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Stability of Solutions of Singular Systems with Delay "
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Abstract: This paper presents new definitions of stability of solutions to singular systems
with delay,and establishes theorems on stability and instability. Then,as an example, this paper
discusses a class of n-th order constant coefficient linear singular systems with delay ,obtains some
results of stability and unstability.

Key words: singular systems; delay; consistency condition; stability

1 Introduction

Many practical problems are modeled by singular systems,such as optimal control prob-
lems and constrained control problems ,electrical circuits ,some population growth models and
singular perturbations. Since delay often occurs in these problems, therefore the research of
singular systems with delay runs important role in practice and theory. On the discussion of
stability of singualr systems ,compared with that of nonsingular systems ,there are three main
new difficulties ; the first is that it isn’t easy to satisfy the existence and uniqueness of solu-
tions ,since the initial conditions may not be consistent ; the second is that it is difficult to cal-
culate the derivatives of Liapunov functions ;the third is that there often happen impulses and
jumps in the solutions.

In the second section of this paper,we presents new definitions of stability of singular
systems with delay using the thoughts of papers [1] and [2],and establish two theorems on
stability and instability of solutions to the following singular systems with delay,

Az @) = [,z (1.D
where A is an 7 X 7 constant singular matrix, z,(6) = @&+ 0,0 € [—r,0],r>0,/0$
€ c([0, + o0) X c([— 7,01,R", R, f(2,0) = 0,for any t = ¢, >0,

The initial condition of Eq. (1.1) is

z, =¢, ¢ € c([=7,01,RD. (1. 2)

In the third section,we discuss stability and instability of zero solution to the following

singular systems with delay, v
{Xm = AuX () + ApX, (@) + BuX @ — 1) + BipX, @ — 1),
0= A, X, @) + X,() + BxX,(t — )+ BpX,(t — 1),

where, A;;,B;;are n; X n; constant matrices, X, € R,n; +n;=n(i,j=1,2),7is a positiv

(1.3

constant, ¢ = t, == 0.
Suppose that the initial condition of Eq. (1. 3) is
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X,
X, = { 1}=¢, $ € c([—r,0],R". (1.4)
X,

2 stability of Singular Systems with Delay
At first,we introduce the following notations,
T, = [0, + t,],where 0 <<z, <+ o0;q9,2) € C'([0, + 00) X R",R");
S, (tos2,) is a set of all consistency initial functions,and V ¢, € S,(¢,,%) , there exists a
continuous solution of Eq. (1. 1) in [#, — r,#,) through (¢,,$,) at least;
B(0,0) = {¢ € C([—r,0,RD; [ ]| <&,6>0}.

Definition 2.1 IfVY z, € T,,Y € > 0, there always exists 8(¢,,€) > 0,such that ¥ ¢ €
B(0,8) N Se(tosts), the solution x(z,t,¢) of Egs. (1. 1) and (1. 2) satisfies that | ¢(,
2N 1| <&,V ¢ € [£,t), then the zero solution of Eq. (1. 1) is said to be stable on {gt,x),
T,). I 8is only related to € and has nothing to do with z,, then the zero solution is said to be
uniformly stable on {g(z,2),T,}.

Definition 2.2 1) If the zero solution of Eq. (1. 1) is stable on {q(¢,x),[0, + o)},
and Y 2, € [0, + 00) ,there exists a A(%,) > 0, such that ¥ ¢ € B(0,A()) N Sy, + ),
lim || g(t,x(t,t0,¢)) | = 0, then the zero solution of Eq. (1. 1) is said to be asymptotically

i i

stable on {q(,2),[0, + o) }.
2) I the zero solution of Eq. (1. 1) is uniformly stable on {g(¢,2), [0, + o)} ;and
there exists a A0,V £, € [0, 4-00),V ¢ € B(0,4) ) Su(tos + o0, lim || gy (tste,¢2) |l

= 0 ,and which is uniform on (#,,¢) € [0, + o) X (B(0,4) [} S:(¢y, + o)), then the zero
solution of Eq. (1.1) is said to be uniformly asymptotically stable on {g(¢,2),[0, -+ o) }.

