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Abstract: This paper is concerned with the problem of decentralized H-control design via
state feedback for linear composite systems. A decentralized state feedback control design which
SIablllZ&S a glven composite system and guarantees an Ho.-norm bound constraint on disturbance
attenuation is presented in terms of a positive semi-definite solution to Riccati-like equation. For
the composite systems with symmetric circulant structure,a simple decentralized control design
procedure is obtained. As an application,a sufficient condition for solvability of simultaneous
H..-control problem for a collection of linear systems is derived.
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1. Introduction

In the last decade,a great deal of attention has been paid to the He.-control problem
for centralized control systems,and some important advances have been achieved,see [1~
37 and the references therein. For the H..-control problem of decentralized control systems
with multiple control channels, Veillette et al. “? presented a decentralized control design
procedure by using the Riccati-like equation approach,which is a new approach in the area
of decentralized control. Shor et al. ™ extended the result to the case of discrete-time de-
centralized control systems. However,little attention has been paid to designing decentral-
ized H..-controller for composite systems so far.

This paper will study the problem of decentralized Ho.-control design via state feed-
back for composite systems. The paper is organized as follows. In Section 2, a decentral-
ized state feedback control design which stabilizes a given composite system and guarantees
an H..-norm bound constrain"r on disturbance attenuation is presented by means of the Ric-
cati-like equation approach. Section 3 discusses a class of composite systems composed of
several similar subsystems interconnected in a symmetrical fashion,and the system matri-
ces for these systems are block symmetric circulant. Recently,there has been a great inter-
est in the class of systems,see [6~9] and the references therein. For the class of compos-

ite systems,a simple decentralized H..-control design procedure is given by utilizing the

% This work is supported by the Chinese National Natural Science Foundation.
Manuscript received Jun, 17,1995, revised Jan. 29,1996.



730 CONTROL THEORY AND APPLICATIONS Vol. 13

structural properties of these systems. In Section 4,the relation between composite systems
with symmetric circulant structure and a collection of linear systems is discussed,and a
sufficient condition for solvability of simultaneous H..-control problem for a collection of
linear systems is derived.

2 Decentralized H..-Control Design

Consider a linear composite system = composed of N subsystems described by

N N N
-T..' =Aux; + 2 Aijxj + EGUw/ + EBU”," ¢
J=lj#Ei Jj=1 j=1
A»’_ Hzx;
Z; = i ’ i=1’---’N (2)
U; ’

where z; and u; are the state and the input of the ith subsystem, respectively,the z,'s are
outputs to be regulated,and the w;’s are square-integrable disturbances.
Denote
A=[A;], G=I[G;], B=[B,;], H=I[H,] : 3)
The problem under consideration is to design a decentralized state feedback control
law
w,=Kz;, i=1,...,N ‘ (4)
such that the resulting closed-loop system is asymptotically stable, and the closed-loop

transfer matrix

T(s)=H/ (I — A)'G, (5

H
satisfies || 7" | - <{a for some prescribed a>0,where H,= [K ] sand A,=A-+BK with K=

diag (K, K. .. Kx].
The following result presents a procedure of designing the decentralized state feedback
gains K;,i=1,...,N.
Theorem 1 Let (A,H) be a detectable pair and a be a positive constant. Suppose
that
K,=—BiX;, i=1,...,N (6)

where X >0 satisfies the following Riccati-like algebraic equation

ATX 4+ XA + %XGGTX — XBB™X + H'H + (XB — X,Bp) (BTX — B3X,) = 0

¢))
with X, X} and Bj, defined by
[, i EEcH ARG 1
X Xp - X
X = .21 .22 . .XN v Xp =diag[X,, Xp o+ Xun], (8

_XN: XNz o XNN
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Bp = diag[B;, By = Bul (€D

Then the decentralized state feedback control law (4) stabilizes the system ¥ of (1) and
(2) yand the closed-loop transfer matrix T(s)=H.(sI—A)~'GC satisfies | T || «= a.
The proof of the theorem is based on the following result from Veillette et alt.

Lemma 1 Let T (s)=H(I—Fq) 7 'Gy ,with (Fq,H,) a detectable pair. If there ex-

ists a real matrix X=>0 and a positive constant « such that
FIX + XF, + 5:XGiGIX + HiHy < 0, (10)

then F, is Hurwitz,and T',(s) satisfies || 'I"o | w<e.
Proof of Theorem 1: Let K=—B5Xp. Then,from equation(7),

ATX 4 XA - EngGG”X- + H'H.

