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Abstract: This paper is devoted to the investigation of practical stability of uncertain linear
control systems by Lyapunov functions and Riccati matrix equations. In the paper, a comaprison
principle is first established, then a criterion for practical stability of uncertain linear control sys-
tems is obtained. A wider type of admissible sets is proposed in the paper. An example is given to
illustrate the application of the main result of the paper.
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1 Introduction _

The stabilization of various uncertain systems has been widely investigated and a lot of
results have been obtained, while it should be pointed out that, in the previous literature,
the problem was investigated in the sense of Lyapunov stability, few result in the sense of
practical stability has been obtained. But, as we know, practical stability is more practical
for more engineering problemst~%,thus it is necessary to investigate the stabilization of un-
certain systems in the sense of parctical stability.

In the present paper, a comparison principle (Theorem 1) is first estabilished such that
the main result can be carried out. The conception of admissible sets for the controls is gen-
eralized so that a wider range of problems, including the stabilization of control systems with
uncertain disturbances in the controls, can be investigated and the results carried out are ap-
plicable in engineering practice.

2 Definition and Problem
Consider the control system
SR FN ) eh(Zg) — e ey e
where f € C{RT X R" X R™",R"} ,u € R™ is the control function, §2is called the admissible
set, it can be determined in accordance with the need of the practical problems, a typical
form of admissible set is given in Section 3 of the paper, which is determined with the boune-
deness of a type of functional of the controls.

Definition i) The control system (1) is said to be practically stable with respect to (4,
A,02) with 0 <CA<CA, if for any « € 2, |x,| <<A implies |z(t) | <<A@{ =t¢,) for some ¢, ER™.

ii) the control system (1) is said to be uniformly practically stable with respect to (1,4,
), if for any u € 2, |x,| << Aimplies [z ()| < A >=1t,) for any ¢, € R .
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Remark 1 The asyptotic practical stability of control systems can also be defined in a
manner similar to that above. i
For the practical stability of the control ststem (1), an important problem is to check if,
given boundedness index A for the state of the system, an admissible set £ exists and how
small A should be? This paper will centralizes on this problem and some concrete criterion i$
obtained for the uncertain time-invariant linear control systems.
3 Comparison Principle
Let U(z,u(+)) be a functional of «(¢),A4, () € C(R*,R") be a given function. Consider
the admissible set
0, = {u € RUGu()) <A@t =t} | - 2)
Such an admissible set gives a contraint to the bound of a related factor of the control of
the system (1).
Theorem 1 (Comparison priciple I) Assume that
i)O<<A<CTA are given;
iV € C{R" X S(A) ,R"},V(,2) is locally Lipschitzian in x and
b(|z]) KV (t,x) <a(z]), ,2) € RT X §(4), (3
where a(+),b6(+) € K,S(A) = {z:|z| < A};
iti) for ¢¢,x) € R* X S(A) and u € (2,
D* Vt,2)= lim sup 5[V + bz + hfGozu(®)) = V@,2)]

h—>0
<L g@, Vi), U@,u())), 4
where g € C{R* X R* X R*,R} and g(¢,w,v) is nondecreasing in v for each (z,w) ;
iv) a(A) << b6(A) holds.
Then the practical stability properties of the comparison equation
w= go(t,w), w(t,) =w,=0, (5)
where go(¢,w) = g(t,w,4,(¢)) imply the corresponding practical stability properties of the
control system (1).
Proof Because of the similarity, here only the part of the proof for the case of practical
stability is given.
Denote m () = V (¢,z(t)), where z(¢) is the solution of system (1) with given control
function % (¢). By the assumption ii), for« € {2,
Dt m@) < g@,m@),U,u())) < glt,m@),4()),

DY m@) < got,m@)), t=t. (6
By the comparison theorem for the solution of ordinary differential equations and differential
inequalities!,

m@) <V, z@) <w@, t<t,
where w(2) is the maximal solution of the comparison equation (5) with initial value w(Z,) =
V (ty,2,). Set | x| < A. By the assumptions of the theorem, w(t) =V (4,,2,) La(|x ) <

a(A), then w(@) < 6(A), thus, by
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b(z@ ) K<V, z@) < w() <b(A),
we have 6(|z ()| <b(A), |x @) | < Afort < t,. The proof is complete.
By way, a similiar result as follows is obtained.
Theoeorem 2 Comparison principle II) If the assumptions i) ~iv) of Theorem 1 hold
for
w € 0, = {u€ R UG@u()) <r@),t =t} (7)
where 7 (2) is the maximal solution of the comparison equation
w=gt,w,w), wt) = w,, (8)
with initial value w, = V (¢,,2,), then the conclusion of Theorem 1 remains to be valid with
the comparison equation (8).
Proof The proof is similar to the proof of Theorem 1, one needs only notice the follow-
ing fact:
DT m@) K< gl,m@),rt)), t=>=t,. (9
By the comparison theorem for the solution of ordinary differential inequalities and differen-
tial equations, m(2) =V (¢,2()) <w(2), where w(2) is the solution of the comparison equa-
tion
w=gt,w,r (), w(ty = V(t,,x,). a0
This w(2) is just the function 7(z), because 7 (¢) satisfies
r=g,r,r), &) =V ,1).
The proof is complete.
Remark 2 Theorem 1 and Theorem 2 are improvement on the corresponding results in
[2].
4  Main Result
Consider the uncertain linear control system
2= Ax~+ Bu, u=u. + us, an
where x € R*, u,,us € R",A € R"™",B € R"™™;A and B are constant matrices, (A4,B) is a
controllable pair.
In system (11), us is the disturbance to the control, «. will be chosen as u, =
— R7'BTPx, the admissible set will be the form
2, ={u=u+ us;u, =— R'B"Pzx,us € R"U(u(+)) <7 = const}, az2)
where U(u(+)) = (Bu;)"P(Bu;), Pis a positive definite marix, ¥ > 0.
Theorem 3 Assume that (A,B) is controllable, R € R™*",Q € R"*"are given positive

