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Abstract: In this paper, suboptimal decentralized stabilization of large-scale stochastic sys-
tems of It6 type with delays is investigated by the Lyapunov functionals based on matrix Riccati
equations. A Criterion is established for the suboptimal decentralized stabilization. An algo-
rithm is given to determine the suboptimal decentralized controllers. It is noted that this algo-
rithm is based on solving Lyapunov matrix equations and Riccati matrix equations. A numerical
example is given to show the applicability of the algorithm.
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1 Introduction

Decentralized stabilization of deterministic large-scale systems has been widely investi-
gated and many results have been obtained during the past decades. Decentralized local con-
trollers are employed to stabilize various large-scale systems owing to the speciality of decen-
tralization of information in large-scale systems. Investigation on decentralized stabilization
of stochastic large-scale systems will not only develop the previous theory on large-scale sys-
tems but also provide more desirable tools for engineering practice. In the past years, some
results have been obtained on the stability and control of large-scale stochastic systems (see
[1~61]),while many problems require further investigation, e. g. , stability of high order
moments of stochastic systems with delays, decentralized stabilization of large-scale stochas-
tic systems with delays or complicated interconnection. In this paper, suboptimal decentral-
ized stabilization of large-scale stochastic systems with delay interconnected terms is investi-
gated by Lyapunov functionals bassed on optimal feedback control of linear stochastic sys-
tems. An algorithm is given to determine decentralized controllers. A numerical example is
given to illustrate the obtained results.
2 System Description and Problems

Consider the following large-scale system

(S 4z, = [Aa® + Bau@ ¥t + 3 Fyai@dWi @
j=1
N
+ DAzt — Tde, i=1,2,,N @
j=1
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where z; € R% ,u; € R™ ,A;,F; € R"*"% ,B;, € R ™™ ,A, € R"*" ,all the matrices are
constant matrices, ;== 0,W () = [W,(2), - 9W1r1(t) yorr s Wi (2) 500 ,WN,N(t)]T(tZO) is an

N

(Zr.- )-dimensional standard Wiener process with independent components defined on a
i=1

complete probability space (2,5, P), A; = 0,i = 1,2,%*,N.
N
Let Sini=n, D ymi=m,x=(a],x1,,z)7, u= @l gy sug)™s
1 i=1
A = block-diag (A,,A;s**+sAx), B = block-diag(B,,B;s***sBn),
F.'j = Eij®Fij7 J= 1,207 i=1,2,,N,
Zi;' s Eij®Aij’ = 1,25+ N3 i =1,2,,N.

Then the large-scale system (S) can be rewritten in the following equivalent form

I

N Ti N N
dz(t) = [Az@®) + Bu@®)]dt + D) DI Fz@dW,; ) + D) D Ayx(t — mpdt. (2

i=1 j=1 i=1 j=1
It is assumed that (A;,B;) is assumed to be controllable. For the given positive definite

matrices @, € R**% and R, € R ™™™ ,it is known that for the following optimal stochastic

control problem

dx,- = (A;x,- + B,u,)dt + EF,'jZ';dW{j’ 1= 192,"'7N9 (3)
=1
s.t minJ = E[‘[Wezriz(x;l‘Q"x'_ it u,-TR,'u,-)dt] (4
n 0

its solution is given by
U; ——‘—R,-—IB,‘TPiJ:;(t), i=142,+,N (5
where P, is the positive definite solution of the Riccati equation

(A; 4+ V.I,)"P; + Pi(A; + 7.I,) — P.BR'BIP, + D FIP.F; +@Q =0, i=1,2,,N.

j=1
(6

By using the feedback control law (5), the equilibrium of the closed-loop system of the
ith isolated subsystem in (3) is mean-square exponentially asymptotically stable with decay
r.. For the definition of mean-square exponential asymptotic stability, see [1]. The local
state feedback law (5) may or may not stabilize the large-scale system (S), according to the
interconnection between the subsystems and the choice of performance parameters of the iso-
lated subsystems, e.g. @Q:» R:.

The problems we will solve in this paper are:

1) establish a criterion for the local controllers in the form of (5) which are used to sta-
bilize the large-scale system (S);

2) give an optimal algorithm to choose appropriate parameters Q;,Q;,*** Qv and to seek
for possible decentraliaed stabilizing controllers which satisfy the criterion.
3 Notationm, Lemmas and Definition

In this paper, |lz]| denotes the Euclidean norm of vector x, A,(A) denotes the maximal

eigenvalus of matrix A, A,(A) denotes the minimal eigenvalue of matrix A, I, denotes the i-
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dentity matrix of order n,G > 0,G stands for that G is positive definite, A X B is the
Kronecker’s tensor product of matrices A and B , E;; = (ei}).x.» where
i 1, {€k) = (,yj),
folo, @R # GHD.
Lemma 1 For any positive real number r , vectors X,Y € R" and positive definite ma-
trix P €ER"™" , ¢X —Y)"P(rX —Y) =0,i. e. the following inequality holds

