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Abstract: In this paper, the robust output tracking problem of a kind of uncertain nonholo-
nomic systems is discussed. The reduced dimensional state realization and main properties are given
under some assumptions. Then the simplified state space model of 3-wheel mobile robot is given
under the conditions of pure rolling and non slipping. Fir:-ally, the detailed robust dutput tracking
control law based on the simplified model is presented. '
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1  Introduction

The control of many practical systems needs to concern about the contact with the envi-
ronment, especially the control of mechanical systems, this kind of systems are called con-
strained systems, They are constrained by a group of kinetic equations as they are modeled by
a group -of general coordinates. These constraints can be classified into holonomic and non-
holonomic depend on whether they can be integrated or not. Holonomic constraints limit only
the plants’ geometric position,therefore we can solve out some variables from them directly,
then reduce the constrained system to a lower order system without constraints, thus their
control problems have no more difficulties than systems without constraints and many re-

search work can be foundi~*

. But in the case of nonholonomic constraints, we can not re-
duce the system’s order by means of solving the variables using constraints which have to be
considered into the kinetic equations of the system,thus the problem is complicated and can-
not be resolved effectively by the original method™~"), Moreover, nonholonomic systems
have some new properties such as their input-output linearization can be realized not by
smooth state feedback, but by the appropriate output projection, and their asymptotic stabil-
ity under the Lyapunov meaning can be realized not by the smooth state feedback but by the

nonsmooth or time-varying state feedback®""

, these properties)show the new challenges to
the control field.

Up to now almost all the works about the nonholonomic systems are focus on the certain
models, but in fact there always exist neglected dynamics and perturbation in plant model-
ing. Therefore it has considerable theoretical and practical meaning to take out the research
on the robust control of nonlinear uncertain systems subjected to holonomic or nonholonomic
constraints.

In recent years,variable structure control method has been applied to the control prob-

lem of many kinds of uncertain systems since it has the properties such as robustness to dis-
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turbance, simple to simulate and realize. There must be of certain research value to intro-
duce variable structure control method into the nonholonomic systems which Lyapunov
asymptotic stability can be realized only by the non-smooth or time-varying ‘state feedback.
In this paper we first employ the method similar to nonlinear system input-output lineariza-
tion and present the reduced state realization and some of its properties for constrained sys-
tems; then apply the variable structure control method to robust output tracking problem;
finally we discuss the robust output tracking control law for the simplified model of three-
wheel mobile robot under pure rolling and non slipping conditions.

2 Reduced State Realization and Its Properties

The uncertain constrained system expressed by nonlinear differential-algebra equations

is as follows!* 7!
= f(x) + Af(x) + (g(@) + Bg(@))v + (h(x) + brlx))u, D)
y=C(2), (2>
z=J(z) =0, : (3

~where £ € M,M is an open subset of R",u € R"and v € R™ are control input and constrained
input vector respectively; ¥y € R’ is output variable; g(a) = (g (x) s+ ,8.(x)); Alx) =
(hy(x) goresh, (1)) J(x) == (J, (), ()5 (Jy,++,J,) are constraint functions; C(x)
= (Cy(x),,C.(x))T; J(x) and C(x) are smooth mapping on M; f(x),g,(x) (@ =1,++,m)
and #,(z)(@ = 1, ,7) are smooth vector fields on M; we use Af(x),Ag(x) and Ah(x) to de-
note the uncertain or unknown perturbation of f(x),g(x) and k(x) respectively. The vari-
ables in the vectors and mappings will be ignored without confusion in the following discus-
sion. |
The above constrained system represents the practical control problem of a number of
physical systems which include mechanical systems with classical holonomic or nonholonomic
constraints ,such as mobile robot and other wheeled mobile instruments and so on™*~73,
First we assume that the system has relative degree ,( = 1,+*+,m) and uncertain part
]

does not change system’s relative degreel’l.

Assuming z of (3) is the output variable, so its ith component z; satisfies

2P = LiJ;y = 0,1, 0 — 1,
{ 2@ = LE2J, + (P, 4+ APDv + (dLEVI)Af + (b + Ab)u]. “w
From above assumption and constrained condition (3) we obtain
| v =— (P + APYHW, + W,[Af + (h + Abu]) (5)
where
o L' J, dL",
W, = P, W=
o dL»"J,
Substituting (5) into (1) we have
x = F(x) + AF () + [H(z) + AH (2) Ju (6)

where
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Fz) = fx) — gP7'W,, H(x) = h(x) — gP 'W,h(x),
AF(2) = AF — (g + Dg)(P + AP) 'W,Af + [gP ™! — (g + Ag) (P + AP)YTH W,
AH () = Db — (g + D) (P + AP) "W, + [gP7! — (g -+ D) (P + AP) ' Wk,

The constrained input v is no longer in (6).From reference [4] we know that N* = {x
e M{L/J; = 0,j = Oy1y00000 — 14i =1, ,m}isan — Ea,- dimensional submanifold and

i=]

is the state space of (1)~ (3). We assume that (6) and (2) have the relative degree (i =1,
<o ,7) to derive state equations on this manifold.

