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Robust Stability of Impulsive Large-Scale Delay
Systems with Time-Varying Uncertainties *
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Abstract: The problem of robust stability for impulsive large scale delay systems with time-varying interval uncertainties is
introduced and studied. Some explicit criteria of exponential sobust stability in the large for such systems are established based on

vector comparison theorem and the techniques of matrices and inequalities. An example is given to illustrate the effectiveness of

results obtained.
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1 Introduction

Many evolutionary processes, such as biological phe-
nomena involving thresholds, bursting rhythm models in
medicine and biology, optimal control models in eco-
nomics, neural networks systems, frequency-modulated
systems, and motion of missiles or airplanes are charac-
terized by the fact that at certain moments of time they
experience an abrupt change of state. These perturbations
act instantaneously, in the form of impulses, which can
be successfully described by the measure differential s‘ys-
tems' !, The stability theory of measure differential sys-
tems with impulses has been developed recently[2"6] .Up
o now, most research on impulsive systems has been
concentrated on the systems without delays. It is well
known, however, that delays often occur in many Sys-
tems, such as transportation systems, communication sys-
tems,, chemical processing systems , metallurgical process-
ing systems, environmental systems, power systems, and
S0 on. This prompted us to investigate impulsive systems
with delays. On the other hand, in practice, uncertainties
are often encountered in various dynamical systems due

0 modelling errors , measurement errors, and linearization

approximations . The problem of the robust stability anal-
ysis of the systems suffered from such uncertainties has
attracted much attention in recent years[7““] . But there
are few results of delay uncertain dynamical systems[7 ~9
and no reports on impulsive delay dynamical systems
with time-varying uncertainties. In view of above discus-
sion, we first introduce the problem of the robust stability
of impulsive large scale delay dynamical systems with
time-varying interval uncertainties in the paper. Some
analytical methods and techniques are employed to inves-
tigate the sufficient conditions for robust exponential sta-
bility. This paper is organized as follows. In Section 2,
the problem to be tackled in this paper is stated.In Sec-
tion 3, some explicit criteria of robust exponential stabili-
ty for such systems are established. An example and con-
clusion are given in Section 4 and Section 5, respective-
ly.
2 Problem formulation

LetR, = [0, + ®),J = 25, + ®)(t; = 0), and

8" denote the n- Euclidean space with the norm || x ||

= E | 2 1,% € IR"*. Correspondingly, for a matrix

i=1
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A = (@) nn ER™, I AN = max 2 1 ag 1,141

i
= (I @y |)ax,- We use the notation A(a;) = B(by)
and col (x;,*",%,) = col(y;,"**,¥,) to imply that a;
= bjand x; = yi, i, = 1,

Consider the following impulsive large scale interval

, n, respectively.

dynamical system with delays
Dxi = N[é;(t)szt(t)]xt(t) +

S UNLA;(8) 2 Ay (6) 15 (0) Dy +

NLB,(1).B,(0) x5t -
T(t))mj}9 i = 17'"5” (1)

with the initial-value conditions
xi(1) = 3:(t), to-—t st <ty i =1,
(2)
where Dx;, Du; and Dw; denote the distributional deriva-
tives of the functions «;, u; and v; respectively. u;,v;:
IR, — IR are functions of bounded variation and right-con-
tinuous on every compact subinterval of J. This implies
that Du; and Dv; can be identified with the Lebesgue-
Stieltjes measure which has the effect of suddenly chang-
ing the state of the system at the points of discontinuity
of u; and v;; x; € R"-‘,Ai(t),ﬁ»(t) € R%*™ are con-
tinuous on J,{l,y(t),;lij(t) € R%*" are bounded and
Lebesgue-Stieltjes integrable with respect to u; on J,
B;(t),B;(¢+) € R™*" are bounded and Lebesgue-
Stieltjes integrable with respect to v; on J. o(t) =
col($,(t), -, 8,(¢)),8;:[ 1o - 7, t9] = R are func-
tions of bounded variation and right-continuous, 0 <

7(t) < t for some constant 7.

