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Tracking Flexible Objects by Multiple Robot Systems
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Abstract; Control issues of multiple robot systems in tracking flexible objects are studied:in this..
papet. To simplify. the exposition of this very complicated matter, a flexible long beam is considered
instead of flexible bodies in general form. After some mechanical properties of the object are estab-
lished, a hierarchical control law is suggested. :
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1  Introduction ; :

Muttiple robot systems, especially two-arm robot are studied by’ many r&searcheié“*mj '
where a lot of interesting results haw been reported. Obviously , multxple robot systems are un-
doubtedly needed in order to accomphsh complicated tasks whlch is beyond the ablhty of one sin-
gle robot. Such cases may be pointed out; case where the control activity is iumted[sj,c)wmg_to :
the finite power source, case when the ﬁolding ability of the endfeffecﬁors of the robbts is limited .
owing to the finite strength of material®, case in tracking a mechanical system consisting of sev- '
eral parts moving relatively each io the other as an assembly s;:t[233 and many others, A né:w ca‘s'e‘
where the object is fleXible is studied in this paper. For simplicity of exposition we codsidéz' here
only slender - flexible beams and more complex flexible objects can als 50 be treatd in sumlar way

. The objective of our work is to find suitable control laws whlcyh”track the flexible object to
follow a desired trajectory while keeping its form nearly undefofmed, i. e. keeping aiways
straight in moving. About the form of the object we make. ' E ‘

Assumption 7 Suppose the coordinate (z;,;,%) attached to each of the end-effectots of the
n robot.s grasping firmly the beam are chosen such that 3; are all along the longitudinal axis of the
beam. The beam is called formally undeformed if all z; lay on the same Straight line, while y; and
z remain parallel to that just as in the natural undeformed form. We assume such a formally un-
deformed beam is undeformed. '

Assumption 7 All the deformations, deflections and torsions, are small.

Assumption 3 In the tracking process only the static deformation under static and dynarmc
loads on the beam are considered.

Assumption 3 ignores all the elastic vibrations (elastic modes) of the beam while moving as
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a body with deformations caused by the static and dynamic loads.

A series of mechanical properties of the flexible-plus-robots systems are formulated which
serve a foundatibn for solving our control problem. o ‘

The control strategy is established to fulfill the tracking task formulated above in a hierarchy
with three layers; '

1) Local control, the first layer: control on the robots to track themselves; -

2) Global control, the second layer: we call it the whole motion control which is shared by
the robots to track the object considered as rigid;

3) Coordination control, the third layer. we call it fine motion control which is contributed
by the robofs to coordinate the motion of the end-effecto;s such that the flexible object keeps a
undeformed form.

The paper is or‘ganiz'e'd as below. In section 2, preliminaries about definitions and notations
are given. A series of mechanical properties are stated in section 3. The hierarchical control strat-
egy is suggested in section 4 and the control law is formulated then in section 5. Finally a short
conclusion is drawn in the last section. ‘

92 Preliminaries; definitions and notations
2.1 Matrix Representation of Force Systems with Respect to Moving Frame

Any force system (system of forces) may be simplified to some afbitrarily chosen point O to

a force f and a torque m, and then be representated by a 6X 1 matrix as

_ F = [fes fys For Moxs Moys Moz]’s 2. D
where f., fys fus Moss Miys M, are projections of f and m, on arbtitrary coordinate system (z,y,
z) with origin at 0. In our study (z,,z) is always chosen fixedly attached to some relevant
moving body. Such force systems are, e. g. , force system acting on a body , force system exert-
ed by the end-effector on the body , reactive force system from other body or constraint, etc. Be-
sides, another form representating the force system of the generalized control on a manipulator
is;t=[ 71,72, 176 T
2.2 Matrix Representation of Motions witﬁ Respect to Moving Frame

Position /orientation of a rigid body is representated by ;
Py = [2q, yos 705 @5 0, 97 (2.2)

where (zg,9q,%) is the coordinates of a point on the body O and (g,8,%) the Euler’s angles all
with respect to the base coordinate frame. ‘

But for the ve}ocity of body we have two different representations. The first is

Vo= [(Vaes Vays Vors @ry @y @17, (2.3

where V., V,, V. is the components of velocity of point O on moving axes (z,¥,2), and w,, w,,
o, the angular velocity components of the body on the same moving axes. The second is

