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A 喇 ：For血出 nc ．咄 systems，衄stweet gives a％lgedmmsfom~ion 由liD％d幽 method andits 

algodtlma．Firstlythe cri~val syaemismmsformedimom㈣ Ifoam．Thenma~ng use ofthe algofill~ in【1 J，thelraiIs~3r- 

maim T曲砒 曲∞窖esnonn~ foam intopsendo-nom~ fcemisobtained．Underthefirst位皿向 锄 ， 士乜of the蝴 of the 

喇由al syst~~have been egacl1in ∞ andthe l衄Il椭 algodllmais e妇 m胁 am~mm g origiml sysaan 

into 山Ii卫衄血 叩 direc ．The oc∞pI腑 ~amlation re i【乜0f血I出 invea~lpend~um verythe V 血 thepa~ ed 

哪 ∞ ． 

Key w删 s_nc~ineer system； eI 口Ii眦卸 ；inverted penc呲 功 conaol 

Doctmaent cede!A 

一 类非线性系统的分步变换伪线性化方法 
葛 友 李春文 

(清华大学自动化系-北京，100~4) 

摘要：给出了单输入非线性系统的分步变抉伪线性化方法及其算法．首先将原系统变换为标准型．利用[1]中 

的算法．可以获得将标准型变换为伪标准型的变换阵 ．在第一步变换下．原系统的部分状态已经获得精确线性 

化．并且分步变换算法比由原系统直接伪线性化的算法简单．单杆倒立摆的计算机仿真表明了该算法的有效性． 

关键词 ：非线性系统；伪线性化 ；倒立摆控制 

1 Introduction 

Over the last decade．researchers have invesfi— 

gating valioL1s o∞血resin Uneaxiz~ n(mliJ1∞r systems 

— including local lineaxization，operating set lineanza- 

lion and exa’tlinearization．The effectiw region oflocal 

lineafization is very limited．The exact inmt-state lin- 

earization[ J transfomm~on is difficult to a∞血 and 

sometimes does not exist．FIⅡIll口ln0Ie whell zero-dy- 

na csⅢe unstable．the method of exact inlmt-output 

linearizafion is difficult to use．though the廿a】幅f(Ⅲma· 

fionsis e．．asier to dbtain． 

Extended-lineafization introduced bv Rugh and Bau- 

r m
口，41is a designn n10d basedollfilefamily oflin． 

~agizafion ofthe system ，parameIeri蒯 by岫 family of 

operating point set．Tcboulct and 0IalI 】coil— 

sid~'vd~mother cix~'afing point set lineafizaticm method： 

pseudolineafizafion，i．e．via state feedback and stale 

coordinate cbaI1ge suchthat，in the coordinatethe 

l／nearizafion model is indopclld~t of the ol目【a衄 point 

set．Lawrence andRugh16， ]had dowlop~ themahod 

into∞ input-output vea~on． 

Thispaperproposes a stagedtranffomaationpseudolin· 

t~／lJzatJon ra~thodfor general singleintmt n0nliI1衄r sys- 

tons．Firstly，wc get the nomml form，which is p枷 y 

exact linea zad0n．Then， we obtain a spc algo- 

fithm，whichtramformsnommlform intopseudo-lxamal 

form ．F'mally，we giv*the yI珥，幻 stable coutyollaw 

and the comput~a"simulation rt~qllts of single inverted 

p~nauium． 

2 Staged trmmformation  algorithm 

Consider a singl,inlmt-outlmt nonlinear s }咖 l 

* Rmndmio~ ：刚pp咖衄 by Nation~Nmawal sc嘶 Rmndmio~ (：him (69340~0，国 l1)．№ 鲫 B llc ∞ R啊d宣li∞ 
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㈤  

wbe∞ ∈ ，u∈耐，is ani叩呲，，(·，·)： x耐 

一 withf(0，0)=0 and y∈ ，is all 0u叫 ． 

2．1 Normalform 

=semImng the aI臼0曲 n of[8]，diffeamnliate 

output y( )in series umM 

Oy‘ ( ，u)lau≠0． 

Set r= i amt Y( ( ．u)= ．The tmmlx~r is 

named relativemder ofEq．(1)madwe cm obtainthe 

first stagea s眦 feedback 

u=y-1( ( ， )． (2) 

W e cn find~1] 

却=[ I⋯ 一，]， (3) 

such Oaata[y，y ⋯ ，～， 1⋯ 一，]／a is∞n如gIl— 

larin s0lm neighborlxxxl of~xluilibdum point． 

se IIg 

i~l 

J

’ 

