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Abstract：W e address山e dish ba越e decoupling 曲 。f periodic aad multirate dlsc／et~fime sy嘶瑚 via sylld31[~830LIS 

controllers．A theory ofm 埘删 back cc~lrolledinvariant sIl m sis I印ed．Based∞ daistheory，a∞ 】sbn枷 ve so11．1ioo 

forthe solvability of山e distultJanee deccalpling 0bl既nis 髓删 A complete charac把 z蚵衄 0fthefrielxl set of a 呦  

multifee~ ck eotazolled 耐粕t sIl唧 acc aⅡd a al cha ∞ oftheDDP-FII)solullomm offered． 

1 wnrds：pea~odic aadmddrate systems；d~turbmee d~．ouplmg；~ eedbaek col~rolledinvariant sllb~  

llloO．Ullil~t eode：A 

周期多频采样系统的干扰解耦 
孙振东 

(北京航空航无大学第七研究室一北京．Io00~) 

摘要：研究了利用同步控制器解决周期多频采样系统的干扰解耦问题 为此，首先提出多反馈受控不变子空问 

的概念．并给出其基本性质．基于这一框架，得到周期多频采样系统干扰解耦问题易验证的可解条件，并利用参数 

化方法刻划了解耦反馈集合． ． 

关键词：周期多频采样系统；干扰解耦；多反馈受控不变子空间 

1 Inl~odttelJon 

Consider aperiodiclinear，discrete-timemulfirate sys- 

tern with distttrb~moe 

r ( +1)=A(t+1) ( )+B( +1)“( )+ 

{ ( )，t=0，1，⋯， 

(kr)= (kT)，k=0，1，⋯， 

(1) 

wheIe (t)∈ are statevariables，Ⅱ( )∈ arein． 

puts， (t)∈皿 ale U~ WII disc h ，and (kT) 

∈ ale outputs．Tilematrices A(t)，B( )，C andD 

ale of appropriate dimensions．A(t+kT)= A( ) 

AI，B( + )：B(‘) B ， ：1,2，．一．Tisme 

period．NotethattheoutputsⅢen1ea双Ⅱed 0龇 during a 

period，s0 system(1)isllanl~ amulfirateⅡ10出1． 

Tile purpose of this paper is to study the disturbance 

~ plingproblemfor system(1)．"llle controllersused 

here ale ofthef_0舢  

“( —1)= ( +f—1)， (
2、 

i= l，⋯ ， ， = 0，1，⋯ ． 一  

Recall that the periodicaⅡy time-varying controllers like 

(2)wem utili~ tomullirate controlfor dme_inwⅡi t 

linear sys~m in nur~erous literamre．sce，References 

[1]and[2]． 

Disturbance de upliI培 problem for pc 锄dmul· 

fir'ate discrete-血ne linear sys口如惦(DDP．咖 )．R【Id， 

if possible，a se(Il】eIlceoffeedbackm cesFl，⋯ ，，r， 

such that controller(2)mlder the outputs r(kT)，k= 

1，2，⋯，of system (I)il1 p印如 t of the dismrb锄ces 

( )，t=0，1，⋯．The coⅡ既p叫ldi|1g oId‘ ed feedback 

ma ces，if they exist，(F1，⋯， )will be called a 

solution ofDDP-PMD． 

Forthe case of T=1，system t1)is dme_InwⅡi t， 

and the o口∞ p0nding disturbance decoupling 吐ll锄  

has been completely solved in the 硼neIMⅢk of Won— 

ham’s geometric approach ．The solutionwas givenin 

terms of the concept of(A，B)-invariant subspace 

which plays a keyroleinWord~m’s~eory． 

Tile single-rate version ofDDP-PMD。inwhichthe 
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outputs sampled at every s印 ∞d are删 to be 

