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Abstract: This paper considers the model reference adaptive control problem for the systern (1) with unmodeled dynemics
%, satisfying (2). Using bounded external excitation and randomly varying truncation techniques, we give desipn method of a
medel reference adaptive controller which is similar to that i [1]. It is shown that the closed-loop system is globally stable, the
estimation esor for parameter contained in the modeled part is of order ¢ , and the closed-loop sysiem under the modsl reference

adaptive control law is suboptimal in the sense of lim supli (Anl2) ¥t - Balz)zl - G l2)u ) = O0?) + 741,
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while the SPR condition usvally used in other papers is replaced by a stability condition.
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1 Introduction

Consider the following stochastic system with unmod-
eled dynamics 7,:

A(z)y, = B(z)u, + C(z)w, + Buogs = 1,

(1)
Where{y,,},{unfand{wn}areﬂlesystanoutput, in-
put, and random disturbance sequences, respectively, v,
=u,=w, =0foralln <0, and A(z), B(z), and
C(z) are polynomials in backward shift operator z:

A(z) =1+ aiz+ " +a,2°, p=0,

B(z) = byz+ 4+ b%, ¢g=1,

Clz) =1+eiz++¢2,r=0,
with known upper bounds p, ¢, and r for true orders and
unknown coefficients a;, b;, and ¢;, ¢ = 1,2,-7,p,f =
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1,2,-*,¢4,k = 1,2, r. The unmodeled dynamics 7,
is #, - measurable and assumed to be dommated by

Lol e a (I y b+l o t+ 1w 14 1),

=i
(2)
witha € (0,1),e = 0.

In a large number of theory results for parameter esti-
mation and adaptive control for ARMAX model, in or-
der to treat the comelated noise, we need to impose the
following strictly positive real (SPR) condition:

Cle*)+ €'(e®)-1>0,
_ (3)
vaA € [0.2x], # =1
on system (1) when ELS algorithm is applied. Since
SPR. condition is very restrictive, one has been trying to
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relax it, the relative papers can be refemed to {2 ~6].

All of these papers, however, concerns exclusively
with time-invariant systems without the unmodeled dy-
NAMICS 7,,.

This paper will relax the SPR condition for the system
{1) and {2) that contains a very large class of systems
from model reference adaptive cortrol view of point. As
we know, the analysis of the problem has been recog-
nized as difficult and complicated due to the following
WO reasons:

1) Even small bounded disturbances may cause adap-
tive control algorithms to go unstable, if other precan-
tions are not taken, to say nothing of 7, tending to infin-
ity as the past input, output, and noise grow.

2) Anhnprotantpwpeltyofzs(w.' - @; (s is an
estimate of w;) obtained by the SPR condition is difficult
to be produced only by the stability condition (i.e.,
C(z) is stable).

Just based on these reasons, we think that it is a
meaningful work to analyze the influence of unmodeled
dynamics contzined in a system upon the behavior of
mode] reference adaptive control sysems { such as stabili-
ty, control perfonnance , and accuracy of parameter esti-
mation for the modeled part of system (1)) under the
assumption of stability .

In order to weaken the SPR condition, we use the
“two-step” estimation algorithm!”’. In the first step of
the algorithm, the following important property of the
noise estimates is produced under a stability condition
(i.e. C(z) is a stable polynomial) .

Z;(w;-ﬂ;)z = 0(eP)n + o(n), {4)

where @; is an estimate of w;. In the second step, we
prove that the estimation error for parameter contained in
the modeled part is of ordere . Then using bounded exter-
nal excitation and randomly varying truncation tech-
niques, we give design method of a model reference
adaptive controller which is similar to that in [1], and
prove that the closed-loop system is sizble and the model
reference adaptive control law is suboptimal in the sense
of

lim sup + 3 (Ap ()i~ Bul Dz ~CulDinn

i=0

O(e?) + Y253,

This paper is organized as follows: Section 2 gives
design method of a robust model reference adaptive con-
troller for stochastic systems with unmodeled dynamics
7, and main results in this paper. Conclusion is pre-
sented in Section 3.

2 Design of a robust model reference
adaptive controller

Al) {w,, % | is a martingale difference sequence de-
fined on the probability space (2. P) with

.?iEE{wi” | #Z] < =, a.s.,
e (s)
]il:l_iup:‘z_]}wz; =g’ < ®, a.s.,
where {%| is a nondecreasing family of - algebras
which will be defined later.

