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Abstract: A high accuracy and high resolution fuzzy controller is desinged to stabilize a
double inverted pendulum at an upright position successfully. A new idea of dealing with multi-
variate system is described. The fuzzy control rules of a double inverted pendulum are given and
a powerful fuzzy decision way is described to divide the output in a more delicate stage. And a
high resolution fuzzy controller is designed by using that.
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1 Introduction

The double inverted pendulum is a multivariate nonlinear fast reaction and unstable
iystem. To stabilize a double inverted pendulum is not only a challenging problem but also
| useful way to show the power of the control method. By using an analogue computer
Shozo Morit*! designed a controller in stabilizing an inverted pendulum hinged to a cart on
 rail. K. Furutat® designed a controller for the double inverted pendulum by using of the
itate space approach and the minimal order observer. K. Furuta®™ have designed and devel-
»ped a digital controller for a double inverted pendulum on an inclined rail by the same ap-
rroach in 1980.

It has been known as a more difficult problem to design a fuzzy controller for a double
nverted pendulum by using fuzzy control theory. In this paper,this problem is studied un-
ler the circumstance that a computer is employed in the control system design and the con-
toller. The study based on the fuzzy control theory has been done by a controller for stabi-
izing a double inverted pendulum at a upright position. A high accuracy and high resolu-
ion fuzzy controller is set up.

Today , there is no simple and efficient way in dealing with the multivariate system
with the fuzzy control theory. In this paper,a composition coefficient for the state variables
s given by use of the computer aided design (CAD). and two new state variables ,composi-

ion error “E” and composition rate of error “EC”,
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Manuscript received Mar. 19,1994 ,revised Oct. 17,1994.
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2 System Description and Linearized Model
As mentioned in the introduction,based on the composition error “E”

and the com
sition rate of error “EC” the purpose of this paper is to design and construct Po.
g a fuZZ

. ) o
troller to stabilize a double inverted pendulum. The control system of the doub]e - n
. o o
pendulum is presented in Fig. 1. ed
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Fig.1 The control system block diagram
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The mathematical model for the system is realized and the following differential equa-
tion is obtained by the dynamics theory.

M(6,,6,) |6, f+F<ol,0z,él,éz>Fl = G(u,0,,6,). W
A ;
where
M, + M, + M, (M1, 4+ M,L,)cosb, M,l,cos0,
M(gl ,02) = (M2L1 + Mlll)cosel Jl + Mllf + MzL? Mz.LllzCoS(az - 01) )
M,L,cos, M,L,l,cos(8, — 6,) J, + EM, |
[Fo  — (Ml + M,L,)sin,0, — M,l,sind,0,
F(8,,0,,0,,6,) = | ¢ F,+F, — L,M,sin 6, — 6,)0, — F, |

0 M,Lisin(8, — 6,6, — F, F, J
G(u,al,gz) == [Gou (Mlll + Mle)gSinal lezgsingij.
Thus a mathematical model of the double inverted pendulum has been derived. The

symbols are defined and the parameters are given in Table 1.

In the neighbourhood of unstable balance point (r =0, =0, =0and 7 = [91 = éz =0)>
the following linear model is gained.

X= AX + Bu,
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Y = CX. 2
here
X = [@1,Xy 5235 %45 X5 yxe T = [r,0,,0, — 8, s750,,0, — ﬁl]T ,
Y = [yl’yZ’y3jT = [r,0,,6, — 6,7".
Table 1 Definition of symbols and the parameters
M, equivalent mass of the cart drive system ' 1. 3282 kg
M, mass of the lower pendulum 0.22 kg
M, mass of the upper pendulum ° 0.187 kg
Jr mass moment of inertia of the lower pendulum ' 0. 004963 kg + m*
J2 mass moment of inertia of the lower pendulum 0. 004824 kg + m?
Fo equivalent friction constant of the cart drive system : 22.915n +s/m
F, friction constant of the lower pendulum 0. 007056 n » s/m
F, friction constant of the upper pendulum 0.002644 n * s/m
G, gain from the output voltage to the output of the motor 11.887 n/v
A distance of the center-of-mass of the lower pendulum - 0.304 m
I, distance of the center-of-mass of the upper pendulum "1 0.226m

By substituting the parameters of Table 1. the following matrixes of coefficient are

iven.
[0 0 0 1 0 0 .
0 0 0 0 1
A= 0 -0 0 0 0 ’
0 —2.569 0.16408 — 16.667  0.01718 — 0.0011
0 29.919 —15.181  40.317. — 0.28268 0. 0959
LO — 36.656  65.378  — 49.395  0.64301  — 0.41489]

B=[0 0 0 8.6462 —20.914 25. 6421",
m o o0 o0 0 O

C=1{0 1 0 0 0 O0f.

o 0 1 0 0 0

3 Composition Coefficient

The composition coefficient is derived by using state space theory. The quadratic crite-

sion function is given by
J=[TAxNE+ Nulpae

Accroding to the quadratic criterion function the positive definite symmetric matrix P can
be solved by the Riccati equation of linear optimal control system.

