix throughout this section.

Definition 3. 1 Let

A = {ay;) € RV,

The notation |A| denotes the matrix which elements are |a;] (i,5=1,+,n).

Definition 3.2 Let

‘ A= {a;), B= {b;) € R,

The notation AZ=B denotes that a;;2=b;;. ‘
' The analysis of 3. 1 and 3. 2 also make use the following result.

Lemma 3. 1057 It A<C|A|<B (<and |- | are defined by Definition 3. 1, 3. 2), 4,B€E
R*X» then, we have following inequality

Pl < p(14]) < p(B)

where p(-) is spectral radius.
3.1 Linear Contimious System

Consider the linear continuous system (2. 1). Applying the feedback control
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u == KLy,
We have the closed-loop system. described by . )
£(t) = (A 4+ BKL)z(t). 2 (30 1)

Now consider close-loop system (3. 1). Then we obtain the following results on the stability of
(3. 1) Note that the following symbols <C and |« | are defined as above. ’
Theorem 3. 1.7 Assume the conditions (a)~ (b) be held.. If, for given positive definite

matrix @, ; ,
p(2|PBBP|) < deun(Q) - S Be2)
where P is the solution of matrix equation e et 3 '
AP+ PA=-—¢Q (3. 3) ;

then the perturbed system (3. 1) with K= — BTP is asyxnptotically stable, i. i the perturbed sys-
tem: possesses integrity. i k
Proof - Consider a Lyapunov function defined by
V(z) = «"Px.
The time derivative of ¥V (z) along the solution of (3. 1) is given..
V(@(®)) =4"Pz + 2"Pi = £"(A* + LK"BY) Pz + 2"P(A + BKL)z.
=gT(A"P + PA:— LPBB'P +~ PBB'PL)z
=z (-~ @ — LPBB'P — PBE'PL)z. -
If the following inequality , : o ‘
BHES A(— @ — LPBB'P — PBB'PL) <C 0 (B
holds, we have ‘ V() < 0.
It is known that o ‘
A(— @ — LPBB'P — PBB"PL) < Juue(— @) + Apux(— LPBB'P — PBB'PL).. . -
Note that @ is positive definite and Auu(— Q) = 4w (@). ‘ ,
If ‘ . Aux(— LPBB"P — PBB'PL) < 2uin(Q) (3.5)
then (3. 4) will be satisfied. Note that |~ L |<{Z (7 is unit matrix) , then
(= L)PBB'P + PBB'P(— L) <X |(— L)PBB'P + PBB'P(— L) | < 2 |PBBP]|,
From Lemma 3. 1, we have - s SR
p((— LIPBB'P + PBB'P(~ L)) <{p(|(— L)PBB'P + PBBP(— L) |)
< p(2|PBBTP ).
Since the condition (3. 2)is-satisfied ;. we have conclusion’
p((— LYPBBTP + PBE'P(— L)) < Juun(Q).
The result (3. 5) follows and hence system (3. 1) is asymptotically stable. Q.E.D.
We  propose the ‘design : procedure’ of * the continuous ~system possessing - integrity' as
following. ‘ ' '
Step 1 Choose an appropriate Q.
Step 2 Calculate the solution' P of the equatizn €3:.3).
- Step 3 . If the condition of: Theorem 3. 1. | is not satisfactory, then repeat Step 1.
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Step 4 Calculate feedback gain matrix K = — B'P.

Remark 1 If condition (3. 2) is selected as Q==1, then'itis easy to'see that (3. 2) is
p(2|PBB'P | ><1. A

i Remark 2@ should be positive definite and satisfy the constraint condition (3.2). -
2.2 Linesr Discrete System
“Consider the linear discrete system
z(t 4+ 1) = Az () -+ Bu(b) ' (3.6)

where A€ R, BE R, Assume the condition (a), (b). be heid.

Now we apply a feedback control with the matrix L which represents the sensor states.:

] w= KLr
for systemi- (3. 6)¢ The colsed-loop system is : FRE
a(t + 1) = (4 -+ BKL)z (). _ ; S (3
" Theorem 3. 2.1  Assume the conditions::(a); (b) be held.: If, for given positive definite
matrix @,
p(|APPAT| + |BB'P(I + P)PBB"|) << Aun (@) -~ 0 (3.8)
where I is unit matrix and P is the solution of matrix equation
’ CAPAT—P4 Q=0 (3.9)

