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Abstract: In this paper,exponential stabilization for a class of nonlinear large-scale systems
with unmatched uncertainties is investigated. Tow types of robust control algorithms are proposed
to stabilize the uncertain nonlinear large-scale systems exponentially provided that the nominal
systems are exponentially stable and the unmatched uncertainties are equivalently matched. The
decentralized control utilizes the local state of each subsystems as the feedback information. The
two-level control uses the local state as well as the states of the connecting subsystems. Finally,an
illustrative example is given to demonstrate the utilization of the approach developed in this paper.
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1 Introduction

With the enlargement of dimension of a control system,analysis and control for the sys-
tem become very complicated. It is standard to divide it into a number of interconnected sub-
systems. In the last decade, decentralized stabilization problem has been an important issue
in the design of nonlinear large-scale systems and many researchers have worked on
this [1,2]. But in those papers,they did not consider any uncertainties in dynamic models. In
fact, there is generally some degree uncertainty in modelling a physical dynamic system.
These uncertainties ,which are in general time varying,may include unknown parameters and
input disturbances via the system model and its environment. Furthermore, the uncertainties
in some practical systems do not satisfy the matching condition which can be seen in [3].
The decentralized robust stabilizating and tracking controllers were proposed for nonlinear
large-scale systems with matched uncertainties'and unmatched uncertainties™Irespectively.
In this paper,the exponential stabilization for a class of nonlinear large-scale systems with
numatched uncertainties is discussed. By means of technique employed in[6 |, decentralized
and two-level control strategies are presented to stabilize exponentially the uncertain com-
posite systems respectively. Both kinds of controllers are continuous on the state.

This paper is organized as follows ; The system description and some assumptions are in-
troducted in Section 2. In Section 3, a robust decentralized controller is proposed to stabilize

the composite systems with unmatched uncertainties exponentially. Section 4 contains a two-
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level controller,i. e. the local control and the global control. A illustrative example is given in
section 5.
2 System Description and Preliminaries

Consider a class of uncertain large-scale system S which is composed of N nonlinear in-

terconnected subsystems S; described by

S, . N

. £, = filzit) + Lulaist) + 9, e) + D Hiy(z;0t)
ot

x:(t,) = Ziyy, L= 1,+,N (D
where ¢z € R is the "time” ,x; € R",u; € R™ are ith subsystem state,input respectively, f:,&:,
7:s &i» H;jare matrices,or vectors of appropriate dimensions. {;,7; represent the uncertain pa-
rameters, I{,; stand for the natural interconnection between the subsystem S; and S; which
may also possess uncertainty.

In this paper,there are following assumptions

Assumption 1 The functions f;,{,%:,:,H,;are continuous ,uniformly bounded with re-
spect to time,and locally uniformly bounded with respect to z;(x;) .

Assumption 2

D fi(0,2) = 0, € R; ' (2
ii) There exist a C* function V,(+) ;R”% XR—>R* which satisfies
Co; || i [ )2 << Vi) < B )2, &)
WVi(xist)/d + NV (xi52) [i(xiot) <— 2V, V (x;2) @

for all z; € R,z € R,where a; §; 7, are positive scalar constants, i = 1++-N.
Assumption 3 There exist constants a;; € R",such that for all (z,,2;,2) € R¥ X R,
| VVilx,t ) Hij(xj0t) || << [ViCxin2) 12204V i (x;52) ]2 (5)
Remark 1 The Assumption 2 assured that the origen z; = 0 of the nominal isloated sub-
systems xz; = f;(x,,t) are exponentially stable.
Assumption 4 The 7; are the matched uncertainties, while &; are unmatched uncertain-
ties, both of them are bounded in Euclidean norm by known functions,that is ,there exist

continuous functions 7;,0;, py; such that for all z; € Rt € R .,

Pi(xiyt) = gi(xi’t)ﬁi(xivl) ’ (6)
” &i(x;ut) || < oz, ” 7],-(3:,-,1:) ” < 0i(xiyt). 7
Assumption 57  The unmatched uncertain functions &G = 1,++,N) are epuivaletly

matched, that is,the bounding function p;" defined by
Vil 8 (ot | < o/ (xist), i =1,,N (8)

for all (z;,2) € R% X R, where V,(z;,2) are defined in Assumption 2,3,have the property
that the functions o/ (x;,8) /[ || V'V, (x;,8)g,(x;s2) || ] are continuous, uniformly bounded
with respect to time,and locally bounded with respect to z;.

Remark 2 It is easy to see from Assumption 5 that a necessary condition {or uncertain-
ties to be equivalently matched is that

VWVilx, )8 (xi,t) = 0,
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if (x;,t) € {(l‘,-,t) € R X R:VTV,-(I”t)g.-(Int) i 0}
3 Decentralized Robust Stabilization
The control laws proposed in this section for each subsystems S; rely only on the local

state z; . We consider ,the decetralized control as follows

w; (xi58) = uy; (xi58) + un(xis2), €))
u = 0 (xiyt) [t/ prizst) |+ &l 21, (10)
uy =— [pi(xi,0)/ (|| VVilzi ) gi(zint) || )]
otz ) [ Cll pCziotd) | &l 3, 11
e = gIN Vi = &IV /CEVVigi 1D, (12)
where €,(i = 1,++,N) are psoitive constants which satisfy the inequality of the form
0=¢ —e/a® >0, (13

where € = max{e ,+,ey},a = min{a,,,ay},¢ denotes the half of minimum eigenvalue of

matrix Q , i, e. ¢ = [Aun(Q)1/2,Q =T + T, the matrix T = [T; ]vxn is defined by

7is i = jv
— Qijy 1 #Z J.
Remark 3 It is evident that #,(G = 1,---,N) are continuous and locally uniformly
bounded.
Theorem 1 Under the control
u(x,t) = [u1T9u"zr""9u;rv:|T (15

defined in (9)~ (12),the nonlinear composite system S satisfying Assumption 1~5 has a
classical solution and the solution is exponentially stable provided the successive principal mi-
nors of the test matrix T defined in (14) are all positive. More precisely ,we have
lz@ || < @B/ || @) | exp{— 0¢ —t)}, (16)

where () = col[a;(t), =, xn ()], 8 = max{B,,Bn},0is defined in (13).