Under above assumptions the ith component of output y satisfies

yi? = LiC;, J= 0,10yt — 1, -
Y = LYPC, + Qu + (dL)” C)(AF + AHw).
Employ the following coordinates transformation
A.l'(~ 11 (1‘)_
- , le(x)
xi=T(x) = |T,(x) | L& €]
T3 (1')
& T,(x)

m r

where 7 € R(a = Eai) ;2 € Re(u = E,u,-) ;& € R * “are defined as follows respectively
f=1 i=1
}': (z% [ 953(1 [ 933:’1n"" 9;;::‘)T; ;lj = ,,}—IJ,-,]' = ] RS 4H 91. =] IRy (3]
T (;{ yone ’E}ﬁ yeee 95'{ yore ’;;‘r)T; ;; mm LECy = 1yeorgplini == 14000 ,7;
= (&6’
& =T,(x)and (dT;(x2))T € N{dT ,(x)}si = 1,00 ,n — pt — a;
where N{-} denotes the null space. d7T',;(x) is linear independent therefore the T;(x) can be
chosen appropriately to guarantee that (8) is a diffeomorphism®. _
By the hypothesis of relative degree and applying above diffeomorphism (8), the (n —

@)- dimensional state realization of constrained system (1)~ (3) is
zf}:z;‘i—l’ j=19"°9,lli~19 l’=1,"',r;

i, = L' Ci 4+ Qu + (L CHAF + AHu), i = 1,73

I : 9
§= (dTs(@))[F + AF + (H + AHDu],
Y= Xhy D m= Lyeee,r
0
where x="T71x 1o,
3

Assume the null dynamic system (i. e. the subsystem about & when z == 0.) of (9) is
BIBS (Boundary-Input/Boundary-State )stable ,we then continue to discuss the robust output
tracking problem of mobile robot with uncertain disturbance.

3 Robust Output Tracking

Denote y, = (yd1 goor ,ydr)Tas a reference output trajectory which is sufficient smooth,our

objective is to design a control input « to force the output y of constrained system (1)~ (3) to
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track y,. We apply variable structure control method. Choose r of switching functions S,

as!”

#=2
n

Si= DB LAC, — p) + L Cim 9,0 i= Ly an
j=0 i
where f;; are positive numbers,let ¢; = y; — Y4, (@ = 1, ,#) to be the tracking error compo-
nent,thus from (7) and (11) we know that after system entering sliding modes there is S; ==
0,i.e.
S
e 4 S Buel? =0, Q= 1, (12)
j=0
therefore the sliding mode movement is independent with disturbance and the error of output
tracking is decoupled. For any i, appropriate B;; can be chosen to ensure the eigenvalues of
(12) have assigned distribution,hence we can guarantee output tracking error to approach ze-
ro by factor of assigned exponent.
Then we design proper variable structure control law to guarantee the realization of

above sliding mode.

We have
#—2
Si: ﬁi'e§j+]) -+ ef”")
#—2 .
= DByt + L C; 4 (Q + AQDu + AR — vl (13)
j=0
with
AQ, = (ALY CHDH, AR, = (AL COAF, i=1,"r
1. €.
S= (S, ,8)" =es + W+ (Q + MQu + AR (14)
where
2 ' 1
UFD ) .
;ﬁ L Y L c AQ, AR,
es = , W= ,AQ=1 %t |, AR=| :
#=2 _ " C, AQ, AR,
> Bedty — i
L. /=0 A

Assume there are known constants 74,7 such that

10QQ | <7, <1, lAR| <" (15)
where || ¢ || denote the norms of following matrix or vector
v a
” (dij)/:Xq H == Z Z ldij|- (16)
_ : f=1 j=1 }
Choose variable structure control law as
u=—Q '[es + W + ksgn(S)] an

where £ satifies
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E>0 =707+ Yo lles +WHH (18)
¢hen from (14)~(18) we obtain
STS= ST{AR — ksgn(S) — AQQ '(es + W + ksgn(S)))
S— kS| + 7S + 1STO+ Y lles +WIH
=— A=Y= Q=7 '+ Y lles +WIDHINS|

thus STS<C 0.

Hence the condition of arriving sliding mode is satisfied and the tracking error approach-
es zero exponentially.

The general method of realizing robust output tracking for nonlinear uncertain con-
strained system is given above,the condition of relative degree is common to nonlinear sys-
tems. It is easy to realize input-output linearization without disturbance but it is vety difficult
for input-state linearization. ‘

4 Application on Mobile Robot

Consider the three-wheel mobile robot in
reference (5], which motion is completely de-
scribed by vector of 7 general coordinates as g
= (2,5,0,8,9,9,9)", and is shown in Fig. 1.

It employs two motors to provide the torque for

the rotation of wheel 2 and 3; m; is the mass of

wheel ; M is the mass of the trolley (including

the loads); I, is inertia moment of wheel 7

around its axis of rotation, I, is inertia moment
of wheel ¢ around the vertical axis passing Fig. 1 Three-wheel mobile robot
through its perpendicular axis; I,is the inertia moment of the trolley around the vertical axes
passing through its center of mass; e, ,e,are coordinates of the center of mass of the trolley in
the frame attached to the trolley {Q,I,,I,}.