I 2 
㈤ 【 

+ = 啸， ： --，n—r． 

By s眦 删 back(2)∞d龇 o0Ⅸdi眦 cImge(4)， 

we have d 悯  。q啦 in 一印∞。 

『j i+i，i= i，2，⋯ ，r— i， 

{j = ， (5) 

【却 =雷( ， ) 

Eq．(5) 

0=g(z， )：g(z1．zl， )， (6) 

w}Ie【e ，= L ≈ ⋯ J．In this paper we call 

Eq．(5)orEq．(6)n0m碹l form． 

m=se向，bng the definition in【1]，define operating 

l~oint set ofEq．(6)∞follows 

垒{( ， ) ．g( ， )=0}． (7) 

Because of form ofEq．(5)，̂ cm be 

writtm  as 

⋯ 垒{( ． )l 2=⋯ =gr= =0， 

；( ， )=0t． (8) 
When r=n or r< and =g(z， )is s~ble 

in s0lm nmghbcrhc~dof血eq ngpoint set，wecm 

synthesize s姗 (6)m蚰 g use of liIlear system 

m∞ry．wIl舶 r< ，却=g( ， )is unstablein s0me 

nt逝血bo曲00d of the opmt~ point set，this c勰e is 

thea叩 of this paper amt we will deseuss it in 

2．2 譬e1ld n衄mal form 

Atfirst．weintroduce hypotheses follows 

HI：g(·，·)： ×耐一 is in aneighbor- 

hood ofthe operating nt set and g(O，o)=o． 

I配：[3g／Oz Og／Ov]Î⋯ is Controllable andD0ne 

ofthedgenvalums ofOg／Oz~l̂⋯ is zer0． 

Otherwise，due to 

[ag／az ag／av]Î⋯ 

is c,ontrollable．we c虮 apply s~i-t．危0 )ack 氧l曲 that 

∞I ofthe eigenvalucs of[Og／Oz~】Ii⋯is册o．Now 

ljI Irj∞d0n of the syst~ (6)in the 曲 mood of 

也eopm tmg 。et dsthe near蛐 equation 

r阮 =阮+1． =l，2，⋯．r—l， 

{出，=岛， 

l出』= ( ， )． 

Foromvenicm~~ 曲帆p the above 撕曲s 

＆ = 飚 +瓯 ， (9) 

F=髦l i ．G= I ． 
Our aiInis tofind rmIp] 

f ⋯ - Oo) 【 
= +1( ， )． 

( ，⋯， 啦  矗】II 叩ally independ印I aad 

a +l／a ≠0)时 IthatV_q．(9)in吐le ne lhHl棚 of 

⋯̂ has form follows 

r*i=鸱 +1， =l，⋯，n—1． 

L醋 =跏 ． 

W矗把 the above唧 】砒ioⅡ∞ 

0"8=‰衅 4- ． (11) 

Itis obvious that lineatiz~oll model(11)is 

pcmt：kmt of血eq nglx~ints． 

We call Eq．(11)pseudo-nonual form．And llsing 

algoii~Srn of[1]we c趾 a。q re tramformatioa 

(10)． 

2．3 Pseud~narmalform 臼 咂嶂 明 枷 帆  

Becauseof吐Ie pa al1舡i母ofEq．(6)，the algoriltml 

ofla'angfomlation(10)is simple．InⅡle c{ ofHI and 

I-I2， ⋯̂ cm be wri~m 

 ̂ ={ ，口)l g2=⋯ = = =0． =p( )}， 

=P( )is decidedby 

雷(gi，却， )l̂ ． ：o 

and 

p(卸)=P( I)=[P1( ) ( )⋯ ，(z1)]． 
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So the 1-form oftransformation ，i= 1，⋯ ，n+1 can 

be cho~ffll as 

fd I ：=af( I)， 

【d +I I ⋯ = +l( I)， 

wh~l'e 

(12) 

a ( I)=[ ．I( 1)a ．2( I)⋯ ． (Z1)]， 

i= 1，2，‘‘’，n， 

a +l = [a +1．1( 1)a +1．2( 1)⋯ a +1． +l( I)]， 

毗(i=1，2，⋯， +1)c如 be c~eulated bytIIeformu— 

k _m[1]． 

2．4 Tn啊 _ann圳岫 algorithm 

The扛扣】s na 肌 (10)can bewritten as 

f = (。 )+∑a 刁， 

{ 【 
+l= +l( 1)+∑‰llj +‰ ． 

№ n Eq．(12) ( 1)(i=1，2，⋯，n+1)caⅡbe e】【一 

pressed by 

=  )_ 
。 

) 

