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©  Basic Lagrangian Relaxation Approach to Job Shop Scheduling
2.1 Problem Formulation

The job-shop scheduling problem considered in this paper is to schedule n jobs on m
machines such that a weighted quadratic tardiness cost function of the jobs is minimized,
where each job requires a sequence of operations for completion,and each operation may be
performed on one of a set of machine types. The jobs have different due dates and may have
different weights. The following variables will be used for the formulation of the
scheduling problem,where operation j of job i is referred to as operation (7, ;).

5;:Starting time of operation (i,)) ;¢ .Completion time of operation (/,;);C;:
Completion time of job ¢;D;:Due date of job i;w;: Weight (value of importance) of job i,
Number of jobs;n;;:Number of operations for job i3m.Number of machines; M ;Number of
machine types;m,:Number of machines of type i;M,;:Set of machine types capable of
performing operation (i,j);m;:Machine type selected to process operation (i,j);m; €
M;;1,;:Set of operations of job i immediately following operation (i, ;) ;#;;,: Processing time
of operation (i,j) on machine type » € M,;H .Time horizon under consideration;7’,;
Tardiness of job i,defined as max{0,C; — D,};J:Objective function to be optimized.

It is assumed that the precedence constraints of a job form a directed acyclic graph
and ,without loss of generality,that each job ends with a single operation so that C; = ¢, .
All operations are assumed to be nonpreemptive and the time horizon H is long enough to
complete all the jobs, All jobs are assumed available for processing at time 0 and,for
simplicity,all machines are assumed available throughout the whole time horizon from time
0 to time H. Note that all results of this paper can be applied to the situation where some
machines may be not available at some time slots within the time horizon.

The decison variables of the scheduling problem are the starting times of all opera-
tions {s;;} and the machine types {m;}. The cost function to be minimized is a weighted

quadratic tardiness function of the jobs.

n
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0, if r<C0,

Oy = {Gs ) Imy; = &),
The deterministic scheduling problem can now be formulated as follows
P, min(,,,”},(‘\.ij,‘/', (2)
subject to precedence constraints:
Sij F i, Lspr (G =1,2smy j=1,2,n.; r€&l (3)
capacity constraints:

SN (e = 5) — @r = sy — 1)) Koy (k= 1,2, MT = 0.1, H)L (4)
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2.2 Solution Methodology

In this subsection, we briefly introduce the Lagrangian relaxation framework to joly
shop scheduling problems proposed by Peter B. Luh and his olleagues.

The capacity constraints (4) and (3) can be relaxed by using nonnegative Lagrange
multipliers (& = 1,2, , M7= 0,1, ,H) and 4;,( = 1,2, 057 == 1,2, ,n, — 1,
€ M;;). This leads to the following relaxed problem .

RP, mln(m R {Z.l {w TZ -+ Z [7"/”( Zl (9’(7 — @o(r — Sij T tijle))
G DEO,
—m) ]+ zj’relu[/\i/r(sij + tijm,.f — s 1} (5)

The Lagrangian dual to problem P is
DP. max{ Z Ty Z mm {u, T?

7 A0 i (m

-+ Z,‘[Z;;i;mu ,,, i -+ Z : ,J, Si -+ t."jm’j - Sir)]} }. (6)

RP can be decomposed into the following minimization subproblems

RP;:  min {wT? + >, > [K_‘"’ F Lij -1 e

s oy
_ — '
+ Zrel/.i/{’j’(s"j + tij"‘ij) - er,jezir/lf"jslj) boo i= 1,240, (7)
For a particular operation (¢,/) and a particular machine type » € I,;, (7) can be further

decomposed to the following operation level subproblems:

. ar] T“i,f""ijm.._l ,T\ . T\ N
RP,‘j: min {waiAij + ; e, R4 7fml.jr + ( A % !r,jel,.,_'\""")si” B

(CI Llrelij Hr
F= 152, 8
where 4;; = 1 if j is the last operation of the job / and 0 otherwise.

The basic Lagrangian relaxation approach (LR) to solve the job shop scheduling
problem now can be described as follows .

1) Solve the dual problem (i.e. ,maximize the dual objective function) by using the
subgradient method;

2) Construct a feasible schedule from the solution to the dual problem by using a list-
scheduling method ;

3) Evaluate the obtained feasible schedule by using the approximate relative duality
gap.

At each iteration of the subgradient algorithm to maximize the dual objective func-
tion,an operation level subprolem for each operation is solved for given multipliers {7, }
and {4 }.

The operation level subproblem is enumeratively solved for each candidate machine
type r € I,;. The starting time and machine type associated with the smallest is selected and

used to update the multipliers. However,the selection of s, strongly depends on the sign of

N\ . N N
Zrez,.j/l"’* — Zr;,‘ezir’l"’i’Whmh i1s a constant for the operation level subproblem. As a
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consequence,s; is very large when this term is negative and very small when it is positive.
This results in solution oscillation when we solve the dual problem by using the subgradi-
ent algorithm.
3 Sequential Lagrangian Relaxation Approach

In this section,we propose a sequential Lagrangian relaxation approach (SLR) to the
job shop scheduling problem, which can not only avoid the solution oscillation, but also
generate high-quality near-optimal schedules.
3.1 Structure of SLR Algorithm

Let S be the vector whose components are s,;,7 = 1,2,*,n,7 = 1,2,-yn,. We intro-
duce a set of constrainted minimization problems as follows

Pt msinJ’e(S,S’*‘l) =J+pllS—=8"1]°% (9

S is SubjeCt to <3)9<4)-k = 1,25
where S* = arg rnsin{Jk(S.Sk_l) |,S is subject to (3) and (4)},S"is taken to be a feasible

solution of the constraints (3) and (4),0, > 0,k = 0,1, are positive real numbers.