N[A(1),A(1)] =

{4:() 1 4,(0) < A(2) < A(DY,
N[A;(),4;()] =

[4;(0) 1 4,;(0) < 4;(1) < Au(t)}
NLB,;(1),B;(1)] =
{B;(¢) 1 Bj(t) < By(¢) < By(1)!

where 4;(t) € R%*" are continuous on J,A;(1) €

"*" and By(1) € R"*" are integrable with respect to

u; and v; on J respectively, i,j = 1,"',r,zlnj =n.
e

In this paper, we assume that
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u; (1) =t + Laika(i),
k=1
. (3)
() = ¢+ 2 Bali(1), i=1,r
k=1
where' the discontinuity points are ¢; < 2 < *** < f <

-rand lim¢t, = % ,¢; > to;ay and By are constants,
—x

and H,(t) are Heaviside functions,i.e.,

AOE {

Definition 2.1 The impulsive and time-delay large

0, t < t,

1, b= Iy,

scale interval dynamical system (1) is said to be expo-
nentially stable in the large, if for any matrix

A; (1) € N[A;(1),A(D)],

Aij(t) € N[Aij(t) Zu(i)]

By(t) € N[B;(2),B;(1)],
the zero solution of the impulsive and time-delay large

scale system
Dr; = A(0) %, (1) + 2 [A;()%,(1) Dy; +

j=1
Bij(t)xj(t - r(t))va],i =1,,r (4)
is exponentially stable in the large.
3 Robust stability
In this section, we discuss the stability of impulsive
and time-delay large scale interval system (1) and as-
sume that ¢, — #,_; = 6r,0 > 1, and
A1) = (@2 (1)) Ai(8) = (@D (1)) g,
For the following system
(1) = Pi(t)z(t) (5)
where z,(t) € R%, P;(t) = (p§si)(t))nixni’pffi)(t) =
a{’(t), and

Pjs)(t) = max{ | (l)(t) Iy | (11(;)(5) I,

J# Syj,s = 1,0,m,
from Theorem 1 ([11]), we can easily obtain Lemma
3.1.

Lemma 3.1 Suppose that the trivial solution of sys-
tem (5) is exponentially stable in the large, namely there
exists an a; > 0 such that

Iz(e) Il < Il z(20) lexpl - &, (¢ - t0)], ¢ =
(63
Then for any 4;(t) € N[A4,(t),A;(¢)], the trivial so-
lution of system

%;(t) = A;(t) % (1) (7)
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is exponentially stable in the large, moreover
(EACIR < | x; (o) |l expl - a;(t - )]t = o
(8)
where %;(¢) = X;(t,20)%;(0), X; (¢, to) is the matrix
of fundamental solution for system (7), X;(¢g,t0) = I,
(identity matrix), x;(t9) = ;.
For all A4;(¢) € N[4,(¢),4,(2)],4;(x) €
N[A;(t),A;(¢)],and B;(1) € N[B;(¢),B;(1)],
if define the matrices

AP () = 2(4,(0) + Ag(2)),

L 9

AG (1) = 5 (Ay(e) - Ay(0)),

BP (1) = 5(By(1) + By(1)),
(10)

B (1) = 2(By(1) - By(r),

then A;(t) = Agf’)(t) + AA;(t),
(11)

Bi(t) = B (1) + ABy(2),
where AA;(#) and AB;(t) are the uncertain matrices
which satisfy

| A4;(2) 1< AV (2), 1 ABy(1) 1< BS™ (1),
(12)
For convenience, we have the following notations

a; = supla;(s)},
l;lo

(13)
a;(t) = 1AL G+ 1A (e) I,
b; = supi{b; (1)},
. (14)

bi(¢) = I BP ) + I B ) |l
Ak(t) = diag(ll""’lr) - (Agjp)(t)ajk)rxr9(

Bi(t) = (BP(1)8) s, =
AR () = (A ) 1 ag 1)1
Bim (1) = (B () 1 By 1) s -
Be = — T ; 172 =
[ Al A ALED ]y g,y
Iy - I Buu) |+ IBE D)
[ Al AL ACLDTE_y gm
(17)
B = ”NiM%mnm Tk
- TAF G T T AT ®

v lA;I(f-;‘.)B#(!-;‘) ” + ” AII({*) ” ” BE:J{L;‘)J
ke 1 [ AF ) I 1A () |

Theorem 3.1 For system (1), suppose that for i =
1,,rand k = 1,2,,

l) [A:|:EII(AI£(i£)Ak(Lk))]1/Z_ ” Ai’n)(tlg) || N 0;

ii) the trivial solution of system (5) is exponentially

stable in the large and there exists a constant « such that

1= S e b} 1

lgigrl@; — @3

where o; > 0is given by (6), 0 < a < min ran
gigr

iii) max {e*, (B, + 7,¢°)| < M, < C for con-
stant C.