PA + A'P — PBR™'B'P +Q = 0.
The composition coefficient K can be derived by

KT = R7IBTP = [ky ks ks kyskssks .
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And two new state variables the composition error E and rate of error EC are Raineq - :
the composition coefficient K. Let h
Z, T,
E = [kukz’ksj Xy |y Ec= I:k4 ’kwke] s | 3
‘ )

3 6
If the positive definite matrix: Q = diag(1,50,250,0,0,0);R = 0. 1;the compoyg
coefficient K is ;KT = (3. 156,46. 956,122. 48,3. 974. 19. 423,16. 381)
4  Fuzzy Controller

iti()n

In this part,a high accuracy and high resolution fuzzy controller is formed. -
4.1 Fuzzy Sets
It is necessary to use more fuzzy lignuistic terms than the traditional way in Stabilizing
a double inverted pendulum. The specific terms for the error E and rate of error EC are 4
the following: ;

UB:Upper bdund; PL:Positive large; PM ;Positive medium; PS;Positive small; PO,
Positive zero; OK:Zero; LB:Negative bound; NL ;Negative large;NM:Nega‘r‘ive medium;
NS:Negative small;NO :Negative zero.

A high accuracy fuzzification algorithm of the output U is received by using more
linguistic terms than E or EC.

UB: Upper bound; PVL; Positive very-large; PL ; Positive large; PVM ; Positive big
medium; PM :Positive medium; PS:Positive small; PO ; Positive zero; OK:Zero; LB:Low-
er bound; NVL; Negative very-larg; NL; Negative large; NVM: Negative big medium;
NM:Negative medium; NS:Negative small; NO;Negative zéro. ,

Where PO is the values slightly above zero. And PVM is the values between the PM
and PL,and PVL between the PL and UB etc.

The upper boundary values of the com-

LB _NL NMNSNOOQ[K PO PS pM PL UB

position error E,the composion rate of error
EC and output U which are respectively
definded as E,,,EC, and U,, are given by the
CAD and the experiments. The fuzzy sets are

-5 -4-3-2-1 01 2 3 4 5 n

formed upon a discrete support universe of 11 Fig-2 The fuzzy sets of £ and EC

elements for E and EC. The fuzzy sets of E and EC are detailed by Fig. 2.

It is necessary for a high resolution fuzzy controller to use more stages of output. The
fuzzy sets are formed upon a discrets support universe of 21 elements for the output U. And
an automatic performance the coarse-fine control is desinged by constructing the fuzzy sets
of output U. When the output of the stage is smaller than 5 or bigger than —5,the change
of output is more sensitive than others. So the fuzzy controller can control the double in-

verted pendulum in a more stable way. The fuzzy sets are detailed by Fig. 3.
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Fig.3 The fuzzy set of the output
2 Control Rule
The core of the method is the resulting control rules which are used to form a look-up
ple. The look-up table directly relates the controller inputs E and EC with the controller
lfi)Ut U. The control rules are designed by the computer aided design. And the double
verted pendulum is stabilized by the control rules in Table 2 which are described below if
is PB and EC is UB then U is UB,etc. v '
Table 2 Fuzzy control rule

yNEC | 1B {NL|NM| NS |NO|OK|PO|PS|PM|PL | UB
E

LB LB INVLINVL| NL | NL |NVM| NM | NS | OK | PO | PS
NL LB INVL| NL | NL |NVM| NM | NS | NO | OK | PS | PM

NM NVL |NVL| NL |NVM|NVM| NS | NO |-OK | PO | PS |PVM

NS NVL| NL | NL {[NVM| NM | NS | OK | PO | PS. | PM |PVM

NO NL | NL INvM| NM | Ns | NO | OK | PS | PM |PVM| PL
OK NL |INVMINVM| NS | NO | OK | PO | PS |PVM|PVM| PL
PO NL |NVM| NM | NS | OK | PO | PS | PM |PVM| PL | PL

PS NVM| NM | NS | NO | OK | PS | PM |PVM| PL | PL | PVL

PM NVM| NS { NO | OK | PO | PS |PVM|PVM| PL | PVL | PVL

PL NM| NS |OK|PO| PS|PM|{PVM| PL | PL |PVL| UB

PB Ns | NO | OK | PS | PM |PVM| PL | PL |PVL |PVL| UB

.3 Fuzzy Decision and the Look-Up Table

A good resolution fuzzy controller is
srmed by the use of a powerful fuzzy decision
7hich divides the outbut U in a more delicate

U=(i+i+1+i+2)/3
=i+1

tage. The fuzzy decision is obtained by outting

ff fuzzy membership of the output with a

I
|

i+l P2 i+3 n

[
_.r_.ll_

b

| 1

!
arameter A and averaging the stages of the i !
i

nembership are bigger than the parameter A. ol

“his method is shown by Fig. 4. Fig.4 The fuzzy partition and desision
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According to the above description , the look-up table can be seen in Table 3.

Table 3 Look-up table
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S Conlusion
In this paper,a real system of the double inverted pendulum has been’ stabilized suc-
cessfully by the fuzzy controller, The control rules of the double inverted pendulum are
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