A2) A(z) % 0,B(z) %0, and C(z) 5 Oforall 5:
| z 11, and the upper bounds for the following quanti-
ties are available:

lol, sup | A~ (2)B(2) 1,

sup | AN z)e(z) 1, sup | B 2)A(2) |,
sup | Bz2)C{2) 1, sup | A(2)B, (1) |,

sup | AZH(2) Cal2) 1, sup | AR ()b 1,
where A,(z2),B,(z) and C,{(z) are defined later.
These bounds are denoted by A, kg, kucs kngs kac,
kag ke g »and kyp

A3) A(z) and B(z) are coptime with

lap |41 by |52 0.
Since C(z} is stable, the following conclusion holds:

CUA(Z) = 1 + i}f,z', CY2)B(z) = 2gif,

{6)
with | £; 1= O(p*) and | g; | = O{g'),i = O for some
e € (0,1).

This conclusion is estabilished in [8]. Set
F(Z) =14+ Zfizli C(Z) = Z]:grzil (?)

where A is taken appropriately large positive integer such
that the following assumption holds

flne | In{l - p)
MV hz 1 e~ b
where ¢ is determined in (2). For F(z) and G{z), we

need the following assumption.
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AS) F(z) and G(z) are coprime with
I fu 141 gy |52 0.
It is worth noting that AS) is not implied by A3) and
vice versa.
Now we give two-step estimation algoritm. Step 1 is
used to estimate random disturbance sequence (1, ), and
Step 2 is usad to estimate the unknown parameter vector 6.

Step 1 The algorithm for estimating random distur-
bance sequence | w, |
ﬂn = ¥a — a?l'lbrl-ll (8)
Qpyl = A + bnSu‘lbu(yn+l - aa’;’n)! (9)
Sus1 = Sn = BaSutudiSa, (10)
O S
b, = T (11}
¥ = (J"n='"=J"n-h+l!uns"'yun-h+l)Ts (12)
rn=1+Z;|| ¢ 2, (13)

for arbitrary initial values Sg > O and ag, where
a, = (- filn), =, - filn),glnd o (@))T

is the estimation of a = (= fi, ", - fo. &> 880"
Step 2 The algorithm for estimating the unknown
parameter vector &.
ust = 80 + CPun(¥usr - Gnhel (14)
Ppi = Py = clPupufinPas (15)
¢, = m, (16)
Pa = ™ s Fnmpalolins™ s Une gt s st}
(17)
8, = (- ai(n),, - a,(n),b:(n), >, b0,(n),
er(n), e (a))T, (18)
where the initial values Py > 0 and 8 are chosen arbi-
trarily, &, is an estimate of & = (- ey, - a,,81,

v byser,er, by )T, 1, is obtained by (8).

Now let us constder the design of model refrence con-
troller. Consider the following model reference control
objective : Find a sequence of control tw] €74 iro
"+t ¥g» a9 x_1 | , Which make the resulting closed loop

system become

An(2)yn = Bo(2)zi g + Col2)w, + Col2)pay,
(19)

where

An(z) = L+ Gz + > + 827, p =0,

Bo(2) = b+ 408, =1,

Calz) = Gg+cyz+ " +é2", 7 =0,
and [z} is a sequence of bounded reference input, i.
e. there exists a constant / > Osuch that | z, 1< I,
Vaz=0.

For any polynomial H(z) = ihez‘,weﬁmtdeﬁne
=0

H(z) 4 ko, zH'(2) o H(z) - H'(2). (20)
Lemma 11" Supposc that a sequence of input { u, !
€ ¥, exists which make the closed loop system satisfy
{19). Then it is necessary that the relation
C%(2) = A%(2) (21)
be satisfied. Conversely, if (21) is satisfied, the control
law obtained by solving the following equation
Cal2)(F7@%) = (Co(2) = An(2)) ¥nsr + Bul2) 2,
(22)
for u, results in the closed loop system (19), with
Uy € ¥s
?’?1 = (J"n="'!7n-p+1runr"':-un-q+lswnr'"su‘n-ml)-r-
By Lemma 1, in order to achieve model reference
control objective, ép = 1 is required. Since & is un-
koown, then the model reference adaptive control law is
chosen as
up = (Bin + 8,)7'[ - AL(z)y, + CL{z)w, +
B.(2)za + (biatia - Orga)], (23)
wher
5. & 3(logEr,) "sgn B1a} Lisnt < 801087 ¢ )15
(24)
by, is an estimate of b; at the time n, sgn(-) is sign
function, and
Tlixtccl & {1’ L2 1<
T, lxl=ec.
AL(z) and C)(z) are defined as (20), & is a fixed
Ppositive number .
Obviously, by (24), we can obwain the following
properties:

2. 8%
(b1p + 8, ) = ogr.” n=0, (25)
and
| (bin+ 8) = brals —5—, n 0. (26)
logiru

Obviously, the control law (23) is well-defined.
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Remark 1 The reason why the control law is taken
as (23) imstead of C,(z)(0lp.) = (C,(z) -
An(2))¥ns1 + Bn(z)z; defined by the certainty equiv-
alence principle can be found in [ 1], and by simple op-
eration, (23) is equivalent to (4.5) in [1] whend = 1
(d is time-delay) .

