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Abstract: A new definition of controllability for 2D Roesser Model is proposed,and it is
shown that the new definition is dual to the well known concept of causal observability
proposed by Bisiacco™. Finally the similar results are also generalized to the 2D general
state-space model.
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1  Introduction

2D discrete state-space theory has a wide range of applications in digital filtering,
figital picture processing ,seismic data processing and many other areas',and it has re-
ceived increasing attention. In last decade,a great deal of extensive ’resea’rch‘has been
made for the controllability and observability theory to 2D discrete state-space models,
such as Roesser model™ and the general model™ ,etc. Among these works,several of the
ost remarkable progress are involved in the local controllability /observability'™,global
ntrollability (and reachability)/observabiiity (and reconstructibility)*~,and also the
sal observability and reconstructibility®®!. However, the local notion is proved to be
ot very importantt*l,and the global concepts are usually difficult to test although their
plications in observer design' and feedback stabilizability®® are very significant.
herefore, those causal concepts appear of considerable interest™~'*), Bisiacco™ and
urekr”] have also proposed a notion of controllability to be dual to causal recon-
cta blhty,whxch is very useful in deadbeat control. But unfortunetely ,there exists not
1y appropriate known discrete state-space definition for the notion of controllability or
achability that is dual to causal observability. This notion will be of very importance to
e synthesis of 2D systems!®, k ' , ‘
In this note,the main purpose is 3mt to set up a new definition of reachability for
e dual concept of causal observability to 2D Roesser model as well as general model in

Crete state-space.
~ Problem Statement and Preliminaries
Consider the following 2D Roesser model (2-DRM).
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|:.7: (Z + 19])
2(@yf 4+ 1)
y(ia]) = C-T(19])y

hoe -
where x(@,5) = l:x (l"].)jlé R~
z°(i,5)

} Az (i, 7) + Bu(i, 5,

is a local state vector, 2"(7,7) € R™,2°(i,j) € Rzand n = n, =+ ny,u € R™is an inpyy
vector,y € R’ is an output vector and '
— I:'All Alz]’, B: [Bl], C:[CI’CZJ
A21 AZZ ,‘BZ
are real matrices of appropriate dimensions.

Model (1) is a local only™?), Hence,the boundary condition set (BCS) will be as.
sumed to be the so-called standard BCS,i. e.

2"(0,7) = z4,;» 27 (i,0) = z;,. (2)

In order to illustrate the problem under discussion clearly,we introduce the follow-
ing definitions and theorems.

Definition 1) The 2-DRM is said to be causally o‘bservable/reconstructable,yif
one can calculate its local state z(%,Z) based on future/past outputs and inputs of the
systems. , | ) |

Definition 2/*! The 2-DRM is said to be causally controllable,if for any 2(0,0) =
z, and other standard BCS equal to zero there exist (£,I) and an appropriate input
sequence {u(i,)si,7 == 0} such that x(i,7) = 0 fori >k or j > 1.

Theorem 11 The 2-DRM is causal observable/causal reconstructable 1f and only
if for any finitely large complex numbers z;,2,, , : ,’

rank[l(z“zz) - A]: n/rank[l B I(zl,zz)A:,: n. (3
‘ o c TR
Here I'(zy,2,) = diag{l, =, o Io,2s )

Theorem 2M%)  The 2-DRM is causal controllable if and only if for any finitely large

complex numbers z;,2,, ; —
rank[] — AI(z,,2;),B] = n. @
Obviously,it follows from theorem 2 that;

i) Causal controllability is dual to causal reconstructibility. ,

ii) 2D causal controllability/observability (reconstructibility) is a well reasonable
generalization of the corresponding 1D concept. However, it is; different from 1D case
that causal observability is no longer implies causal reconstructability and vice versa
even if A,A;, and A, are simultaneously nonsingulart*, ’ k

Thus, by the duality between causal reconstructibility and causal controilability of
2-DRM it can be foreseen that the dual notion of causal observability, i. e. the

reachability corresponding to the criterion
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rank[I(zl,zl)w—A Bl=mn Vzl,zz;ﬁoo BT ER €:))

ight have been much ditferent from the causal controllabdlty Now we can formulate

mi
¢he problem under study as: To find a definition called causal reachability in discrete

state-space for 2-DRM such that condition (5) is a sufficient and necessary criterion of.
it.
3 Causal Reachability
‘Definition 3 2-DRM is said to be causal reachable,if for zero BCS and an arbitrary
& R” there exist (k,) > (0,0) and input sequence u(i,7), (0,0) < (@,)) < (&,0),
(k4 1,D -
h that [ :I: x4 and
suc x”(k / + 1) 0 | . ‘ }
k41,70 =0, 2°GI+D=0; 0,0<EN< (k~11—1)
Theorem 3 2-DRM is causal reachable 1f and only if (5) holds. , ,
Proof For 2-DRM with BCS being equal to zero one gets after 2D z transformation

that , _ ,
V I(Zl ,Zg)X(zl 922) = AX<21 ,2’9) + BU(»’Z]_ ’zz) ) S ' : (6)
where X(=2yy2,) = sz(l,])zl za oo (Ta)
i=0 j= 0 o . ' ' N
U(zl,zz)’ - ZZu(z,])zl 274, ’ A / (7b)
i=0 j= R