Po= (Vo> Vs Vaus @5 6, 9" @b

We will obviate the often used representations where V., Voo Vosy @5 ®,, @, are compo-

nents on axes of the base frame.
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The drawback of this representation is that the time derivative of P, has no direct meaning in
sense of “velocity”. As is' well-known, the Euler’s kinematic equations

; = gsindsing -+ deosy, ‘w == gsinfcosy — fsing, @, == @cosd + P - (2:5)

give the relations between Euler’ angles and the angular velocities about z, ¥, zﬁaxes and-relation -

(2 5) may also represented as

» = We, =, [0y 03y, a);]T,' o= [p, 6, .gb]T, i (2.6)
where oo L v
sindsing cosp ' E e '
W o= Linécom/: — sing gl . . 2.7

l,cosﬁv 0 ]_l

These two representations are related by
V,=XP,, X= v ol U=R‘,§,

o wl” | o
where B refers to the base coordinates, O to that fixed with the body at O and R§ is the orientation
matrix of B relative to O. C i

Besides, other often -met representation of position and velocity is that of a manipulator by
generalized coordinates : ‘ s ‘ o
g="La; = I d= [, =5 I"

2.3 Dynamic Equations of Object-Robots Systems -
Dynamic equatiohs of robots may be compéctly described by Légrahge equation
M@ + Ni(gird) = % + Gifay (G =1,2,0,m), (2.8)
where the subscript ¢ denotes the number of the robot supposing they are totally m. As usual; g; is
the joint vectbr, M;(q;) the inertia matrix, N;(g;,q‘.a) the vector including Coriolis , centrifugal
and gravity forces. 7; the control vector and feithe force acting on the end-effeetor of the ith -
robot. Matrix G; will be defined later. '

As fo objc:ct is temporarilly considered as rigid, it is plausible to employ a coordinate Systém
Ozyz wiih O at the mass center and zyz fixed with the body along principal axes of ihertia. Theh" _
the equations of motion of the body are given by the Newton’s law of motion and the Euler’s'mo-
mentum equationf101, ' ‘

Vo= L+ mfsy @& = Hoe) + J7'myy :
V,= L, + m™f,, o, =’II,(b)) + J; iy, M (2.9)
Vo= LodwmTf, o= Hie) + J7'm., ¢
where m is the mass of 'the méving body,’ Fas fys Tas and m,, m,, m, are the components of the
principal‘ vector and the principal mbment of the system of éll external forces acting on the body~
including reactxve forces from the end-effectors of the mampulators, grawty -and reactions from
the environments.
It is to be noted that Ozyz is a mbving coordinate system, so in the equations of motion such

terms L,, L,, L,appear. The reason why we choose a moving coordinate system which induces
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these complex nonlinear terms is that ;)therwise Iy Jys I, will not remain -constant- during the
motion and in that case the equatons of motion become nonstationary which is much more compli-
cated.

- In equation (2.9), .- .- . : ; SREE - iy ae
L= oV, — oV, L =oV,— oV, L =ol.— oV, TR C(2010)
Ho=J7N, — T, H, = J7 0 — T, Ho=J7 = Jpoe,. (21D
Now we are ready to put the equations of motion of the moving body presented by (2. 9) to

(2.11) into a compact form
d

4y _ w oy ' (2.12)
dtV K+F, ,

K = [L., L,, L., H., H,, I.T", . B C2R &)
F = If, (2.1
E == diag[m~, m~', m™, J7, J;_IT J;Tl]T. e (2.15)

V={V., V,, Viy @y 0y )"y f= [fes fys For Mey my, me]
where the subscript o is omitted. '

3 Some Basic Mechanical Properties of the Object-Robots Systems

The following properties of the object-robots systems are basic to our study.

Property 1 Force transition chain. The representations of force systems acting on various
parts of the object-robots system relative to different local moving frames are connected by a typi-
cal force transition chain established in [ 107]. For the system shown in Fig. 1 we have .

Tipr = Gl Fgrrs . Frp = SiaFo = SFXFEU Fg = G T 3. 1
where Fg, F;, Fgy, are statically equivalent force
systems referred. to different points of application,
whereas 7; causes the same effect on the ith robot as
Fg, and the same to 7,4, and — Fgyy, but they are
not equivalent pairs.

Force transition chain.may be constructed simi-
larily for any other cases.

Property 2 Velocity transition chain. The rep-
resentation of velocities of various parts of the object-
robots system relative to different moving frames are
connected by typical velocity transition chains(10],

For case shown in Fig. 2, we have (3. 2).