The SLR algorithm can be described as follows .

SLR Algorithm

Step 0 Take S°to be a feasible solution of the constraints (3) and (4),and set k= 1;

Step 1 Solve P*using LR approach to obtain a near-optimal solution of I*and denote
the solution by S*;

Stpe 2 Calculate e = || S* — S* 71|} . If e <{e(e is a given admissible error),then S*is
taken as the solution of the scheduling problem and stop.Otherwise,# = %2 + 1, goto
step 1.

n K

Note that the second term of J*, 0, | § — S || 2= > \/_J (s;; — sk ,is decomposable

=1 =1

with respect to s;,i = 1,2,*,n,j = 1,2,°**,n;,80 the relaxed problem of I can be
decomposed into a number of operation level subproblems,so LR approach introduced in
the previous section is applicable to P’. More importantly,this term (a quadratic term)
prevents LR approach from solution oscillation.
3.2 Properties of SLR Algorithm

Let £ = {S|S is subject to (3) and (4)}. Without loss of generality ,we assume that
W, odistiypst = 1,2, 3n,j = 1,2, n;,r € M,; are all integers. Suppose that S* is solution

of P*obtained by using LR approach at step 1,that J* ($*7!) is the optima! objective value
of P* and that g, is the gap (difference) between J*(S*,5*"!) and J* (S* ).
Firstly.if p, > g, for 2 = K (K is a sufficiently large positive integer),then we can
prove that
LILT?SL =S5, ST E€E

From (9),we have:
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JE +p IS =571
=JV (S + g,
SIS+ o | S =S| 24 g, =TS + g,
=p || = S SIS — ISP + g,
SIS =S + g |8 — S| 7, for k with St S
= — g | $F = S P J(SH — J (S, for k with St 5S4

o

=20 —g) | $F = S P IS — IS <+ oo

k=K

= lim | S5 — §*1 || = o.

koo

Since S* € E,k = 0,1,2,-,and E is a finite compact set,then from lim || $* — §*"! |
.

= 0,it follows that there is S* € E such that lim$S* = S*.

koo

Note that if limS* = S* ,then from the fact that S*,2 = 0,1,++-,S* are all taken from
h—roo

the finite discrete set E,it follows that there is a positive integer K, such that for any %4 >
K,,8t=S",
Secondly, if imS* = S* and p, < (g, + 1)/h for 2 = K,(K, is a sufficiently large
koo

”

positive integer),where A = ( Zn,) H?,then we can prove that J(§*) << J(S) + ming,

i=1 [5=9 o
for any 5 € E,where K* = max (K, + 1,K,).

If the assertion is not true,then there is £ > K* and S’ € E,S % 5" such that J(S")
< J(S") — gy Since w;,d;,t;; are all integers,so are J(S') and g,. It follows that J(S') <
JED) — g — 1L

For any 2 = K~ ,note that $* = S*! = §*, we have;

JWS) + oS =S P =S H)<IE) FollS —S ||+ g
SIS —@ =1+ l8 =8 |F<IJES).
This is a contradiction. Thus, J(S*) < J(S) + rl}})ilx\_lg,é for any S € E.

The above analysis suggests that the choice of p, must compromise between the
convergence of SLR algorithm and the performance of its obtained solution. In practice,we
take p;,& = 1,2+« to be an increasing sequence of positive real numbers,for example p, =
pof*,6 > 1. At beginning several iterations,p, is taken small to ensure that the solution of
P, approaches an optimal solution of ”,and at final several iterations,p, is taken large to
ensure the convergence of the algorithm.

As LR approach,the final solution of SLR algorithm is generally associated with an
infeasible schedule. A feasible schedule can be constructed using the same method as in the
previous section and the value of the dual objective function ¢* = @(x*) (where 7" is the
Lagrange multiplier vector obtained by SLR algorithm,but ¢ is the dual objective function

in LR approach) is a lower bound of the optimal cost of scheduling problem P,which can
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pe used to evaluate suboptimality of the obtained schedule.
/4 Computational Experience

We have tested SLR algorithm by ten problems whose machine number and job num-
per are distributed from 3 to 10 and 8 to 20 respectively. The computatio‘nal resuits show

¢hat the algorithm can not only avoid the solution oscillation but also generate high-ruality

near-optimal schedules with relative duality gap no raore that 10%.
5  Conclusion

In this paper,we propose a sequential Lagrangian relaxation approach to job shop
scheduling problems. Computational experience shows that the approach can not anly avoid
the solution oscillation in basic Lagrangian relaxation approach but also gensrate high-
quality near optimal schedules.

One problem we investigate now is to reduce the computation time and memory of

SLR algorithm when a scheduling problem has a long time horizon.
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