then the perturbed system (3. 7) with the feedback gain K == — B'P is asymptotically stable, i.
e. , the perturbed system possesses integrity. ‘ :
Proof - It is clear that the stability of the system (3.7) is equivalent to the stability of sys-
tem
Y+ 1) = (4 — LPBBDOY ().
Iet Lyapunov function ' : : L
V(Y)Y =Y {)PY ()
then ; ‘ '
AV(Y) =Y ()Y (APA® + AP(— L)PBB® + BB'P(— L)PA" -+ BB'PLPLPBB" — P)Y (¢)
==Y ()T (— @ -+ AP(— L)PBBT + BBP(— L)PAT + BB'PLPLPBEO)Y ().
For two real vectors o==[ oy, g, ===, 0, ' and f==[f1, Pz, *==; Pa)’, it can be shown-that
oo+ fT B~ 267220 and hence 247 < a’a-+ T4, Adopting this, it follows that
Y (OT(AP{(~ LYPBB* 4+ BB™P(— L)PADY ()

<YWTAP(— L)(— L)PAT 4 BEPPBED)Y (8)

=Y (LT(APL*PAT + BB"PPBBYY (¢)

LY (OT(APPAT -+ BB'PPBBTYY (8).
Thus VL) <Y H)(— @ + APPA™ 4+ BB*P(I + LPLYPBB)Y (8).
It A(— Q -+ APPAT + BB™P(I + LPL)PBB") < 0 (3010
we have AV (2)<0. 1t is clear that

A(— Q -+ APPAT + BB'P(I -+ LPLYPBB") < lpau(— @)
| 1 Jux(APPA + BEP(I + LPL)PBE").
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¢ : ,
Amex (APPAT + BB™P(T +- LPL)PBBT) < Aun(@) (3.11)
then (3. 10) will be satisfied,

By using a similar procedure to that of Theorem 3.1.1; we have

APPA" + BB™P (I + LPL)PBBET < | APPAT| -} | BBTP (I 4 PYPBE"|.
From Lemma 3. 1
p(APPAT + BB'P(I - LPL)PBBT) . p(|APPAT| + ]BBTP(I + P)PBBTI)
Since condition (3. 8) is satistied, we have conclusion
p(APPAT 4 BETP(I + LPL)YPBB™) < Aual Q. ;

Thus; (3. 11) is satisfied; and the system (3. 7)/is asymptotically stable. Q.E. D,
4 Applications

Example 7 We consider a design problem possessing initegrity’ for linear state contintious
feedback systems o S

~1 —2 0 10

=1 1 =3 0 |z+ |05 0.5 A oy
—0.4 1 =1 =05 1

We assume that all state variables are measureabe. Supposé Q' is chosen'as’

’ 1 607 o
o FO Lo ]
Lo o o1
which is positive definite. We obtain» =
' ' 0.037  — 0.013 — 0.00
P = [— 0.013 0..03" 0: 014,:%!
l-0.003 0014 005 )
Check the condition (3. 2)
p(2|PBBTP|): = 0.009932 < 4,iu(Q) = 0.1 :

which is satisfied. Thus; the state feedback gain matrix can be obtained: as: follows g7
[ 0.032 — 0.005 — 0.021]
|~ 0.0035 0.001 =~ o0.043"
Since ’I'heorem 3. 1 1 conditions are satisfied ; we say. that-the system 4. 1) ‘with u*-'KLm, pos=

== BP=—

sesses integrity if the sensor appear fadures The integrity of the deblgned system . can alqo be
checked from the followmg analysis.
The eigenvalue of the close-loop system is
A4+ BKY =={-2.:022:4 0.9965; -0, 9652}, i
It is clear that A+BK is stable. Let'ith sensor failure, tha e1genvalues of the close-loop system

i=1, A4+ BKL) = {—2.006+0.994j, — 0.953), (4.2
i=2, M4+ BKL) ={—2.023+0.997j, —0.953}, (4.3
i=3, A(4- BKL) = {— 2.015 £ 1.000j, — 1}, (4. 4)
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¢=1,2, A4+ BKL) = {— 2.007 4 0.995j, — 0.952}, (4.5)
= 2,3, AMA+ BKL) = {— 2.016 &+ 1. 0015, — 1}, (4. 6)
t==1,3, A(4-+ BKL) = {— 1.999 4- 0. 9985, — 1}, 4.7

From (4. 2)~ (4.7}, we can ascertain that the siate fesdback system possesses integrity.
Example 2°  Consider the control problem against sensor failures for a linear discrete system

given by the following equation

Pz ool g ,
z(t 4+ 1) = [_0 OZJT(t) }— [_O 5_J u(t). ’ L ‘ (4. 8)

We give the positive definite matrix

_0.48 07
Lo o048
Applying APAT—P-+Q==0, we have
n.5 07

"=1lo o3l
We may check
p(|APPA™| + |BBTP(I + PYPBB"|) = 0. 034 < 4,4, (Q) = 0. 48.
The matrix of thé close-loop system. is s
[ 0.18 — 0. 05] o
|~ 0.05 0.1875] " *
It is obvious that | A(A-+BK)|<1.
Let ith sensor failure, the eigenvalues of the close-loop system
v==1, A=1{0.2, 0.075)};
v== 2, A= {0.2, 0,18).
Thus system (4. 8) still keep the stable, ‘
5 Conclusion
In this paper, we give a method of a state feedback system , which satisfies the infegrity re-

A+ BEK = =[—01—0.25]

quirement. The presented method is rather simple.