. —Tyr b3
G = G Vrigrs Ve = YiVis

(3.2)
Vi=Y{ Wy, Vg= Gl -

where Vigars Vi, Vi are different representations of

the velocity of the same body referred to either-the

mass center or the end-effectors. : Fig. 2° Velocity transition chain
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Any other case can be: treated by using these equatlons too.

Property 3  Independency of motion and force contorl. For mechanical systems the motion ‘
of the system and part of the force system acting on.the system s whether'they ate extem,ak!j,actxve
forces, interactive forces between parts of the system or reactive forces from constraints, can be
controlled separately. That is, we can always split the control vector into twb parts ; '1‘t‘=‘-u,,;+u;',; :
such that u, is devoted to track the motion of the system to follow. the desired motion. whlle ug to
track the desxgnated part of force to follow the desired forces. S

Proof Consider a ‘mechanical system with q as its generahzed coordmate vector q [q1 2+ Q3

*» ¢aJ%, Where m is equal to its degreé of freedom. e ‘ ‘

The differential equation of motion of the mechanics system is described by Lagrange equa-

tion

~ ==, @3
where L is the Lagrangian L=T(q, ¢)—1I(q), T the kinetic energy, II the potential energy, Q
the generalized force ; , ‘ bt
N 9T . :
Q=§B'ﬂ Fy @D
In equation (3. 4), Fj( j= 1,+++,N) is the actual acting force system and 7; denotes the .radius
vector of the pomt of application of f; with respect to the base coordinate frame. Obvmusly r 5 are'
function of q. ‘ ,
Equation (3. 4) shows that @ with its components and in consequence the dynamic equation
of motion (3. 3) are linear -with respect to forces F;. The force system {F;} includes; control
vector u, reaction force ﬁom the constraints which may be forces from the end-effectors of rele-
vant manipulators, and all other forces applied on the machanical system; Fy(i=1, +, N).

In its developed form, (3. 3) may be represented as
M(Q§+ N(g,9) = Gau + D \GIF,, : (3. 5)
) i=1 o

where G,, G; are all'nonsingular transformation matrices.

Suppose the task of control is to track the motion ¢(¢) and f(¢) to follow desxred ones q‘(t)
and f{(¢). On accouting of the linearity of (3.5) in u, we can split it into two parts: u—u,,.—{—
Ug, where u, and u; are designated to track the motlon and the force separately For the motion
control part we have E SR
M(Q§ + N = uy . (3.6)
So as to the force control part it can be realized in someways, for .example, tvkvo' schemes are
suggested in [ 127, the programed force control and the dynamic feedback control, In case of the

so-called programmed force control, we have
=1 ; o s : i S

but in the dynamic feedback control scheme
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N
w = DAL + K[ (10 = fpad, | 38
IR 1 ~ : .

where K; are feedback matrices. This property is valid for any control schemes.

Property 4 Deformation relation. Suppose the beam
is supported at points O and ¢ by two manipulators as
shown in Fig. 3. The deformed position and orientation of
O'x'y' 7 with respect to Oxyz is denoted by p==[0:, &;, 0.,

8.5 6,, 6,]7, where 4., d,, 6, are the deflections of O’ a-

long the z, y, z directions, and 6., 8,, 6, rotational angles
around oz, 0y, 0z “  Fig. 3 Deformation relation

Denoting the force.system applied at ¢ by f' = [f.» fys fas Mes my, m. |7, which is the
force system exerted by the end-effector of the manipulator at 0/,

Now we have a deformation relation

p=8f + L, 3:9
where [, is a vector depending on all the known forces applied on the beam section 00", and
48 07 _ '
8= _ 1> S =R}, : (3.10)
b5 H3

% 0 0 oo oo L0 0
A={o Ay o], 1):'[0 O(dJ, Hmr;) 9, o}.
lo o 4 o ¢ o Lo o e

In (3.10), 4, 42, dsy day d3, 015 65 63 are constants dépending on the dimensions and
strength coefficients of tile beam, and § i$ equal to the orientation matrix of (’2'y' 2’ relative to
Ozxyz. ‘ { '

When the axial strength is very Strong such that the axial deformation aldng x is negligible,
then 4;==0, then the rank of S is 5.

Now we define the form of a'section of the beam considered in Property 4 by a couple of
vectors &= {p,, p,}. In conformity with our simplifying assumptions, so if OO’ is a undeformed
section we have &= {p,, 0}. : A

Property 5§ Equation of the beam. Relation between the form of tﬁe beam and forces actihg
on the beam is determined by (3. 9) and the Dalamber’ principal, i. e. the equilibrium equations
of all forces acting on the beam including the dynamic loads.