— ATX + XA + %XGGTX — XBB'X + H'H

+ (XB + K")(B'X + K) = 0. (1D
By the detectability of (A,F), it is easy to see that (A.,H.) is a detectable pair. Thus sthe
proof is complete from Lemma 1. Q. E/D.

Remark-1 The matrix equation with the form of (7) was first introduced by Veillette
et al.in'[4]. The cause generating the class of matrix equations comes from the restriction
of the decentralized control structure. For example,it is impossible in general to.pick K=
— B"X and make equation (11) into a simple algebraic Riccati equation. A natural method
that can be chosen is to set K equal to — BY X5 , which is the main - diagonal blocks of
__B'X when B is block-diagonal. The chosen method of K generates the design equation
(7).

Remark 2 In the earlier developed methods of decentralized control for composite
systems ,the decentralized state feedback controllers are often designed by using the infor-
mation of subsystems and the conservative estimates for interconnection matrices (see
[101), The design procedure given in Theorem 1 is derived by using the Riccati-like equa-
tion approach,which utilizes the information of overall systems. However,it may be diffi-
cult to solve the Riccati-like equations for the composite systems with high dimensions. In
next section,we shall present a simple design procedure for a class of composite systems
with special structure.

3 Composite Systems with Symmetric Circulant Structure

The. following preliminaries will be used in the development to follow.

Definition 177 A matrix C € R¥*¥ is called block circulant if € has the following
structure
GGy @y mepn i€y
o e e (12)

c, G € = G
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where C; € R"**(i = 1,+,N). f C; = Cy_;4,(i = 2,++,N) ,then the matrix C is called
block symmetric circulant,and denoted by scl[ C,C,+:Cy ].
Denote
my=1[1 v, v} « ¥, j=1,2,+,N (13)
where v; = exp(27(; — 1) ¥Y—1/N), j=1,2,,N,i.e. ,v;is a root of the equation vV
=l

Let
- .
Ry = ﬁ[rl ry ey, (14
withry =m; =[1 1 -+ 11,7541 = myspe, if Nis an even number,r, = L(m,, +
V2
Vi34l N4+1. .
MNy2—p )t Npgmp = —ﬁ(m, —Mype—,)(p= 2,?},m,t),where t= = if N is odd and
p = % if N is even.

Then Ry is a real orthogonal matrix,and the following result holds.

Lemma 21 LetC=scl[C, C, -+ Cy]withC, € R"™*( =1,,N). Then Cs =
(Ry @ L)'C(Ry @ 1,) = diag[Csyy Cz <+ Cuy]is a block diagonal matrix,and C,; =
Cavso-n(@ = 2,++,t) , where @ denotes the Kronecker product,and I, denotes a ¢ Xq i-
dentity matrix.

Consider a composite system 3, composed of N similar subsystems described by the

following composite equations ;

i] == AJ‘rS + B.‘ul + G.'w!; (15)
H.x,
Us

where z, = [z xz; - 2Z]",u, = [« uf - w2, € R and u,; € R™ are the

state and the input of the ith subsystem,respectively, w, € R*and 2z, € R**” are square-in-
tegrable disturbance and an output to be regulated. The composite matrices A,,B,,G, and
H, are block symmetric circulant, and given by
A, =scllA, A, - An], B.=sc[B, B, -+ Bal, a7
G =scl[G, G, -+ Gyl, H,=scl[H, H, - H,] (18)
with A, € R™", B, € R™",G,, € R"**,and H,, € R**",(i = 1,++,N).
We shall hereafter refer to this system as a composite system with symmetric circulant
structure.
Remark 3 The composite systems with symmetric circulant structure constitute an
important class of large-scale systems. Some examples and references are referred to
(6,7].