Then In(CM)
or

ponentially stable in the large, and the solution of system
(1) has the following estimate
Ix()l <l el M-

exp[(ﬁacz‘_—M2 -a)(t - to))] b= 1

- a < 0implies that system (1) is ex-

where M = L.
1- /] B
Proof For any A;(¢) € N[A;(¢),A;(1)],A4;(¢)
E N[{lu(t)yzy(t)]vand By(t) 6 N[?U(t)v
B;(¢)], consider the stability of system (4) .In view of
(3),we see that u} and o existon [ ¢,_,,¢,). Thus (4)

becomes that
A1) = 40w + D[ 4(05(0) +

Bi(0)xi(t - ()], t € [y, ).
(19)
Let the initial value of system (19) be
%(t) = $u1 (), ¢t €[ty - 7, 0]
and @,_;(t) = 001(¢1k-1(t),"',¢,k_1(t)), where
$i-1(2) is the function of bounded variation and right-
continuous on [#_; ~ 7,#_;]. We have from (19)
that,for ¢ € [#,_y,1,)
D) = Xi(e, ) By (4sy) +
J, X9 S0 4
i

k-1
Bij(s)xj(s - r(s))]ds (20)
where X;(¢,t,_,) is the matrix of fundamental solution
for system (7), X;(#;_;,t_,) = I; (identity matrix).
From (9) ~ (14), it follows that
I < 14D + AP @)1 = ay(e) < o5
@)
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and plies that
I B; ()1l < | B(go)(t) I+ B%'m)(t) | = b;(2) < by v (1) — x5 (5 - h) =

(22)
In view of Assumption ii) and Lemma 3.1, we see from
(8) and (20) ~ (22) that
[EACHN =
expl = a;(t = tx_ )1l fuct I+
Jl exp[— ai(t - 3)12[%‘ ” xj(S) ” +
=

bu ” xj(S—T(S))” ]ds,tG I:tk—litk)
(23)
sup I #5_1(¢) || . Multiply-

—rslsl,‘_1

where || $5_ | =
bt

ing by expl a (¢ - t,_;) ] on both sides of (23) , where a
is defined by assumption ii) , then
Il %) lexplaCt - 4] <

” ¢ik—1 ” +J: exp[— (C(i - a)(t - 5)] :
- 2 {ag Il %(s) explals - 4.1 +
bye || x;(s - (s -
expla(s - 7(s) - ;1) 1lds. (24)
Let
yi(1) = §l;l£ssl{ I x;(s) | expla(s - 1) 1.
(25)
We get from (24),(25) and assumption ii) that
yi(t) < I duoi |+ m(e). (26)

If rewrite
y() = mexlyi(€),€ € Ly — 7,215 = 1.},
then we have from (26) that
y(t) < | Pik_1 I+ W(t),
namely,
y() < 7o a1
which reduce to
|2 (e) | < expl-a(s - 4)]y(2) <

t € [tk_l,tk)

o s lexpl- o - )]0 € L),
or
I X() | < | Doy | Mexpl - a(t = 4_1) ],

(@)
t € I:lk_l,tk)

where M = ——. On the other hand, system (4) im-

f:"_hA,-(s)x,-(s)ds + J::_h; Aij(s)xj(s)duj(s) +

k

J;k_hZBij(s)xj(s - 7(s))dy;(s)

k

where b > 0 is sufficiently small, which reduces to
xi(tk) - xi(tk —) = E[Aij(tk)xj(tk)ajk +
j=1

B,j(tk)xj(tk . T(tk))ﬁjk],
and further gives
A() X () = X(ty =) + DA (1) X () +
[B.(t;) + AB (1) 1X (2, - (1)),
(28)
where A, (t) and B,(t) are vector-value functions and
given by (15),and
A (1) = (DA @) xrs
AB, (1) = (OB (1) Bi) rxr-
It is easy to sce that
a4, ()Xt | < 1A G I I XCeo) |
(29)
and
I AB ()X (e, - () || <
B () I Xy - <) I, (30)
in which 4$™ (¢) and B{™ (t) are given by (16),and
1A )X | = 14 X() 2 =
[/\.mn(AE(lr/;)Ak(tk))]m I x(e) ).