= 1，2，⋯ ，n， 

and 

‰  )= “ 1)_
． =T41

跏  ) 

Because of Z2=0，‘一， = 口=0 in ĵ 口，o0|TIp删  

wiLh廿Ie algofiu'm~in【1j山e ，i=1，⋯，n+1 are 

ea to be obtained．AIId 山e larger l1] n b r is， 

easier tramformati~ areto be删 u砌 r 

=n tramf~rmatlon = ( )is equal to厶⋯ 

2．5 The~ eeial∞ se 

Nmv eomider a casei．．．e when Eq．(6) 

satisfies conditionC1，hmvto olN~ l位msf mat 0【1s ， 

i= 1，‘“，n+ 1． 

C1： O~／Ozl 0． 

Then have atheorem asfollows： 

11 mHn 1 IfEq．(6)satisfiesco~lltionC1， ，i 

= 1，·一，n aIe linear缸a】强fc岫T 咖$aIld state re, back 

= 一qz，where口=[口I q2 ⋯ ‰]is(：~lstant 

r w v0d珥 ． 

Proof Under condition C1 aIId hypotheses H1 aIId 

I-I2，̂ ⋯ can be written 

⋯ = t( ，口)I =0， =2，3，⋯，n，口=0}， 

tbI|s Eq．(9)can be e 

船 =A曲 + ， (13) 

eA，b aIe constantI【曲 诜．Ass衄站诺 = Z and 

曲 ： 一社 are山e required血Inge that Eq． 

(11)is satiffled，wl目【e口is last lille of TAT～． 

R啪 Section2．4， lmQw that口 = 一 is a solu— 

fion of曲 = 跏 一如 ．Under transformation S = 

， Eq．(6)caⅡbewritten as 

=g(T- s， )． (14) 

Ijne 五ng Eq．(14)in the 咖t of e． y1eI出 

_。诺 =A ‘辨 + ， 

substitute wid1 一 ，tIIen wc caⅡ曲 Iain f0彻  

of Eq．(11)． Q．E．D． 

2．6 A町 驴 stable c．~arollaw 

In orderto曲 taiIl closed asymptotic stable system in 

neighb删 of opefath1g p。i1lt set， c~ ider 

廿Ie statefeedb~k controll of Eq．(11)has廿Ieform 

= 一  (车一车 )， (15) 

S kslllc equilibrium p。int aIId may be decided 

by 0p血 |al contro1． 

Tlle咖 2 Supposethat system (6)can betrOllS— 

f(xr~dinto Eq．(11)，mm control law 

“=  ̂( ， -1[。( )，一 (S( ( ))一S )]) 

(16) 

can stabilize OIi~ltl 伽 (1)intIIe ；hba ·ood of 

山e叩a她 脚 姒． 

Proof The control law can be 面】y d ained丘咖  

Stll~~ ntimte cbⅫ (4)，(10)and蛐 feedback 

(2)，(15) Q．E．D． 

3 sIm le al船 es 

3．1 System di￡融唧 坩曲 丑ity 

W e do not sl】拼，皤ethattIIe right hand oftl1e state e— 

qm~ion(1)is sufficiently diffea'ea~ble，i．e．，( ，“)is 

suflieie~y ditt~ lein l1cighb0 0od of恤 op- 

删 ng p0iⅡt set．The plq期tymakesttIe algoriu'm~ev即 

be ableto dealw油 sOme 劬em 谳 删 j 盯e口喇 e 

parts．The蛐 equations ofinverted pc hm in See— 

don4 are a1I example．MakingIlse of pf。p町 ， 

can dealw曲 s rllo~ noaline~ 伽 ． 

3．2 Part exact Unea—删 ml 

The mf between 响Ⅱni日g Eq．(1)to Eq． 

(11)Ⅻdtramf~m g Eq．(6)toEq．(11)isthat Eq． 

(6)is Ir亡Iy a叫 liI1e缸izad肌 which w∞h璐lllc咖 一 

IiIB ty ofⅨ伽 毋咖 ． 
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3．3 A刊 啦d】嘶 eoptimization 

