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Abstract: By using the delta operator, the continuous and discrete Riccati matrix equation can be unified. Trace bounds
and matrix bound for the solution of the unified algebraic Riccati equation are presented in this paper. The proposed results are

less conservative than existing bounds and reduce to some new bounds separately for the continuous and discrete Riccati equa-

tions in the limiting cases.
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1 Introduction

Riccati equation and Lyapunov equation are important
in the fields of control theory, state estimation and signal
processing. Some control and estimation problems such
as optimal control, H,, control and Kalman filtering are
often required to solve these equations. However, its ex-
act solutions may be difficult to obtain when the dimen-
sion of the matrices involved increases . Therefore, the es-
timation problem for the solution of the Riccati and Lya-
punov equations has attracted considerable attention in
the past two decades. Bounds for the solution of Riccati
equation provide approximations of the solution or initial
estimates in the numerical algorithms for the exact solu-
tion. Many approaches for dealing with this topic was sur-
veyed in [1].

Delta operator theory is widely used in high speed sig-
nal processing and digital control'?! .By the introduction

of the delta operator, the continuous and discrete algebra-
ic Riccati equation can be simultaneously studied in an
unified framework. Ref. [ 3] derives eigenvalue bounds
of the unified algebraic Riccati equation. In this paper,
trace bounds for the solution of the unified algebraic Ric-
cati equation are proposed.
2 Notation and preliminaries

M = {m;} € R"™", M is a real matrix and M" is the
transpose of M. M > 0(M = 0) denotes M is symmetric
positive definite ( positive semidefinite). tr( M) is the
trace of M. I is the identity matrix. A;( M) is an eigen-
value of M;Re A;(M) is the real part of A,(M)
| 2,(M) | is the absolute of A;(M);A,(M),Rer, (M)
and | A,(M) | are arranged in decreasing order, respec-
tively, i = 1,2, ,n,i.e. A;(M) = A,(M) = - >
Au(M);Re A{(M) = Redy(M) = - = ReA,(M); |
MM) Iz =1 2,(M) 1.
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No.3 Delta Domain Riccati Equation

Consider the unified description of. linear systems
which covers continuous and discrete time cases simulta-
neouslym :

ex(1) = Ax(t) + Bu(t). (1)
where p is the generalized derivative which denotes d/d:
(continuous case) or & (discrete case) . & is called delta
operator and defined by 8 = (g - 1)/A, A denotes the
sampling period and ¢ is the shift operator.

Now consider the delta operator formulated unified al-
gebraic Riccati equation (UARE)

AP + PA + AA"PA - (AA + I)PB -

(I + AB"PB)-'BT™P(AA + 1)+ Q =0. (2)
where A,P,Q € R™",B € R"™*",P,Q > 0 and BB"
= 0. The matrix (A — BBTP) is an asymptotically sta-

ble matrix, i. e. ReA,(A — BBTP) + %A | A4 -

BBTP) 1% < 0141,

Remark 1 From the unified algebraic Riccati equa-
tion (UARE), the continuous and discrete Riccati equa-
tions can be obtained in limiting cases, respectively.
when A =0, follows the continuous algebraic Riccati e-
quation (CARE) ; when A =1 with A + I replaced by 4,
follows the discrete algebraic Riccati equation (DARE) .

Lemma 15! I X,v € ™", X = X", ¥ = V',
then for 1 < i,j < n,

Aijiit(X + V) < 3(XA(Y), i+ jsn+ 1,

' (3)

Aivjenl X+ Y) 2 4(X)A(Y), i+j=n+1.

(4)

Lemma 2" IfX,Y € R™",X = X' > 0,Y =
Y" = O,then for 1 < i,j < n,

A (XY) < A(XA(Y), i+ j< n+1,

(5)
Aigjon(XY) 2 4,(XDA(Y), i+ j=n+ 1.
(6)
Lemma 3l IfX, Y€ R, X = XT>0,Y =
Y" = 0,then
A(Xr(Y) = r(XY) = (VX)) = A2, (X)te(Y).
(1)
Lemma 4'')  The upper bound of the eigenvalue of

the solution P of UARE (2) satisfies:
/\1(P) < K. (8)

where
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22,(Q)

a + (a® +41,(BB)A,(Q))V*

a = - 2;(A + AT + A44T) - A, (BBT)A,(Q).