2X"PY < rX"PX + YTPY
Lemma 2 (Hellman-Feynman Theorem!®) If G = G(B,,8;,**»08y) ER ™" is a sym-
metric matrix-valued function of 8,,8;,*,8x,v is the eigenvector of G associated with the

maximal eignvalue of G, i.e. A4(G ), then
A (G) (G /B)Hv

aﬂj = T ’ ] =1,2,,N. 7
Proof By Gv = Ay(G)v we have
G Ay (G)
aﬂjv + G 9181 algj R + AM(G) 9ﬁ, (8)

By multiplying both sides of (8) with v" and applying v'G = (Gv)" = 3,(G)7J, we immedi-
ately obtain the result,.
Definition System (S) is said to be stabilized by local feedback controllers (5) if the e-
quilibrium of the closed-loop system is mean-square asymptoticall stable.
4 Criterion
Criterion Suppose that (4,,B;) is controllable, @; and R, are the given positive definite
matrices, ¥ > 0, P;is the positive definite and symmetric solution of matrix Riccati equation
(6) with?7; =7, then (S) is stabilized by the local feedback control law (5) provided that the
matrix
Nz N N
2—; ; ALPA, — Q — PBR™'B"P (9
is negative definite, where

Q=Dblock-diag( Q,,&;,*+,Qx),
R=Dblock-diag( R,,R;,***,Ry),
P=block-diag( P,,P;,+>*,Py).
Proof Let the Lyapunov functional V be given by V =V, + V, , where
=R R am
N X
and V, =%y E EJ x"(s)ALP Az (s)ds. an

i=1 j=

Let & the adjoint partial differential operator of the closed-loop system of (S) by (5).
We have

&V, =2"#)[(A— BR'B'P)'P + P(A — BRT'B"P) + E ZFTPF,,]x(w

i=1 j=1
N N
+ 22T@WP >, D Aya(t
i=1 j=1
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= 2"(t)[A"P + PA — 2PBR™'B"P + 2 EFTPF,,]x(t)

i=1 j=1

N N
+ 2 ZZzT(t)PZ,-jx(t — 7;)

i=1 j=1

< z"([A™P + PA — 2PBR'B"P + 2 ZFTPF,,]x(t)

i=1 j=

- E E[Nsz(t)Px(t) + 25 o 27 — T AP,z — 1))

=] j=

H

=z WA +7)"P+ P(A+71,) — 2PBR'B"P)

+ Z ZFTPF,,]x(t) =0 2 ExT(t — t)ALPAx(t — ).

i=1 j=
Thus <V ZV—l—S/Vz

r.
i

N
<z"WO[(A+71,)"P+P(A+7I,)—2PBR'B'P+ >, 2 FLPF,

i=1 j=1
R YD PR
27 i=1 j=1

N
—2"(0)(—Q—PBRB'P+02 ZA,T,»PZ,-,-]x(t)
=2T(OGxW)<A(G) || @) | &
Since G is negative definite, we get that 4,<C0. This shows that &V is negative definite. By

101 the equilibrium of

the stability theorem of stochastic functional differential equations
(8S) is mean-square asymptotically stable. The proof is complete.
5 Algorithm Analysis

If matrix G <{0 for the given matrices @, R , then the decentralized controllers (5) can be
used to stabilize the large-scale system (S). When G is not negative definite, it does not
mean that there are not decentralized controllers that stabilize the large-scake ststem. In this
case, one may find new local controllers that stabilize the large-scale system (S) by changing
some performance parameters of the subsystems. In the following algorithm, for the sake of
convenience, we only change parameters in Q;,Q,,+*,&Qy to optimize Ay (G) .

Set Q= blOCk"diag (ﬂl@.l PAM QBNQN) a2
then (6) becomes

(A + 7I)TP, + Pi(A; + 7I,) — P.B.R'BIP, + ZFTP Fy+BQ@=0,i=1,2,,N

j=

13
and P; is the function of 8;, G is the function of B,,85,+**,8n .
Let B= (BisBzsBT, G =G(B). (14)
In order to solve the optimal problem
min[ Ay (G(8))] (15)

we apply the following gradient method
Bk +1) = Ak) — pV A[GBMRY], & =0,1,2,, (16)
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where p is a positive constant and where