Now we give two theorems on stability and instability.

Theorem 2. 1 Suppose that for any solution () of Eq. (1. 1), ¢(¢,x(2)) is bounded
when ¢(¢,2(¢)) is bounded, and that there exist two wedge functions #(+) and v(+), and
nonnegative and nondecreasing function @(+), continuous V functional V (¢,9):[0, + o) X
C([— r,0],R") = R, which satisfies ‘

DuCllgl,a@) | <VU,a)<v(|zl|); i)DTVQEzx)<—o(||qt.x@))]| ).

Then the zero solution of Eq. (1. 1) is uniformly stable on {q(¢,x),7T,}, where ¢, <<
+ oo, If w(s) >0 when s> 0, then the zero solution of Eq. (1. 1) is asymptotically stable on
lgC,2),[0, + o)),

Proof 1)V t, € [0,4),VY € > 0, there exists §(¢) > 0 which is only related to €, such
that V ¢ € B(0,8),v( | ¢ || ) <v(d) <ule). v

By that D" V(¢,z,) < 0, the solution of Eq. (1. 1) through (#,,¢) satisfies

uC || g,x(tste, ) | ) SV @z, (te,¢)) <V (26,) v || ¢ 1) Sule).
Thus, || gttty ) || < &,¥t € [t,t). Hence the zero solution of Eq. (1. 1) is uni-
formly stable on {qg(tsx),[0,2)}.

2) For that the zero solution of Eq. (1. 1) is uniformly stable on {g(¢,2),[0,%)},we set

b=+ oo, = 1 Then there exists a 8, > O such that V¥ 2, € [0, + o), ¢ € (0,8,) ) S, (tos
+ oo) '

s we have
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I qC,z(Este, ) | <1, Vit & [tosti).
By conditions of the theorem ,there exists an L. > 0, such that || ¢(t,2(t,t,,¢)) | <L,V t €
(£0520). '
I lim || q(,2(tste,¢)) || = 0is not satisfied, then there are an & € (0,1) and a se-

oo

quence {z,}, lim ¢, =+ oco,such that ¥ m, || ¢(t,,x(tnster¢)) | > €. We can suppose that

- oo

V m’tm - tmwl 2 2'

Take a &, € (0,1), such that Ld, < ,then VY m,¥t € [t,— 8 t,+ 8],
Il g,z (tte ) | = |l q(t,,,,x<tm,to,¢)) I — g sax(ste ) — qt,x(tyt0,¢)) ||

>EO_L81>%-

Thus DYV (¢,2,(¢,,0)) <— w( >y, Y t € [t, — 8, ,t, + 6, ] . Hence there exists an m, big

enough,such that,when > ¢, ,

my

V(t2to, D) KV (to2¢) — 22w<—«>6 =V (to,¢) — 2m0w( )8, < 0

me=1

which is in contradiction with the defmltlon of V. Thus lim || ¢t 22, to,</1)) | =0 ,and the

=400

zero solution of Eq. (2.1) is asymptotically stable on {q(¢,2),{0, + co)}.

Theorem 2.2 Consider Eq. (1. 1),suppose that V(¢) is a continuocus bounded function-
al defined in C([— »,0],R"), and that there exist an @ > 0 and an open subset U in C([~ r,
0],R"), such that ‘

DY$EU, V>0, $€ aU,V($) = 0;

i) 0 € colU N B(0,a));

i) V() <ulll g, 80 || ),V ¢ € U N BQO,a);

v VeéeUN BO,a) NS, + ),

V_ (x.(,¢)) = lim inf %[V(x,+;l(to,¢)) — V(x(to,9))] = o || g2 (tste,0)) || ),

ot
where #(+) and (<) are wedge functions. Then the zero solution of Eq. (1. 1) is unstable on
{x, [0, +c0)}. Specially,¥ 6 € (0,0),Y ¢ € U ] B0, ) Si(ty5 + o), there always ex-
ists a £, >>t,, such that the solution z,(#,,¢) reaches the boundary of B(0,a) at the moment ¢,.