Fo={fg fror £ £97 (3.1D)
where Froy fro are thé reactions of end-effectors. f° the known static load, f¢ the dynamic load
depending on the motion of the beam. They are »

X =0, ¥ =0, XZ2=0,
M, =0, ZM,=0, IM, =0, (3.12)
where X, Y, Z are projections of all forces (3. 11) on axes x, y, z Whereas M., M,, M, projec-

tions of all moments.
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4 The Hierarchical Control Strategy

The tracking task may be considered in two -
‘phases ; :

1) The whole motion: tracking, i.e. the flexible
object is temporarily taken as solidified; '

2) The fine motion tracking , where the form of

the flexible beam is adjusted to: kéép it in a formally )
underfofmed'status (de.fined in Assumption 1). ’ Fig. 4 Dynamic equéﬁons

First the desired whole motion is given in form pZ(¢) or v4(¢) as the position vector or the ve-
locity vector of the solidified beam with o at its mass center. | _

By the velocity transition chain and through computations the desired motion of each manip-
ulator may be obtained , : . : = : ‘
' W, @O, W, G=1,2,,m). @D

On base of property 3, the control on each robot is decomposed into two parts; U= Uyt Uy
(3==1,2,++,m). The local control uy tracks the ith robot to following its desired motion q‘(t)
when the end-effector grasps nothing,. We have a zero payload: trackmg case;

Mg + Nilgirg) = % = uy. : : (402)
Here any of the well-established control techniques can be used, for example,the computed
torque technique, the variable structure control technique, etc. By the first we have - i
w= Ni(g@) + Mi(a) (@ + Kb+ Ke), RERENCHE )

& = ¢{(®) — q:(D.

The global control u, is just that part of control activity which contributes to. the- whole mo-
tion tracking ) and fine motion adjusting controf u -

The asymptotic tracking ;e;~> 0 in this control layer is just the well- known “Computed
Torque Method” as exposed in [10], or its original version [147. ‘

u;y--u,g+u : : . (4 4)‘
. The -additiveness in (4. 4) is Justlfled by reasoning the fine motion adjusting control as a force
control which is postulated in Assumption 3 and ﬂlustrated in Property 5. . Now. we have u;==uj+
u;‘;,+u ‘ :

This control law is in a hierarchy with: three layers; first layer: for local control ; second one
for fme motion adjusting control and the high layer for whole motion control ‘At this: stage At is
reasonable to have . i s

Assumption 4 we assume that the maximun possible control activity- of . the .ith robot is
stronger than the activity; uy, but may be weaker than u,-=,ug+u£:+u$. So the limits on the con-
trol activity must be taken into account and determine uy so that u; is admissible. In-any case ;. it
is assumed that the multi-robot system can achieve the proposed tracking task.:

5 The Control Law Formulation

We are now going on to find the global control.
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——
Suppose beam AB is held by (1-+4a-b) robots: the 0Oth one at the mass center by end-effec-
tor E,, the right ith at E (i=1,2,+,a), the left jth at E_,(y-l 2,0+ ,b). Such the beam

may be considered as split into (a-+b) segments, each of which is the part of beam between two
consecutive end-effectors with-exceptions possibly of the two end segments, where the segment

may be prolonged beyond the ‘end-effector. ‘Both cases are-shown in Fig. 5.

By Fiy A

h segment right segment

Fig. 5 - Segment of beam
Denote the internal forces at the right side cross sections of F; and left side cross sectlons of
Eiy1 Y
fhy foris  G=1,2,0,a), fhiy (G=1,2,2,b),
it G=1,2,0,0), [k (=1,2,:,b),
and the reaction forces at the end-effectors by
oy Frrs G=1,2,0,0), fgis (G =1,2,,b). (5.2
We now have the following equations for solving the reacfion forces on the end-effectors of the
(1+a-+b) robots.
For segment E.4;1E4;, deformation equation (3. 9) and (3. 12) give
Poti = Sifsri + lois (5.3)

5.1

where subscript 4 is added, and
ZX(fs—ry f&s £1 f.) =0, ZY(frs far I, fH =0,
ZZ(Fhiets Fiss £15 FO = 0, EM.(frz1s o £ £ =0, (5. 4)
IM (fhie1s Fos fis £ =0, ZM.(fu-1, fs» 1 fH =0,
where ZX( ¢ ), ZY( ), ZZ( +) denote the sums of projections of all forces indicated in the
brocket on #, ¥, z axes and TM,( ¢ Y, ZM,(+ ), ZM,(+) denote the sums of moments of all
gorces included in the brocket around z, y, 2 axes.