For single input affine ilOl1]~ sys任∞ ，Tan[。]has 

proved that op~mal control law of pseudolinearization 

system isthe approximate optimal controllaw ofthe o- 

ri百nal ilOl~ system． 

Suppose Eq．(1)is an a．~uc llO[1[ine．~ system．In 

Eq．(15)，let k：bP，whei~Pisthe uniquepositive- 

definite solution ofthe alget~ cRiccati equation 

0+』哇 一Pb0品P+Q=0， 

枷 Qis a symlile~ ．positive-definitemalAx． 

Fresh[8]，we know that feedback(15)is the印- 

prox~aate optimal control ofEq．(6)with pei'[o~  

index 

，={．e{ (=)Q ( )+ +。( ， )}d ． 
Flxan Eq．(2)and Eq．(4)，we can write p~or- 

manoeindex as 

，： {TT(：( ))Q (=( ))+ 

+1(：( )， ( ，n))}dt． 

So controllaw(15)is∞ approximateilOIl~earopti- 

reallaw oforiginal syst~n(1)， ． 

4 Single inverted penduhnn control 

To illustrate the designmethod，consider thepnYolmn 

ofbata~ ∞invertedp~ tlm oH a cart[ ． 

Friction considered，the inverted pendulum is de- 

8eYe d bythefollowing differential equations： 

膏1 = x2， 

(gsinxI-acosxl- ’ 

t3 -g4’ 

轧 = n，+ n1一 n2— 1 
8 ( 4)， 

where listhe angl~(ini"ddimls)ofthependulumfrom 

vertical，∞d x3is the displacement ofthe cart丘0m the 

aigin，and F is the force as cont~l applied to the cart 

(inNewtons)．n=t4，01=(r％／m)h：]sinx1，n2= 

(mjm)l~2cosx1，。，=(1／m)F andm=％ +％ ． 

The various pam m tem the values usedin the simu- 

lafion see[9]． 

Inorderto obtainilor／lla]form，we choose y= ．It 

is str~,hfforveamto write the st劬e coordinate曲 

：t 3， ；2 = 4， z3 = 1' ：‘ ： 2' 

stat~feedback 

F： ×(m一 cos( )+ 

( 句一 ) 趣) 

In=-spacB，the state equations have the foma 

j1 z2， 

2 = ， 

如 =。4， (18) 

如= ( 一 cos旬一毒 )． 
It主s casy协verify也at Eq．(18)has觚 ⅢIsI ble栅。 

由mm 瞒，i．e．it is nDIm血1j|啪 phase s)毗锄 ，∞we 

can n0t 帕nlesizeit bva叫 feedbackⅡn瞄 za ¨
． 

nis曲 thatEq．(18)鞠蜘 ca 0ⅡC1，∞ 

the缸a1Isfc帕I堵妇 l Tis a c0l1s眦 IIl乏I扛ix
． 

Li日 五玎罢Eq．(18) the 曲b0dl00d of 

yidds 

＆ =胞 +6占 ． (19) 

l，we can蛐 }： arId the 

we can 0b theform ofEq．(11)． 

a Q ： 【1 0 1 0J，R = 1锄d solve the 

Riccafi equation 

+A P—Pbb P+Q：0． 

We can obtain LQRoptimal controllaw 

曲 = 一口 =一 娩 ． 

where一 ：一(P6) =[1 1．9 2．8 7．4]． 

Based o13Theorem 2．we caII obtainthefinal conUol 

law as foflows 

F=( 3+7．4x4+28xl+1．9x2)× 

(1．1一~0co： 1)+ 

' 孟(9-8sinxt一0·00004x2)x c08 2+ 

0．0005si~(4)一0．05 ；8in 1． (20) 

The 叩0ns of the s)咖 with control law(20) 

shownforfour values of 1(0)with：g2(0)=句(O)： 

x4(o)=0in a，b ofFig．1 as aⅡv 1，2，3，4 llgsp~c- 

fively． 

The 0nses ofthe system with control law(20)are 

shownforftalr values of 3(0)withx2(0)=：g4(0)： 

0， 1= 0．5236= 30口in c，dof ．1 cI l，2， 

3，4 respectively． 
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5 Conclusion 

This paper~~ves a staged Iransformafion pseudolin— 

earization metlx~．Ftrstly the original systean isⅡ孤s— 

fomaed 【幻 nolmalform．thenthenolmalform isⅡ孤s— 

folm~ into l~eudo-nolma1．In this paper， ve the 

staged tl'-aaasfom~fion algorithm．By staged n 丘Im a— 

lion，exact[ill~ Oll ofpart statesis obtained andthe 

staged~ rmafion algorithm is azI easier algorithm 

than∞msf01ll】ing original system _m幻 pseudo-fineariza- 

lion directly．InSl~iOIl4，the resultsof computer simu— 

lati~t of singleinverted penchllulll verifythe validity of 

the 。l蒯 approach． 
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