As explained in [8], some robustness in the estima-
tion algorithm can only be guaranteed for pemsistently ex-
citing signals. Let {v,| be a sequence of independent
and identically distributed random variables independent
of tw,} and soch that

Eun =0, Eui =p.pu>0,lvlg ¥ nz=0

(27)
Without loss of generality, we take that
F = olw,v,i < ni
and set
F = olw,v,_1,i < nl.
Let us define two sequences of stopping time {r;| and
{Uk; with
l=r <o, < 13< 062 <" (28)
as follows
=1
oy = supie > r,.:z bt e Mo(j-D)+1 ug 1%,

Vi€ (n,tll, (29)
ot—l

Tpel = inffz > a;,:ZkE 1l I2s [P u} I2._<,M1:|.

|'=1'JF

(30)
where u., is defined as (23), and M, and M, are chosen
to satisfy

My =

[16((4k% 1 6, 12+ (1 + 181201 + 485:)) +
21§(20% + 8k%or® + 1 + 16k%, +

[ 10( ki_‘cmdz + kﬁ_s_lz + -’Fimbl ¥?) +

8kaa(7* + 1) + 4k30? + %]) +

(el 12 +2 8, 2 +200+ 18121 +
2k3e0)0? + 201 + ¥, (31)
M =

(160485 | 8 12400+ |1 6 H 2)(1+4k3:))(1+

) + (4k5c 81 %0% + 21 8,1 %0% +

201+ 18131 + 2830 + 21, {32)

where f; = (51-"'-5_5:;-'1-"‘.;:;)T. a; and E; are coef-
ficients of 4,,(z) and C,.(z), respectively.

The adaptive control law is defined as

By = U5 + ¥, (33)
with v, satisfying (27) and u9 is given as

w, ifu€ [r,5),
{0, if u € [o1,7541) >
where ul is defined as (23).

Remark 2 In the presence of unmodeled dynamics,
in order to obtain both the robust parameter estimation
and the robust model reference adaptive control simulta-
neously, persistently exciting signals { v, } is added to the
tnmcated input u’,. In the case of 7, = Oforalln = 0,
v, can be chosen as a random dither tending to zero. For
the idea of the design of the adaptive controt law, a de-
tailed explanation is given in [8].

Now we are in the position to give main results of the
paper.

Theorem 1 For the system (1) and (2), the model
reference adaptive control law is defined by (23),(24),
and (27) - (34) with {6, ] produced by two-step algo-
rithm. If Assumptions A1) ~ AS) hold, then there exists
a constant £ * > 0, such that for any ¢ € [0, ), the
closed-loop system has the following properties:

1) lim supiz(u% + 7)< ¢, a.5.3
Lk L

2) lim__s:_up l6,-8l < ce, a.s.;

u?, = (3‘4)

3) lim s % ) (AnpsBalds! ~Galdmn P

e +7hE, as.,

where ¢, ¢; and ¢, are constants independent of €.
Remark 3 In the absence of unmodeled dynamics

7.(e = 0), we can adopt attenuating excitation tech-

nique'” such that

lim supiz v =0,
e n +=0
i.e. the model reference adaptive control law is optimal
in the sense of

lirf_bg_up—::i; (An(2)yi41-Bul2)z] = Col2dwin P =

tim L 7 (5,0,) = 0.

L i=0
3 Conclusion
This paper considers the mode]l reference adaptive
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control problem for system (1) with unmodeled dynam-
ics 5, satisfying (2). Using bounded external excitation
and randomly varying truncation techniques, we give de-
sign method of a model reference adaptive controller
which is similar to that in [1]. It is shown that the
closed-loop system is globally stable, the estimation er-
ror for parameter contained in the modeled part is of or-
der e, and the closed-loop system under the model refer-
ence ive control law is suboptimal in the sense of
lirxx*sﬁupiz (An(2)yi01 - Balzdzi = Culz)w;q)?

1=l
< 0(e*) + y*b}, while the SPR condition is replaced
by a stable polynomial. Meanwhile simulation verifies
the result. The result on robust adaptive pole-placement
control without SPR condition can be found in [12].
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