Proof VY ¢ € U ) B0,a) N S,(¢, + o), we have V(¢) > 0. From condition iv),
Vx,(to,¢)) Z V() sthus || q(t,x(tst0,¢)) || = ™ (V(x,st0,¢))) = u™ (V).

And by condition iv),

V_ (x, (L, ) = w( I g@,x(t,te,)) || = 0@ (V())) >0,

for x,(ty,¢) € U ) B(0,a).

Set 7 = w(u™ ' (V{(¢))), then ’

Vi xste ) Z V(P + 7G — 1),

provided that z,(¢,,¢) € U [ B(0,a) for § € [¢,,¢].

Since V (¢) is bounded inU [ B(0,@), by the discussion above,it is impossible for z, (2o,
¢) to belong toU [} B(0,a) for all £ € [#y, + ©0). And for that V($)is 0indU, it is impossi-
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ple for x.(t55¢) to go through the boundary of U. Hence there exists a¢, =¢,, such that z, (¢,
p € aB(0,a). Then the zero solution of Eq. (1.1) is unstable on {x, [0,-+0o3)}.
3 Analysis of Stability of Eq. (1.3)

Now we discuss stability and instability of zero solution of Eq. (1. 3) using Theorems 2.
1 and 2.2. From Eq. (1. 3),we have; ’ '

X, ) =— [AnX, @) + B X, (¢t — ) + BpX,(t — ) ]. (3. 1)

If the initial function ¢ satisfies the following consistency condition,the Eq. (1. 3) has a u-
nique continuous solution in (t, — r, + o) through (#,,$)([4]),

0= A (0) 4+ $,(0) + By (— ) + Bpp(— 1), : (3.2)
where $(8) = [:EZ;]E C([— #,01,R".

Thus VY ¢, € [0, + 00),85,(tes + o0) = {¢ € C([— r,0],R") ;¢ satisfies (3.2)}.

n
In this section,if the matrix F = (f;;).x, sthen we set || F || = 2 L fis .
f=1

Theorem 3.1 For Eq. (1. 3),if all eigenvalues of A;; — A;,A;, have negative real parts,
| B; 1l »(iyj=1,2) are small enough,and | By, || <{1, then the zero solution of Eq. (1. 3) is
uniformly stable and asymptotically stable on {XT,X,,[0, + o) }. Furthermore,the zero so-
lution of Eq. (1. 3) is uniformly stable and asymptotically stable on {X,[0, + o)},
Proof 1) From Eq. (1. 3),we have ’
X,() =(A,, —A,A,)X (1) 4+ (By —AuBy)X,(t —r) +(Byy, —AuByp) Xyt —1).
(3.3)
Since all eigenvalues of A,; — A, A, have negative real parts,for any given negative definite
matrix D ,there exists a positive definite matrix £ whose smallest eigenvalue is denoted by
Ags such that
(A — ARA)TE + E(A;, — A4y = D, ' (3.0
$. ()

}ds, where Gis ann X
¢2 (s)

Set ¢(t,X) = X{X,,V(t,$) = ¢{ (D E$, (0) + f_ L8 () ,¢§<s>JG[

n positive definite matrix which is to be determined.
YV ¢ € 5,(, -+ o), the solution of Eq. (1. 3) through (¢,,¢) is denoted by X (¢) ,then
. ’ X1 (s) :
VX = XFoBX @ + [ (X1, X116 s
t—r Xz(s)
And ;
NEN I gGX@) || <V@x) < XTOEX, @) + |Gl « [zl
SUNEN + TG a2
T T ; T T X, @)
Vi, X)=XTWEX, @) + XTWEX, () + [X} ®,X; ]G .05
i 2
X, (t — r)}