(10)
FX,YER™,X = XT>0,Y =

K = (9)

Lemma 5[71
14 = 0, then

r( X) (11)

tr(([+ XY)_IX) = 1 + AI(X)AI(Y).

3 Main results
Theorem 1 For the trace tr( P) of the solution P of
UARE (2) , the following inequality holds:
nK(1 + A (A + AT + AAAT))
1+ KA, (ABBT)

tr( P) < tr(AQ) +

(12)
where K is given by Eq.(9) and n is the dimension of
the square matrix A.

Proof By using the matrix identity
(X-'+YZ"") = X - XY(I + ZXY)"'ZX

(13)
where X, Y and Z are constant matrices with appropriate
dimensions . Eq. (2) can be transformed to

P =(AA + DY(P'+ ABBT)"1(AA + I) + AQ.

(14)
Taking traces on both sides of above equality, in the light
of Egs.(4) and (7) such that

tr( P) — t1(AQ) =
tr((A4 + I)T(P-' + ABB™)"'(A4 + I)) <
tr((AA + D(AA + DT)A,((P-! + ABBT)™1) =
wr((Ad + D(AA + DT)
A, (P~ + ABBT) S

tr((AA + (M4 + D7)

A (P +2,(aBBT) ~
w((Ad + 1) (A + DDA, (P)

1+ A, (P)A,(ABB")

(15)

Since

ir((AA + (A4 + DY) <

n ((A4 + (A4 + D) (16)
and by using the fact

A((A4 + (A4 + DY) =

1+ A4;(A + AT + A4AT). 17)
Applying both (16) and (17) to (15),and using (8),
thus (12) is verified.

Theorem 2 The trace of the positive definite matrix
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P of UARE (2) has the following lower bound:
T
wlP) = (Q) KA,(BBT1)+-I§j(lflAfiT)+ AAAT))
(18)
where K is defined as Eq. (9) ,and KA;( BBT) - A,(A4 +
AT + A447) > 0.
Proof Taking traces to both sides of Eq. (14), by
using Egs. (3) and (7),we obtain
tr( P) - tr(AQ) =
tr((AA + NT(P' + ABB")"Y (M4 + I)) =
A, ((AA4 + D)(AA + DDe((P~' + ABB™)™!) =
2,((A4 + (A4 + DM)u((I + PABBT)'P) »
2, ((A4 + D(84 + DDir(P)
© 1+A(P)A,(ABBT)  Z
A.((A4 + 1)(A4 + )T)u(P)
1 + KA (ABBY)
From (19) it follows that
tr(P)(1 + Kx,(ABB") -
A.((A4 + D(AA + D)) =
tr(AQ)(1 + KA;(ABBT)). (20)
Substituting (17) into (20) yields
tr( P)(KA,(ABB™) - Ax, (A + AT + A44T)) >
r(AQ)(1 + KA,(ABB")), (21)
when KA;(BB") - 2,(A + AT + AA4AT) > 0, (18) fol-
lows from (21) . This completes the proof.
Theorem 3 Let the positive definite matrix P satis-
fy UARE (2),then P has the upper matrix bound;

K(AA + DT(AA + 1)
P<™7, K. (ABBT) T8¢

where K is defined by Eq.(9).
Proof Applying Lemma 1 and lemma 4, we have
A ((P~' + ABB™)"! =
1 |
A, (P~ + ABB™) S A,(P1) 4 2,(ABBT) =
A1 (P) K
1+ A(P)A,(ABBT) = 1 4+ KA, (ABB)
Note that the following inequality holds
(P~ + ABB")' < A,((P~' + ABBT)")1,.
(24)
Substituting (24) into (14) gives (22). This ends the

(19)

(22)

(23)
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proof.

Remark 2 1) For A =0, (12)(18) and (22)
tends to new bounds for CARE, respectively

2) For A =1 and using Remark 1, the results of The-
orem 1 and Theorem 2 reduce to the bounds for DARE
presented in (7] ; and the result of Theorem 3 is simpli-
fied to those given in [8].

3) Comparisons on tightness of bounds between ob-
tained results and existing bounds see Ref.[7].
4 Conclusion

New trace bounds and upper matrix bound for the so-
lution of the unified algebraic Riccati equation are ob-
tained . Further study will be focused on bounds for the
solutions of the unified non-stationary Riccati equation
and the unified non-standard Riccati equation.
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