M(G)  RAy(GTT
B)] = ;
ValGBR] = [R5 . an
By Lemma 2, if G(B(%))vy=Ay[G(B8(%)) Jus,then
s EE(ﬂ(k)) -
WA CPEN] B g2, (18)
3ﬂ 'Uk'vh
By (9), we have
G _ N a1 P= _Q_g | BT 1grdl
B .Z;FZIA” B .~ pBRB'P — PBRT'BT 5, i=1,2,,N. (19)
where
gg = block-diag (0,++,0, 1‘;,0, <500, (20)
25 = block-diag(0,+++,0,2,0,++,0) = block-diag (0,+,0,@,0,+,0) (2D
where 3;; is determined by (13). By (13), we have
71, 32 A, + 71, P, R7'BLP
(A +71,) aﬂ -+ aﬂ( +71,) — ﬂ,.B‘R' ;
— P.BR7BT 2 EFTaPF +8=0, i=1,2,",N
if 8,3 ij ’ sy ’
l.e (A, + 7[ — B,R;'B!P; )T ﬂ + B, (A + 71 — B;R;'BfP,)
+EFTaPF ¥ 0 = ol pez 15 2550 (22)
Lr aﬂ '} ’ ’ ’ b .

These equations are matrix Lyapunov squations. The existence of solutions of the Lyapunov
matrix equations are guaranteed by that all eigenvalues of A; + 7[,,; — B,R7'BIP;(i=1,2,,
N) possess negative real parts.
6 Algorithm for Selecting Decentralized Controllers

The algorithm is formulated as follows. )

Suppose that ( A;,B;) is controllable, i = 1,2,++,N.7,p > 0 are given.

Algorithm

. Step 1 Given Q:>0,B(0)>0,i=1,2,+,N ;setQ, = B:(0)@; , substitute these Q;in-
to (13) '

Step 2 Solve Riccati equation (13) for each € {1,2,+++,N} ;Calculate G by (9) and
10);

Step 3 Calculate 4,(G) by QL Algorithm, or Lanczos Algorithm!"etc. , if A, (G) <0,
go to Step 8; otherwise, go to Step 4;

Step 4 Solve (22) for eachi € {1,2,*,N} and calculate IB' by (20);

Step 5 Calculate — by (19)~(21);

B

Step 6 Calculate %ﬁ“’”] by (18) and VA[G(B(0))Tby (17);
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Step 7 Calculate 8(1) by (16), set B(0) =:8(1) s i.e. f:(0) =:£;(1), i =1,2,,N,
go to Step 2;

Step 8§ Ki=:— R7'BIP,,i = 1,2,++,N.
7/ Example

Consider the following interconnected (large-scale) delay stochastic system

dx, (@) = [Ayx, () + By () ]de + Fpz, )AW,, (8) + Az, (2 — 1y5)dt,
:{dxz@ = [Ax, () + Byuy () 1dt + Fpa,(0)dW5 (8) + Az, (¢ — 75)de

where z,,2, ER % 4, ER ', 4, €R 2, Ay, Ay Fiyy Foyy Ay Ay ER P2, B, ER P, B, ER P2,
0 1yy,7y S TH[Win(8) , W ()] (2 2= 0) is a two-dimensional standard Wiener process, and

— 2. 00000 .0 0 0
A1=Az=[ C L000y ] BI=BZ=H,

(23

0 — 2.00000
B [o. 50000 0 0. 32000 0

i G B 0. soooo}’ e, [ 0 0. 32000]
B [o. 700711 0 _[0.49497 0

“ 7 0 0. 700711}’ BT [ 0 0. 49497]

It is obvious that (A;,B;) is controllable (z = 1,2) . Set
R, = [11,R, = [2],7 = 2,8(0) = (8:(0),£,(0))" = (0. 75000,1. 00000)",
~ 1. 65360 — 0. 20000
Ql = Izv QZ — |: }.
— 0. 20000 1. 65360

In this example, by solving (13) and (22) we obtain
B [1.00000 1.00000] b [3. 46410 2. ooooo]
' L1.00000 2.00000d" % L2.00000 3.46410J
P, [1.22449 0. 65306} apP, { 1.83520 — 0. 91856}

B~ Lo.65306 0.614974° 3B L—0.91856  0.78026 -
Th G [Gll 0 T
us =1 G

h - T 2 P.B.R-1BTP r— 0.50292 — 1. 38000:]

where = - - ol ’
- 21 21 1 et R TR B - el )
[— 2.65360 — 2.26410

Gy = 2A5LP A, — Q, — P,B,R;'BjP, = }
22 piaEsty 2 prEE TR E T 2.26410  — 5. 65360

It is easy to verify that A,[G(8(0))] << 0. By applying the above algorithm, we obtain the

following decentralized controllers of (3) after the third iteration:
{ul =— (1.00020,1. 99850), (£) 5

24
u; =— (0. 99875,1. 73215)x,(2). )

8 Conclusion

Suboptimal decentralized stabilization of Ito-type large-scale stochastic systems with
multiple delays is investigated. A criterion for the decentralized controllers to stabilize the
large-scale system is obtained. Based on this criterion, an algorithm is designed to determine
the local controllers by optimizing performance parameters of isolated subsystems. A numer-

ical example is given to illustrate the applicability of the algorithm.
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