T
[ 1(t .7”) z(t T)] Xz(t—r>

= XTW[A, — ApAnTTEX, (&) + XTWE[A,, — Apdn]X, @)
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+ XT@ — By — ALBy "EX () + X3¢ — ) [Bn — ApBy TEX ()
+ XT@WE[By — ApBylX Gt — ) + XTWE[B, — ApByp X, (¢ — 1)
+ [XT(f) y [A21X1(t) + By X, G — 1) + B X, — r)]T]G

[ X, (@ }
— AnX, (@) — By X, ¢t —7) — B, X, — )

[XTG — ), XE — %)]G[X‘(t - r)]
X, e — 1)
X, ®
= [XT@),XT(¢¢ — ), X3 — ) ILA + B +C Xt =1,
L — 1)
where
D E[B, — A,By1 E[Bi; — A,LBs ]
A, = |[Bu — ApBu'E 0 0 . (3.5)
EBlz - AIZBZZJTE O 0
G, O
Set G = [ :\, then
0 Gy
. G, + A5GyAn ALG, B, ATG,,By,
B, = BL.GA, BLGy,By;  BuGyuBaxn|» o (3.6)
| BLGuAn  BiGuBn BiGuBn
{0 0 0
C,=10 — Gy 0 N 3.7
o 0 —Gn '
D +G,, +ALG;Ax E[B,, —A,By] +A5GyBy E[By — ABy) +A5G2By
A, +B, +C, = |[By —ApBuT'E +BiGyndn BY,GyBy —Gy BLGyuBy,
[(By —AuByu ] E +BLGrAn BLGyBy BLGyuBy —Gu
(3.8)
If B;; = 0,i,j = 1,2, then
D + Gy + AhGnAn 0 0
A + B, +C = 0 — Gy 0 . (3.9
0 0 — Gy,

Since D is negative definite,we can take a positive definite matrix G with norm small enough,
such that A, + B, + C,in (3.9) is negative definite, for instance take diagonal matrix G .
Thus when || B; || »G,j = 1,2) are small enough,there exists a positive definite symmetric
matrixG ,such that A, + B, + Ciin (3. 8) is negative definite. So there exists a A > 0 ,such
that
VX)) <— ALXTOX () + XT@ — X ¢ — ) + X3 @ — X = )
<— AXTDOX,@).

Thus Y € >0 ,there exists a 0(¢) € (0,8),VY to =0,V ¢ € S (ty, + °) N B(0,8), the solu-
tion of Eq. (1. 3) through (z,,¢) satisfies:
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XToHX, () < ¢
1 q(t,X () is bounded in [#,, + o), and the boundary is M*,M >0, then TX. @ <
MY t € [t + o0). We can suppose that the inequality is satisfied fort € [ty — 7y -+ 00),
then
1@ X @D =21 XTO[ALX @) +AX, () +Bumi (¢ —r) + B2, —r)]| ,
2L AL M2+ || Ap | M X, @ L A+ I Bu | M2 A+ || By | M| 2,2 — il 1.
By the second equation of Eq. (1.3), V ¢ € (2o + (B — Droto + kr],
IXE) <l Aul + 11 Ba DM
+ B [ LC Au |l + 1 B | DM
+ | Be | | X2 — 200 |1 ]
<ﬂ+ ”Bzz “34‘ “Bzz “z‘3+ e HBzz ”kﬁa
where 8 = max{( || Ay I+ || Bl YM,max{ I () || ,0 € [— r,0]}}
Since || By | <<1,then

” XZ(Z) ” < 9Vt€ [to"ry +OO)-
I

B
1 - ” BZZ
Thus

g, X | <2C Anll + I Bu DM+ 2| Al + I B IOM T:"{“go‘z“”*

Hence,if ¢(¢,X(¢)) is bounded in [#,, + o) ,then |q(¢,X(#)) | is bounded. By Theorem 2.1,
the zero solution of Eq. (1. 3) is uniformly stable and asymptotiéally stable on {XTX,, [0,
+ o)},
2) Since the zero solution of Eq. (1. 3) is uniformly stable on {X{X;,[0, + oo)}, there-
fore YV € > 0, we can take a § € (0,¢), such that ¥ ¢ € B(0,8) [} Si(tss + o),
g, X)) I = XTOX, @) <€,
By the same manners of proving boundedness of lq(t,X())]|in 1),we can prove that

B

X L 75T 09 ”
” 2 (8) ” 1 — “ B, ” Vte D + o0)

where, 8, = max{( || Ax | + || Ba [ dese}.