Denote
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Ay = RyRI)TARyRI) = diag[AS,“ Ay v Al a9
B,= Ry®I1)TBRyQ 1) = diag[ By Buz Ban]s (20)
Gy = Ry ®I)" G, Ry ® L) = diag[Gus Gz ** Guanls (21)
Hy,= Ry®I1) H(Ry®1I,) = diag[Hax Hear - Hay]. (22)

Then,we have
Theorem 2 Let (A Houi) (G = 1,0052) be detectable ,e be a positive constant. If the

following Riccati-like algebraic equation
5P, + PiAus + 5 PGuGHP; — PiBuBuP: + HiuH.a

+ (P,By — PoB)(BoPi — BiPy) =0, i=1,"t 23

have positive semidefinite solutions P,(i = 1,+»t), where Py, = (P; + 2P, + - +

2Pn41)/Nif N is odd, Py = (P, + 2P, + - + 2Py + Py, )/Nit Nis even, Then,the de-
2 2 2

centralized state feedback control law
Uy — B'll'Pox"., 1= 1,° ,N (24)

stabilizes the system 3, of (15) and (16),and the closed-loop transfer function matrix
H,
T,(s) = [K ](sI — A — BK,)"!G, satisfies || T, || » < @,

where K, = diag[— BIP, — BiP, = — BTP,].
The following lemma is required in the proof of Theorem 2.
Lemma 3 The pair(A4,,H,) is detectable if and only if the pairs (AuisH.a) =1,
t) are detectable.
Proof From the results in [11],the pair (A,,H,) is detectable if and only if the set
F, = {Ayrank[AI — AT HJ]<Nn, 2isa complex number } CC_.
By equations (19) and (20)
(Ry @ L)T[AM — AT HT]diag[Ry® 1, Rv®1,]
=[Ry QL) — ADRy R L) Ry R L)H (Ry®1,)]
=diag[Vy () Vi@ = V@l
where V(A = [Al, — AL T.]si =1,+,N. From Lemma 2,
F,=F,UF,U UFy=F,UF,U - U F.,
where F,; = {A;rank V(A1) <=n,lisa complex number}, i = 1,-,N. It further follows
that F,CC™if and only if F, CC™ (i =1,++51). Thus ,the proof of the lemma is complete.
Proof of Theorem 2 Let
Pyyyi = Pis i=1,"51, (25)
P = (Ry®I,)diag[P, P, -+ Pyl(Ry R I)T =scl[Py; Py -+ Poxl. (26)
By computing directly ,we-have ;
Py = P @2n

Denote
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P, = diag[P,, ++ Pyl, Byp= diag[Bl-uBl:l, (28)
Y(A,,P) = ATP + PA, + LPGGIP — PBEIP + H'H,

+ (PB, — PpB,p) (BfP — BL,Py). (29)
By Theorem 1,it is sufficient to show that Y (A4,,P) =0. Since the matrix Ry & I, is an or-
thogonal matrix,it follows from equations (25),(26),(27) and (28) that
RY.Y (A, P)Ry, =R}, ATRy, R}, PRy, + RY,PRy.RY, ARy,

+ % R3PRu.REG. R KRG Ry R\ PRy,

— R},PRy,RY,B.Ry, R}, B Ry,R},PRy, + Ry, HTRy,RypH Ry,
+ (R%.PB,Ry, — PpByp) (RY,BTPRy, — BYL,Py)
=diag|:A1 4, - AN] (30)

where Ry, denotes the matrix Ry Q) I,,
A =AuP; + PAy + %PiG:nﬁ il — P,B.;ByP;

+ HuH.u + (PiBy — PoB,))(ByP; — BTPy) = 0, i =1,,N,
By Lemma 2 and equation (25),we know that 4, = Ay,,_;(i = 2,++,2). Thus,from equa-
tions (23),(27) and (30),it follows that Y(A,,P) = 0. Q.E.D.

Remark 4 From Theorem 2,it is easy to see that a decentralized state feedback con-
trol law for the system 3, of (15) and (16) can be conducted by the solutions of the matrix
equations (23) with a simple form. If the system 2, of (15) and (16) is a symmetric com-
posite system discussed in [8],i.e., A; = A,,B; = 0,G;, = 0,H,, = 0(G = 2,++,N) in e-
quations (17),(18),then the matrix equations(23) will be with a simpler form,the details
are omitted.

4  Simultaneous H..-Control for a Collection of Systems

Consider a collection S, of linear systems described by the state equations;

Z, = Az, + Bu, + Gw,, (31)
Hixc A
s [ an
U

where 2. € R” and u, € R™ are the'state and the input,respectively, w, € R* and z, € R**
are square-integrable disturbance and an output to be regulated.