(31)
Summing up (28) ~ (31),we get
[Amin(AE(tr;:)Ak(tk))] i I x(e) | <

I XCao =) 1+ 1AW GO I I X)) |+
LI B I+ I BE™ () T XCa - (i) Nl
Because of assumption i) , we immediately arrive at
I X < Bl X D+ 7 11 Xy - (o) |
(32)
where B, and ¥, are defined by (17). By (27) and
(32) , we have the following inference
X < | @Il MMM, -
expl - a(t = t9) 1,8t € [ty_1sty)
(33)
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where M, is given by assumption iii) . Since M, < C, t;
— 1= 0t,(8 > 1) and MC > 1,

MMMy < exp'[ll((g‘iz(tk_l . to)] <
exp[Mac_;_—Mz(t - to)] : (34)

where ¢ € [#,_,t,). From (33) and (34), we immedi-
ately arrive at

I X1 < 1l ) Mexpl (O o) (1 - 1),

t = i
which implies that the conclusion of Theorem 3.1 holds.
This completes the proof. Q.E.D.

If A,(t,) is invertible, then from (28) that
X(t) =AM )X (1, =) + DA (1) X (1) +
(Bi(t) + AB (1)) X (1, - z(g,))].
(35)
In view of (29) and (30), we have from (35) that
IXC I < N AZ@E NI X D+ 1A @) | -
I XC) I T+ (LA B | +

FAZ ) | B (@) 1D 1 Xy - () 1]

(36)

Further,if || A7*(e,) Il | A4 (2,) | < 1 then (36)
becomes

IXCO I <B ll X )+ 7 1 Xy - ONI N
Similar to the inference of Theorem 3.1, we can obtain
the following conclusion.

Corollary 3.1 For system (1), suppose that

i) A(s,) s invertible and || Az'(5,) I | A8 () || <
1,k € N;

ii) the assumption ii) of Theorem 3.1 holds;

iii) max {e, (B, + 7,6%)} < M, < C with C con-
stant, where 3, and 7, are given by (18).

Then the conclusion of Theorem 3.1 holds.

Theorem 3.2 For system (1), suppose that

i) the assumption i) of Theorem 3.1 holds;

ii) fori = 1,---, r, the trivial solution of system (5)
is exponentially stable in the large and @ A ag - (|| A ||

+ [ Blle%®) > 0,where oy = min {a;},A =

Igigr
(aij)rxr’B 5 (bij)rxr9and ai’aijab,j are given by
(6),(13) and (14) respectively ;
iii) the assumption iii) of Theorem 3.1 holds, where

a is defined by condition ii) .

Then lg—rc - a < 0 implies that system (1) is expo-

nentially stable in the large and
InC

X1 < I el (€ —a) (4 -10] .t = 1o

Proof Similar to the inference of Theorem 3.1, we
obtain the inequality (23), which reduces to
” X(¢) ” SeXP[— 010(5 = 51;-1)] ” D, _; “ +

3
| expl= aole = (AT I X1

llr—l

IBI I XCs = 2(s)) 1 syt € [g41,80).
(37)
Letw(¢) = , SuPesl{ Il X(&) |l explag(€ - #,_;) 1.

(SRR

Then (37) becomes
]
w®) < 1@+ AL+ 1B eus)ds,
k-1

moreover

w(t) < | By lexpl (1Al + 1| B Il e ) (s - 4_)]
i.e.,
I x(e)ll <
I @y llexpl~ (ao = (NAN + | BIle))(t - 4,1)] =
I & llexpl- a(t = )]st € [_1,8).
The rest of the argument is similar to that of Theorem
3.1, hence the details are omitted. Q.E.D.