Thus the zero solution of Eq. (1. 3) is uniformly stable on {X,[0, -+ o) }.

Since X,(®) =— [AnX:() + Bya,(t — r) + Buxy(t — 1], if By, = 0,then
l_l_im | X, || = 0 when lim IX.@l =

If B,, % 0,let 6, >0, such that V ¢ € B(0,8,) N Si(tes +00), || X || <1,V ¢t €[4,
+ co).

If lim X,() = Ois not true,since || X,(&) | <1,V ¢t € [#, + c0), thus there exists a

£ 00

sequence {t,},t, =+ oo, such that X;(2,) = a;,as n —> c0,a, 7 0.
Since the zero solution of Eq. (1. 3) is asymptotically stable on (XT,X,,[0, + o)},
1}1& | X, || = 0. Thus
lim X,()= lim — [A,;X,@) + BuX,(t, — 1) + BpX, (@, — )]

n—» 0o n—et-oo

= lim — B, X, —r

N 00
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Since the sequence {X;(¢, — )} are bounded, so it has a convergent subsequence denoted by

itself. That is,there is an @, such that lim X,(, —r) = a,.

7> o0

Thus @, = Bs,@,. Repeat this process,we suppose that for any &, there exists an @, such
that lim Xz(t,, — kr) = k= 1,293,“'.Thus a, == Bgzak.Since H Bzz “ < 19{ H & “ } are

> o0

bounded , hence @, = 0, it is in contradiction with that @, 7 0. Thus lifrn | X, (&) || =0, there-

fore the zero solution of Eq. (1. 3) is asymptotically stable on {X,[0, + )} . Theorem 3.1
is proved.
On the boundedness of || B;; || in Theorem 3. 1,we give a result.
At first,take matrices v
) G, O
D =diag[—d -« —d], G= [ :l, (3.10)
0 Gy
where the constant d > 0,D is an n, X n, matrix; G;; = diag[g,,***, £, ]is ann, X n, matrix,
G,, = diag[g;»+++»8, 1 is an n, X n, matrix,and constants g,,8; > 0 which are to be deter-
mined.

For the given D ,we find out the matrix E by (3. 4) firstly. From (3. 8) and (3.10),we

have
(—d+ gD, + g,ALAy  E[B), — ApByl+ :ALBy E[By — ApBy ]+ 8:A5L By
A, + B, +C, = |[By — ApBun]'E + 285, Ay g:B5Ba — g1, g.Bh By,
(B — AuBrl'E + g:BiAn £:85B,, g:[ BBy — 1,]
(3.1D

Take g, = % If A, = 0,then take g, = %;If A, # 0, then take g, = In the fol-

__da
4l Anll®
lowing ,we always assume that A, 7 0.

Set e =max { || B;; || »i,j=1,2}. For that || By | <<1, thus there is ana € (0,1), such
that || By | < vV1 — a.