Proof According to theorem in [7],under the control(15),the closed-loop system has
the existence of classical solutions. Let 2(z) be the solution of the colsed-loop system and de-
fine the Lyapunov function as

N
Viz,t) = D, Vila,0). an

i=1

From the Assumption 2 and 4,the Lyapunov derivation for the closed-loop system is

V== S /e + V'V

:z{avi/at it VTVi[fi + &+ gi(ﬁi + w;) + ZHU]} (18
<— Zzyivi i ZVTV{[;‘ 9 g,@. + u) + EI{U’] as

According to Assumption 4,5 and equalities (9~12),it follows that
VVilE + (1 4 ud) ]
<N VVagill = 2l + VVigau, + | VVE N 4 VVigus
< |l pi I + V'Vigiuy + 0 + V'V g
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=l = Clpa iD/CHmll + &l D
ol — Claa 1/ |+l ) < 26 || |l 2 (20)
In view of (5), for all (z;,x;,2) € R% X R X R

V< S el a4 SV, @D

Letting

¥ = [V @DV, Vy(xy)?], €= max{e;, ,ex}, (22
then one can get

V<— y'Qy + 2ell 2 | <— 29V @0 + 26| % | %, (23)
where Q =T + T7,2¢ = A, (Q) , matrix T is defined in (14).

From(23) and (3),one can obtain that
V <— 20V (x,2) + 26/a*V (x,0) =— 20V (x,t), 6> 0.

Thus the closed-loop system S is exponentially stable.
the Local and Global Design

4 Two-Level Exponential Stabilization
The control presented in last section for subsystem S; does not depent on the state of its
neighbouring subsystems S; . If the local communication is feasible,then the golbal design for
the control can be achieved.
At first,the Assumption 6 is described as follows;
Assumption 6 For each subsystem S; ,there exist continuous functions 4;;(+) containing
uncertainties and known functions 7;;(+) ,such that
H;(x;0t) = gi(xist Dby (XisZjst) s (24)
| kijCaiszjst) || << rilxisa;st). (25)
We propose the two-level controller as follows .
u;(xyt) = u; (x,t) + up(xy,t), (26)
uy (@) =— (o + D rip L)/l g | + & [l = 1D, 2D
;

uy(x;) =— [p'/( I VTV,-g,»

| ) I C “ Hai | + & || = H QAL 28

i = giINVilp + zrij)9 pu = &NV /I Vg )]

where

Theorem 2 Subject to Assumption 1,2,3,4,5 and 6, the nonlinear composite system S
under the control (26)~ (28) is exponentially stable.

Owing to the page constraint, the proof of Theorem 2 is omitted.

Remark 4 In Theorem 2,the interconnections have been compensated by the global
control #,;(x) (@ = 1,++,N) ,thus the exponential stability of the large-scale systems can be
assured without referring to the test matrix 7" .

5 Illustrative Example

To illustrate the efficiency of our controélj';technique ,let us consider a nonlinear uncertain

large-scale system S composed of two intercpnnected nonlinear uncertain dynamical subsys-

tem S;(¢ = 1,2) which are described by
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{1‘.‘1 =z, + 3x,2% + 3z i 6Z;,X 12X, + Sxaxif+ Sxauis (29a)
l -iiz = — 5x;, — 2xhx, + 3x;, — dxapxpxy; + 5x48:, (29b)

where ,;(: = 1: »N) are the control, 7,,§; € [— 1,1] are uncertainties ,x;, = col[ &, » T3 |7
J=1,2;i F# j.
From equation (29a) the isolated nominal system is unstable,but can be stabilizable.
The control laws «;(z = 1,2. ) are designed as
w, =y +u, i=1,2, (30)
where u;,, = —1 are control to stabilize the isolated nominal systems, #; are the part of robust
control comtrol to cpmpensate for uncertainties.
It is easy to verify that all of assumptions in Theorem 1 hold. In fact,by calculation ;one
can obtain
ViE=S 280 - 3250 Wan =12 2,7 Bp=13Ya 0 wYm= 4, N alf-="ay =13
T = |: 43 _4 3] is positive definite matrix.
e = lzal, o = 30|y

xats ¢ =1.

Thus,the constants &;({ = 1,2) are chosen such that

0=¢ —¢e/d =1—¢/2>0,
i.e. max{e &} < 2.

According to Theorem 1,the uncertain large-scale system S can be exponentially stabi-

lized. The decentralized controller is designed as follows
u; =— 1 — 20xhzh/[20xh |xip | + & (2t + x5)]
— 452525 /[ 30x% |z | + &l + 25) ], i =1,2.

6 Conclusion

In this paper, we have generalized the work on the design of exponential stablilzation for
nonlinear system with matched uncertainties to that of unmatched uncertain nonlinear com-
posite system., Two kinds of robust control algorithms are proposed respectively. The decen-
tralized control is based on the local state of each isolated subsystems. The two-level control
relies on both the local state of each isolated subsystems and that of the neighbouring subsys-
tems. both of them are continuous and uniformly bounded. A numberical example is given to

illustrate the design procedure.
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