The goal is to design a state feedback control law «, = K.z, such that the resulting
closed-loop system matrices A; + B,K,( = 1, ,q) are Hurwitz,and the closed-loop trans-

H,
fer function matrices T, = [K :l(sI — A — BK)T'G G =1,,9), satisfies || T | & <«

c

for some prescribed a>>0.

Denote
A, = diag[A, - A, A, - A,
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B, = diag[B, -+ B, B: - B,1, (33
G. = diag[G;, = G, G = G,
H, = diag[H, ++ H, H, - H,/. (34)
Let a composite system 2, be defined as follows :
Zo = Ao + Batta + GaWers ' (35)
H . x.,
2 = [ ], (36)
Uy
where x,, = [Xh X5 ]  sthes = [u%+uk, ] , and the composite matrices A,,B. G, H,giv-
en by
A, = (Ry @ INVA.(Ry @ INT, Bu= Ry R I)B.(Ryy @ LT 37
G, = (Ryy @ING.(R, ® D", Ha= (Ryy RINH (R, @ IDT. (38)

Then,we have

Theorem 3 Let a>>0 be a constant. Then there exists a state feedback control law u.
= K.z for the collection S. of systems such that A, + B.K.is Hurwitz,and || Ts | o <L afor
i = 1,,q, if and only if there exists a decentralized state feedback control law for the
composite system 2, with the form

u, =Kx,;y 1=1,,29, (39)
such that the resulting closed-loop system is asymptotically stable,and the closed-loop
transfer function matrix T’ , from w, to 2. » satisfies || T l| o < @

Proof Since the matrix Ry ® I, is orthogonal for any positive integers N and » ,and
the Hu-norm of a transfer function matrix is invariant under an orthogonal transforma-
tion,it follows easily from the definition of the system .. that the above conclusion is true.

Q.E.D.

Remark 5 By Lemma 2,it is easy to see that the system X, is a composite system
with symmetric circulant structure. Theorem 3 presents a relation between the collection S.
of linear systems and the composite system ., with symmetric circulant structure.

Combining Theorem 2 and Theorem 3,a design procedure of simultaneous Ho.-con-
trollers for the collection S, of linear systems can be obtained as follows.

Theorem 4 Let (A, H)(G =1,-+q) be detectable , @ be a positive constant. If the fol-

lowing Riccati-like algebraic equation
ATP; +PA; + %P;G;G.TP.- — P,BBP; + HiH,

+(P,B; — PB)(BIP, — BiPy) =0, i=1,"9, (40)
have positive semidefinite solutions P;(i = 1,+*,q) where Py = (P, +P,+ -+ P,)/qand
B, = (B, + B, + = + B)/q. Then,the state feedback control law

u, =— BiPox.» : 4D

such that the resulting close-loop system matrices A, — B,BYP (i = 1,*+,q) are Hurwitz,
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and [T, | o« < alG = 1,++,9).
Proof This is immediate from Theorem 2 and Theorem 3, the details are omitted

here, Q.E.D.
Remark 6 When the H.. performance criterion is not considered, the simultaneous

stabilization problem for a collection of linear systems has been treated by several authors,
see [12,13]and the references therein. Theorem 4 presents a new design procedure for a

collection of linear systems by using the composite system method.
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First Announcement and Call for Papers

IFAC

International Federation of Automatic Control

5th SYMPOSIUM ON LOW COST AUTOMATION
SHENYANG,P. R. CHINA SEPTEMBER 8—10,1998
Organized by Automation Research Institute of Ministry of Metallurgical Industry
(ARIM) Research Center of Automation, Northeastern University On behalf of Chinese
Association of Automation : )
‘ SCOPE

Different applications fields benefit from aﬁtomation by introducing suitable control
strategies and devices without relevant modificatios of the whole system or of the ‘produc-
tive process. This aim should be achieved by a low cost aut_omation‘apprq;lchn. ;

The objective of this Symposium is to bring together endusers é.nd‘-c.c;nt»rbl. systemis
specialists to evaluate the possibilities of techniques. design procedures ,components and in-
struments of achieve a low cost automation,not only considering all the economic aspects
but also the improvements in productivity,reliability,flexibility,and facility of implemen-
tation. Special emphasis should be placed on small and medium-sized enterprises.

The former four low cost automation symposia,held in Valencia 1986 ,Milan 1989, Vi-
enna ‘1992 and Buenos Aires 1995,showed the wide range of applications and the great in-

terest from an industrial point of view of these techniques.
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