Consider the matrix ;
[<-‘ d+ gl + gZAglAﬂ?E[Bll - A12321] + g2A§1321,E[B11 - Alszzj

+ ngngzzj’ | —d -+ g1| - H ngg‘xAm I — I E[Bu - AlzBm] + ngngm“
- H E[Bu - Alszz] + ngngzz ”
d d d
>3 LBl + 2 EAnll + 2] An 1= G —en

wherer, = 2[ ” E H -+ ” EA,, ” + g, ” Ay ” ]

d d d
Let 5 T en > Z—,then we get that ¢ <C i

Let || Bun | <1, noting that || By |l <{1, consider the matrix

d
[Bu - A12321]TE + ngszAzungngm - glllrngleBzz]’Z - ” [Bu - A12321]TE
+ ngglAm H — 82 I B;rlex “ — &2 I Bngzz ”
d d
=5 el IEN + IAREN + g An |l — 28] = 5 —ers,

where, 7, = [ E| + | ALE | + g Il Ao | + 2221,
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d d d
Let o = ey > S ,then e <C &

Consider the matrix
I:[Bu - AIZBZZQT“E + ngFZFZAZngB’zrzBm agz[:B’zrszz - Iz]]agz - “ [Bu - A12B22:|TE ”

- ” ng-zrzAz_l | — “ 8:B%5:Bx | — | gl B%B:; ||
d "
Z-———7—eLlE| + Al 1E| + gl Anll + 2g. 1 ]
4 Ay |l
= ———--—d— — er
41 Ay |2 P
where,s 73 = [ ” E “ + || A, || “ E ” + g “ Ay || + Zgz]»
. d d 2 d
e oy > ————— th o
, L T A T BT AT " 8T A T,
. .d d d .
Let ﬂo = mln{rﬁ,é;;,m}.'l‘hus, 1fe<,6’0, “ BZI ” < 1,and “ Bzz ” <1, then

from (3.11) and the discussion above, A, + By 4+ C, is strongly diagonal dominant. By Ger-
schgorin Disc Theorem ([5]), A, + B, + C, is negative difinite . Thus we have obtained a
boundedness of || B;; || ,¢,j = 1,2. Obviously,the boundedness is related to the selected ma-
trices Dand G ,and it is not unique. Thus the conditions of the following Theorem 3. 2 is only
sufficient and not necessary. 5

Theorem 3.2 For Eq. (1. 3),if all eigenvalues of A;, — A,,4,, have negative real parts,
e=max{ || B, || 57,7 = 1,2} <Py, and | B, || <1, || Bx |l <1, then the zero solution of
Eq. (1. 3) is uniformly stable and asymptotically stable on {X{X,,[0, + o0)} . Furthermore,
the zero solution of Eq. (1. 3) is uniformly stable and asymptotically stable on {X, [0,
+ o)},

The proof of Theorem 3. 2 is similar to that of Theorem 3. 1. Noting the discussion

above.

Lemma 3.1 [If n X n matrix A, has a eigenvalue with positive real part,and A, + A; % 0,
iyj=1,2,,m,where A,,i == 1,2, ,nare eigenvalues of 4, ,then for any given positive defi-
nite matrix C, ,there exists a matrix B, which is not semi-negative definite,such that A7 B, -+
ByAy = C,. ([6D

Theorem 3.3 For Eq. (1. 3),suppose that An — A, Az has an eigenvalue with positive
real part, A + A; £ 0,¢,5 = 1,2,+=,n,, where A,i = 1,2, ,n, are all eigenvalues of A, —
AA, sand that || B || ,(i,j=1,2) are small enough. Then the zero solution of Eq. (1. 3) is
unstable on {X,[0, + o0)}.

Proof We only give the thoughts of the proof. By lemma 3. 1,for a given positive defi-
nite matrix D, ,there is a matrix E, which is not semi-negative definite,such that

[A, — ALALTE, + E[A, — ALA, | = D,.
Vé e C—r,0],R", take a V functional

$()
V) = HOEHO) + | [¢I<s>,¢§<s>]c;l[ o st,
- 952(5)

1is ann X 7 negative definite matrix whose norm is small enough,which is to be de-

Where G
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termined. We can choose G by the same manners in the proof of Theorem 3. 1.
Set U = {¢p € C([—r,0],RD;V($ > 0),a> 0,q(, X)) = XTMOX (B,
Then using Theorem 2. 2,we can prove Theorem 3. 3.
Until now ,we have finished the discussion of stability and instability of zero solution to
Eq. (1. 3).
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