In the case of pure rolling contact and no slipping between wheels and ground,we obtain

5 independent motion constraint equations

z = APRRg =0 a9
with

[— sin ~ hsi 0 R 0 O]

B cosp sinf} cosf - sind 0 O

0 1 h 0 0 R O .

—sind cosd O O

AP) = 0 -1 h 0 0 0 R|, RO = o 1 0
cos sinf d—+hcosfB d 0 0 O

B B A 0 0 o I,
L1 0 0 0 0 0 0]

where I, denote n X n unit matrix, one of the motion constraints is nonholonomic.

Applying Lagrange formalism we obtain the following equivalent dynamic state space

model of the mobile robott
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P™M* (B)P= P"f* (0,8, P'G(B)v,

x = — 7;8inf,

y = 7,cosd,

o 1. 20)
B= D(PP1,

o= Dy(BPY

0 1 0
where PT = [O 0 1} is a matrix relative to the null space of constraints; M (f)is a 3X3

positive symmetric matrix relative to the kinetic energy and constraints; 7 =
{7]1 = — zsinf + ycosf
7/220

is a coordinate transformation; f* (6,8,%) is a 3X 1 matrix relative to
system constraints and states; G(f) is a 3X 1 matrix relative to input torque and constraints;
D, (1 X 3),D,(3 X 3) are matrices relative to constraints; ¢ = (¢,,¢,,%)".

The system (20) has a triangular structure ;the variable § appears only in the first 5 e-
quations. Since our purpose is to control the trajectory of the robot in the plane,i. e. only the

variables &, we can restrict the analysis to these first 5 equations. No problem about the in-

ternal stability can occur from this reduction because B and ¢ being uniformly bounded pro-
vided 7 is bounded. Moreover,it is easy to check that the input matrix P'G(8) has full rank

for the considered configurations, consequently for any (u,,u%,) there exists one and only one
static state feedback v(8,8,p) such that the system of equations (20) reduces to:

T =ty W = Uy,
z ==— 7, sind,

\ = 7]1 COS&, (21)

=17,
which exactly has the form of certain part of (9).

We can verify that mobile robot satisfies the relative degree condition and &; = 1 = 1,
vee,5), 26 = 2(i = 1,2)"1, thereby the variable structure control law « can be designed using
the method of above section to control the output .y to track reference trajectory yg.

Consider a reference point @, in the mobile robot system as shown in Fig. 1. Define the
position of @, as the output of the system,i. e.

Y, x -+ hsind
oo [P a2
Y, vy — hcosl
Due to (2) and (7) and the condition of relative degree @ = 1( == 1,=+,5), 04 = 2(i =
1,2), we design the variable structure control law for system (21) and (22) as
u = (u;u)" =— Q '[es + W + k sgn(S) ] (23>
— sinfd A cosﬁ]
»

h -
where Q cos 8  h sind
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—ﬁloél - 5’:1‘ ﬁ10<5’1 - j/dl) - 5’:11}
€5 = . “ - . . “
| Btz — Ya, Bao(yy — ydz) Y,

[Bio(a + heost « 60— 34 — ya”

| Boo(y + hsing « 0— 3,) — yq,
Biosi = 1,2 are parameters to be assigned
2C, — 7 f cosd — hé’ sind

w=" =1 it

LiC, — 7, 8 sinfd 4 A" cosl
s I:Sl] Bro(Cy — yu) + LiCy — .).’dl}

Sod T |Bu(Co = ya) + LiCy — 3,

Bio(x + hsind — y, ) + z + heosf « 6— 3,

= H

By + heosf — y, )+ y + hsing - f— Ya,
k satisfies equation (18)
E> Q=707+ Yo lles +W s
and
QR | <7, <1, [AR| <7,
Consider the following system with the uncertain parameters 4, such that (21) as

Vo= uys Ty = Uy,

x =— 7, sind + A4,

y =7, cos + A, 4
é: 7]2 + A.
' Ya, singz .
Let the standard output y, = = ,» applying the control law of (23) follow
Y, cos4z

the steps discussed above, we simulate under three cases as choosing 4 varying in the range
of (0,0.3),(0,0.5),(0,1),respectively,the simulate results are shown in Fig. 2. We can see
from the figures,the system output track the desired trajectory well as the system has uncer-
tain parameters,the tracking error increases as the disturbance increases but remain relative

small ;our robust control method is effective.

Y1=x+h* sin(sita)

¥Y2=y-h* cos(sita)

1.5 1.5
1 1
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Tls T/s
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5 Conclusions

In this paper, the robust output tracking problem of a kind of uncertain nonholonomic
systems is discussed. The reduced dimensional state realization and main properties are given
under some assumptions. Then,the simplified state space model of 3-wheel mobile robot is
given with the conditions of pure rolling and non slipping. Finally ,the detailed robust output
tracking control law based on the simplified model is presented, the simulate result shows

that the control law is effective to the disturbance, the system output track the reference tra-

Jectory well as the system has uncertain parameters.
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