Corollary 3.2 For system (1), suppose that

i) A,(z,) is invertible, and

I A2 ) I 1A ) I < 1, k€ N

ii) the assumption ii) of Theorem 3.2 holds;

iii) max {e™, (B, + 7,e7)} < M, < C with C con-
stant, where f, and 7, are given by (18).

Then the conclusion of Theorem 3.2 holds.
4 An example

Consider the following impulsive and time-delay inter-
val system

Dx; = N[41,g1]x1(t) + N[411(l),z11(t)]x1(t)l)u1 +

N[Ap(1),Ap()1xo(2) Duy +
NUBu(2),By(e)]x (¢ ~ v(2)) Doy +
N[By(2),B1(1)]2y(¢ ~ (1)) Doy,

Dy = N Ao Az J(2) + N[Ay(£) A () 121 (£) Dy +
N[Ax(1),An(t) 12,(2) Duy +
NUBy (), By ()12, (¢ - 7(2)) Dy +
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N[l_gzz(t),ﬁzz(t)]xz(t— v(¢))Dv, (38)

with the initial-value condition (2) , where
[4,,4,] = [- 16, - 10],

[1‘_12,32] =[-12, - 10],

0<t(t) < 10’

1 sint 2 cos’t
P - 3
(Aé,'(t))ZxZ = 2 '
- sin” ¢ =S cost
12 3
sint | 4o 08t
- 2 3
(Au(t))sz = 4% ]
sm”# cost
3
0 _ sin’t
e
B.(t B .
( = (1)) cos’t 1
T e 2e
0 sin’t
— e
B,—- t x2 = ’
(B (1))2x2 ot 1
B 2e

and u;, v; are given by (3) and (4) respectively, where
ty — -y = Or,

au = g1+ <_- D*ay = gl1- (- DA,

B =~ ,sz = (- 1)k,

It is not deﬁcult to get from (6),(9),(10),(13) ~
(16),and (18) that
A = _13,4%"

ay = ap = 10,

=-11,4{™ = 3,4{™ =1,

2 T |
- 2
AP ())sa = 1
0 -3
14+sint 1 2cos’t
2 2 3
(A(M)(t))2x2 bl .2 3
sin“t 1  cost
2 2t 73
(0 0
(B%Q)(t))hz =lo _ 1
2e
0 simn-L
BEm) t X2 = ® =
(BPOha=| 0 1
e 2e
3/2 572
-t (2 2
(a)oa =\ )y 4y

Vol. 16
1/e
o= (bij)zxz - ( /e l/e)
[T
1+ -
2 2
Ak(tk) = a ’
0 1+ 22'°
1 + sing, 1 208ty
5 eyl ot Il a |
m)
ASC (tk) = 2L . 1 - »
ellal (L 5] N
0 0
Bk(tk) = 0 @ y
2e
sin’t
0 S
B (1) = cos’t 1
S 20 I e |
It is easy to compute that
AP () =
1+ Fa ia
1 o @2k 5 2%k
1+ a 1
(=51 +72’°) N L
1
IA7' Gl =1, 1A G | < R
1
I BCe) | = 5. 1B 1| < 3,

Bi<2 Vi< %

Next, we verify that the conditions of Corollary 3.2
hold. In fact

i) Ai'(1,) exists and || A7'(e0) | | AfW () || <

1T <Lken;

i)adag- (Al + [ Blle®) =10- (3 +

le)=5>0;
€

1/‘2}

iii) max fe‘",(ﬁ’k + ;ke‘")} < max{e?,2 + %e

Z 2422 A 0168 > 2.3, then €
3 = ot

implies from Corollary 3.2 that system (38) is exponen-
tially stable in the large.
5 Conclusion

In this paper, the problem of robust stability for im-

—a < 0, which

pulsive and time-delay large scale dynamical systems
with time-varying interval uncertainties is formulated and
studied for the first time . Some sufficient conditions, ex-

pressed in terms of norms as well as comparison theo-
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rem, are derived in order for impulsive large scale inter-
val dynamical systems with delays to be robustly stable
against interval perturbations. It is believed that the re-
sults obtained will be helpful to the analysis and synthe-

sis of robust control systems with impulsive effects.
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