We obtain 12 equations (5. 3) and (5. 4), which can be solved for two six- dlmensmnal
force vector fi— and fii. They are all functions of p, which is the six-dimensional deformation
vector: If give ply, i. €. the ith segment of the beam any assumed form, we get at the same time,
the forces fh- and oo

Now we can immediately determine the reaction force on the ith end-effector fg== Fat s
which in turn determines the fine motion adjusting contorl by the force transition chain (3. 1)

uf = Gifg, (=41, =, +a, —1, =, —b). (5.5

In order to find the whole motion control u, we should distribute the dynamic load of the

peam which is postulated staying in a formally undeformed status. For this aim the simple and

plausible way is to build a Master-helper self-organizing control strategy seggested in [8,971.
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The dyn,;imic load .in performing the whole motion, which follows' from thé’ differential e-
quations -of the object treated as a rigid body, may ‘

“be derived from (2. 12) ~ S e
f'=E"W — EK. (5.6) )

This force system is to be distributed among the (1 : flue motion conwroller |

-+a-b) robots, If the activity of individual robot ; - N e

is strong enough, then by any of the distribution e N

techniques(®7], one obtains the global control for . ' s

the whole motion tracking 4% and in consequence r:;:::‘irn 9@: Instor robot Tl W ,:":f::’_u,

the control strategy ;= uy~+uf,+u%, where u; and { | { i |

uf, are already obtained as (2. 4) and (5.5): The - sk '

block diagram of a three layer- hierarchical control )
scheme is shown in Fig. 8. ' . Fls.‘ ® Control bioramehy
Consider now the case when the; contorl activity of individual robot is finite owing to the
limited power source or other limitation [9],-here R L ey
lw| <uy, G=0, + 1, vy +a, — 1, =, — b). (B
We use the Master-tielper control strategy [ 10] to realize such a distribution. Based on thex V
procedure suggested in [10] the control law for the (1-+a-+-5) robots is established one by one.
Suppose F¢ corresponds to the Master robot, we have :
' uy = uy + uby + ufy, ufy =0,
uy = No(gosgo) + Molgod[g5() — Koo — Kgeol,
ufy = ug + ufy + ¢ — tr(ug + ub, + Soft, ud),
where function tr( ¢ ) is a truncation function defined by
‘ z—fc", whenz}a&*, ’
tr(z,2*) =<0, __when lz| <az*, o - (5,8)
z+z*, when — 2> z* ' o
and z* is the bound on z such that |z|<Cx*. Then for By which corresponds:to the first helper
robot, we have '
Upr = vqy + vhy + ugy,, ‘ 8 "('5. 9)
Uiy = N1+ + My (g10[¢51 () — Kinéq — Kiper ], ‘ ' k
why = Ghifpyry Wy, = 4%y, — tl‘(ﬂ'ilp ut1),
Wy = ugy + whyy + 84187 (ug + ufy + Sofs ud ). , ‘
Going on in this way we find the control strategy for all robots, the master robot and the f(a+b)
helper robots, ug, %y, , Upy ***y Uiy Uy We stress here that the order in the selection of helper
robots is 1rrelevent to the tracking task, even different control law is resulted for dnfferent
order. ' ‘
6 Conclusion

Tracking problem of flexible object consists of the motion tracking and the form maintenance



662 CONTROL THEORY AND APPLICATIONS Vol. 11

of the object. So in solving such a tracking control problem, besides the control issue, a mechani-
cal problem about motion descfiption of flexible bodies is involved. This problem may become
very complicated when the body is not in simple regular form. Only a slender beam is treated in
this paper for illustration of the control phylosophy developed in this paper. ' _

Some assumptions which make this problem easy to attack and at the same time fulfill the
practical requirements are postulated. Then a series of basic mechanical properties are drawn
which form the basis in establishing a three-layer hierarchical control; local for the robot itself,
whole motion global control which accomplishes the motion tracking task and the fine motion ad-
justment controf which maintains the form of the flexible objects.

The method for the formulation of the control strategy is general and applicable for any flex-

ible object, however, the mechanical issue inevitably becomes fairly complex.
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