Mutiplying (6) both sides by 2§z}, one gets from (7) that
[I(21,22) — AJX (21,22) + BU(2152:) + Y (21,22 + S(21,2) = 0, (8)

where

o 0 ‘ ‘ ’ ' o )
X(z“zz) o Z Zx(z + /e',j + l,)zl—iz;j,‘\ : : oy s S (9a')
i=wk j=—i SECIEI RN > >
U(zl,zp = Z ZUU +k,; +z>z, 2 (9b)
o i=—k J=~—l K o i B AR Es ¥ T

3 +1 d : 0 ERT
Y(z,2) = Z[x( Holod >]z;’4~'}3[' }* 0

e’ 0 STl x(k-{—z,]+1)

and S(z;52,) is the series of z7 or 25/ thh i >1or j > 1. Therefore from (8) it follows
that : e
[T(z,s2,) — A]X(zl,zz) -+ BU(zl,zz) = Y(zl,ze) (10)
Now, by definition 3 it is obvtous that 2-D RM is causal reachable if and only if for any
Ty € R there exists a polynomial solution X and U to equatlon

’ [1(z1522) A]X -+ BU = Zq, an
ie. (5) holds™,
Examplg‘ 1 Let

A= [01] B Ll e e | az
Lliod Lo i
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Then for any z;,2; 7 >
. ' zy o —1 1
rank[T(z;,2,) — A, B]= rank[ ‘ ]:——" 2.
So (12) is causal reachable. :
Example 2 Let

Then
' 10 17
rank [I(l,O)-—A,B]-——'rankl:l 0 1 =1<2.

So (13) is not causal reachable although it is both 'local reachablet® and modal control-

lable[1]. In fact in this éxample,’ '
G 1,7 =ul,)), =z (1,1 P =ul)) — u - 1,1), y
2900, + 1) =— 20, /) +u0,), V G, = 0. 14

Therefore the same conclusion can be easily derwed frc)m the definition directly.

4  Generalization in 2D General Model
Consider the following 2D linear shift—invariant,discrete state-space general model  ;"
~ (2-DGM) A R |
2G + 1,7+ 1) =46, + Azl + 1,5+ Anx(yj-+ 1D e
4+ Bu(i i) + BuG + 1,/) + BuG,j+ 1, (U5
where zG,j) € R” and u(i,j) € R” are the local state and input of. the system
respectively. A, By, (2 = 0,1,2), are real matrices of appropriate dimensions. The
boundary condition set of (15) is ' ’
BCS = {2(i,0),2(0,j):,j =0}, 16)
Definition 4 2-D GM is said to be causal reachable . if for any z, € R"and zero BCS
there exist (k,I) = (0,0) and an appropriate input sequence {u(f“ 500,00 < G, D)< i
(k,0)} such that x(k 4144 + 1) = xoand z(kyj) = x(i,I) = 0 for any (0, 0) < (z,])
< (kD).
Theorem 4 2-D GM is causal reachable if and only if

rank [A(z1,%;) ,B(zl,zz)] =n,  forV 2,,2, 7 o, Can
Az ,2,) = z?zzI — 2, A, — zzAz — A L (18a)

B(z,,2,) = By + 2By + 2,B.. , (18b)
Proof It is very simillar to the proof of thorem 3 and is omitted hence. o
Finally, as the end of this section we introduce a consequence to illustrate the
importance of the causal reachability. ,
Theorem 5 Let (1) be a single input and single output (SISO) 2-DRM. Then there
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s a compensator G, (z1,2,) = V (21,2,) Jw(zy,2,) for (1) such that the transfer

'éxist ‘
n of the closed loop has any given den’ominator @(21,2,) if (1) is causal inre-

'functio
ducible (i. e. both causal reachable and causal observable).

proof It is a directly corrollary of the theorem 5 in [13].

5 Conclusion Remarks

In this note the new definition of reachability ,a dual notion to causal observability,
for 9-DRM as well as 2-DGM is proposed. Obviously, this concept implies the modal
Controllability/modai reachability’™,and local controllability/local reachrability. Howev-

’er the relationship between causal reachability and global reachability is still unclear.
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