Acknowledgment Sincere thanks are due to Professor Zhang zhongjun and Professor Han

zhengzhi for their many helpful suggestions and discussions.
References

[1] Shimemura, E. and Fujita, M." A.. Design Method for Linear State Feedback Systems Possessing Integrity Based on a So-
lution of a Riceati-Type Equation. Int. J.. Control, 1985, 42(4).881—889

[2] Ni, M. L. and Wu, H. X.. The Design of Optimal Control Systems Passessing Integrity. Control Theorey and Applica-
tions, 1992, 9(3),245~249

[37] Horn, R. A. and Johnson, C. R.. Matrix Analysis. Cambridge University Press, London, 1982



No. 2 A Design Method for Control Systems Possessing Integrity 167

RGN — g

#hw WEE
WA B SRR, 200030)

HSE . APPSR T MMER SRR SRR R AR RERE R R R » 45 o R R 25 SRR X AR i
B R SRR, AR 3 Rl AL AR Lyapunov R LA BB — MAKAETIIEM , 4 T S
HHARAP TR B AT RA T 407 &é@%‘i&ﬁ

e 4 T %‘ﬂs ﬁfﬁ&ﬁiﬂ; R

Ax i‘ A
FEBW 196242k, 19014RH) F AR TAEBESEH0M H22 0, 0 sl A 2 %’Z’E.t?ﬁﬁéﬁjt"’%‘ﬁ
JEC RIS SRR3R, B GR R A R A B R :
BRBEES  19364FA:. 19614FHE Y F AL TA2R%. T b el ot . 1-H 4 0. (L T Ak RANGR MR
B, ERARET ERL AR BB B 24 B R e B L R, i@kb’iﬁiﬁfﬁﬂ %‘ﬁﬁ
B ERB R R - e v

(,tel&xamﬁ“i )
3) E%W@uﬁ%ﬁﬁﬁﬁa# ‘ '
FEBERML EEREMNEENSE, REGEEHEE BENAETEER &%&9"—%&‘ éﬁ'
FEH 10054 R B BT LS IHR. —HHE, ﬁﬁﬁﬁ*gﬁ%ﬁ%7%~ﬁi’%ﬁ#ﬁ2§§w ;
2 EFIEN; ) &{E?M%Qéﬁit&’ﬁé@&*)kﬁﬁ&ﬁﬁbﬂﬂfﬁﬁmiﬁﬁﬁ, deni
1) R ERRE 5RE T = ;
APROUER I S S E RS b, ﬁ%ﬁﬁﬁ#/\%ﬁﬂ&ﬁ#ﬁ %36&!’],53% ,
R AAE A R BER A 05 18
5) PCET 544 :
AEHNIN T B2 % semmzmu@m@ ﬁ%kTﬁ%&f#WﬁF PCFT(Prooms Control Engineer-
ing Teachware). T A T B, iﬁﬁ’iéﬁﬁ *ﬁﬁnﬂmﬁﬂlﬁkﬁﬂf‘m%ﬁ%mﬁ (5@? PCET

2N E,TU&IEE The International Journal of Engineering Educatlon Vol. 8,No. 3, 1992)?" %{‘Fﬂ@{ﬁ %ﬁi o

W, RERR P R RRITRAT, Tu%%#&:lﬁi%ﬁﬂ%%&&%%ﬂﬂ lﬂlﬂﬁ%%#i&ﬁﬁ 8
. FENEEK Alberta k%ﬂlﬁﬁ‘l%‘(%@é&;% EAUEM. ﬁﬁiﬂ#xiﬁu%ﬁ%ﬂﬁ%%ﬂ E‘Jﬁzliﬂiﬁz “5}“‘ % .
RRA IR -

(Process Control Engineering) —} %%5 LR, JE?;@(TEI Wﬁbé@ﬁﬁ%ﬁﬁiﬁ%{‘# ‘5@?%‘*@@1@ ,
e ShE .

%&gxx#aﬁm% $#%