definite weighting matrices, P is the positive definite solution matrix of the Riccati matrix e-

quation
PA + AP — PBR'B™P + Q = 0, (13)
. is chosen as u, = — R7'BTPx.
If A, A are such that
2. (P)
A \/ i A,
0 << A< Ay (P) (14)
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where A,(P) = Ami.“ (P), A(P) = Aux(P), then there exists a constant ¥ > 0 such that the
control system (11) is uniformly practically stable with respect to (A,A,{2;).

Proof Define a matrix function

£(a) = PA+ AP — PBR'B"P + aP. (15)
Since lim &(a) = PA + AP — PBR™'B'R = — Q <0, there exists a constant a >0 such that
a-—>0+
PA + AP — PBR'B™P + aP =— Q < 0. (16)
Define another function
2
[AM(P)AZ B L
50(7/):\/_ Sl era 1 p L an
Ay (P) & = al’
) . A (P) - .
Since lim = > A, there exists a constant ¥ >> 0 such that ¢(¥) >4, i.e. we have
oot Au(P)
; ry
Ay (PYA <A, (PYA? — 1 (18
ra — 1

Define Lyapunov function V (¢,z) = z"Px, then a() = 4, (P)A*,6(A) = A, (PYA? With

the inequality 2X"PY <rX"PX + %—YTPYtsl , along the solution of the closed-loop system of
(11)with u € 2; we havs
D*V = Z"[(A— BR'B"P)'"P 4+ P(A — BR™'B™P))x + 2(Bu;)"Px
= z"[PA + AP — 2PBR™'B"P]x + 2(Bu;)"'Px
= z'[— aP — PBR™'B'P — QJz + 2(Bus)"Px

1 TR BT PR %xTPx

DTV <gV,Uw(*)), (19)

where
gV, U = (a — %—)V 47U, Uu(+)) = (Bus)"P(Bus). 20

One can easily verify that the conditions i)’\;iv) of Theorem 1 are satisfied. Thus, by
Theorem 1, the uniform practical stability of the comparison equation
W= glw,w), wk) =V,z, @D
with respect to (a(A),6(A)) implies the uniform practical stability of the closed-loop system
of control system (11) with respect to (4,4). To complete the proof the theorem, one meeds
only show the uniform practical stability of (20) with respect to (a(A),6(A)).
In fact, the soluition of (20) is given by

2
hy o 1 7Y WAl mly
w(t) = wye “T 4 e TP
ar — 1
2
2y
< wy + t = to.
= Wy ey = Lo

One can easily verify that (21) is uniformly practically stable with respect to (a(4),
5#(A)) under the condition (18). The proof is complete.

Remark 3 If ris chosen asr = %, then (18) becomes
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2
0<Y < %[A,,,(P)Az — Ay (P)A]), 22)

5 Optimizaton Problem for 7

An larger constant 7 to ensure the practical stability of the colsed-loop system of (11)
admits a larger admissible set for the disturbance ;. Thus, an important problem is to find
an upper bound as large as poossible for 7.
In view of (22), one needs only find a constant @ , with (16) being satisfied, as large as pos-
sible.

In fact, (16) is just — Q + aP <L 0, i.e. aP <L Q. This inequality is equivalent to al <

P IQP7 , where P~% is the positive definite square root of the matrix P. Thus, @ should be

chosen as
a= A (PtQP~%), (23)
or
a = A,(Q)A, (P). (24>
The estimations for ¥ corresponding to (23) and (24) are
0 <Y < PEPTHQPTH (A (PYA? — hy(PIR), (25)
0 <7 < TE@A(PY A (PIA — Ay (PII), (26)
respectively.
6 Example

Consider control system (11) withn = 2,m = 1,
e [ 0. 00000 1. 00000 :l B I:O. 00000}
— 0.47446 — 0. 45916 1. 00000
Where (A, B) is controllable. Choosing R = [0.50000] , and
= [ 1.04868 — 0. 00138:'
=16 00138 1.08372 1
Then the positive definite solution of (13) is
l:l. 44050 0. 52554:'
0.52554 0.54084J"
We have 4, (P) = 0. 28641,44(P) = 1. 70593,4,(Q) = 1. 04866. In this case, the estimation
(26) for 7 is

Q7

0 <7 <C0.02706A% — 0.161164%. (28)

7/  Conclusion
Practical stability of uncertain linear control systems is investigated with Lyapunov
functions and Ricati matrix equations. A comprison principle associated with the Lyapunov
function method is established, and a criterion for practical stability of uncertain linear con-
rtrol systems is obtained. A wider tybe of admissible sets for the control action is proposed
in the paper. It is shown that the practical stability of the uncertain linear control systems

can be ensured if the disturbances to the controls are restricted by suitable upper bounds.
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