decoupledfrom the djsnlIb扣M燃，was solved byGrasselli 

and in[4]．See also References[5]∞d[6]． 

NotethatDDP-PMDisllot a substituteforDLP of【4J． 

SeeReference[1]for abriefdi,scu~oll ofa related％一 

gine商ng background． 

]aspiredbyWonlawa’swork，WC aim at目【衄1dingthe 

standard geometric framework so as to incolporate our 

problem ．To由 this．the concept ofmultifeedback con- 

trolledinvariant sI】 isformulated．A criterion and 

∞ aI 岫 am provided for caleulati~ag the maximal 

multifeedbaek cc~trolledinvariant sub．ace oontainedin 

a given subspa~ ．Based 0nthese results．a solutionfor 

theDDt?-PMD js Obtail31~ ． 

2 Mullifeedl~wk eonlzolled invm'imlt sub- 

回嘲oes 

Inwhatfollows，趣 =ImBiis ofmap毋， 

Nis吐-e set ofns．tl~ nulnbl~ ，and ，V，K are certain 

sI】h；球娜 ofR ．Given a r【Ia血 A∈噩Ⅲ ，WC have廿1e 

ken~l ofA kerA：{ ∈Ⅱr：．4x=0}andA ={ 

∈R ： ∈ }．Dcfinc A = (At，⋯，Ar)，B = 

(Bt，⋯，B )． 

n  1 Suppose Vis a枷砷 ace ofⅡ8J|，WC 

call Vm (A，B)．invariamt飘lbspace，ifthere e~sts a 

∞ce ofⅡnear r~ llngs ，⋯ ， ，all from to 

．
to~ Jsfy 

(At+BrFr)(AN +Br_tFr—I)⋯(Al+BtFt)V V． 

ⅡT=1，then (A，B)一invariamt sI ；pa∞ coin- 

cideswi山廿lc standard(A，B)一invari,~nt subsl~ee． 

Now pI啪 I a simple 1a眦Ila wlI will脚 a 

矗md卸fneIItal rolein吐 伽 a晡IIg derivations． 

Lem 峨 l Suppose ，V two 叩aces of ． 

Tht~Ii l,．eee~ary and gl】ff|d既t“mdi血m for缸 e．~is一 

of amatrix F：R Ⅱ such (A+BF) [ 

Vis 

AW C V + 

Itis well knownthat a criteflonfor Vto be an(A， 

B)一invaria~subspaceisAV V+ Ag~ffdar criteri- 

ona stsfor(A，B)一invari~ ~bspaee 

The嘴 n1 Vis耻 (A，B)一invari,~nt鲺lbspa∞ if 

andonlyif 

A r-1．“AlV 

+岛 +Ar岛 一1+⋯ +ArAT一1⋯A2埽I 

Proof Nece~ity．Assume吐l址 he m血 ic％ F1，’一， 

Fr aretaken日】cIIthat 

(Ar+B )⋯(Al+BlF1)V[ V． 

Exp diⅡg }-e above ex es ，血e n。。％s follmvs． 

S硼丘d∞ cy．By using 

(Ar⋯A1)V[ 

(V+岛 +⋯ +Ar“A3埽1)+Im(Ar’’’A2Bt) 

andL 啪 1，we hl tllal there e】ds括 a r【岫血 F1： 

‘÷ R 。such that 

(A ⋯Al+Ar⋯A2BtFt)V[ 

V+岛 +⋯ +Im(Ar‘“A3B2)． 

I=(Ai+BtFt)V．We血曲 have 
⋯ A2 I[ 

(V+薪 +⋯ + ⋯A4焉 )+Ar⋯A3岛 ． 

I lj商ng L m 1，wemayfind amatrixF2： ， 

suchthat 

(Ar⋯A2+Ar⋯A3B2F2) 

V+岛 +⋯ +Ar⋯A4塌 ． 

= (A2+B2 ) ． 

Proceed d abovemscussjon砖peat目ly．Wemay ob- 

tain ： 一 ，and [ ， 母吨 =(Ai+ 

B‘ ) _lIi=3，⋯ ，T一1，and 

Ar⋯ Ai+l 

V+岛 +⋯ +A r．“Am皿+1，i=3，⋯，T一1． 

Itis曲 vjD啦 that 

一 1 ： (Ar一1+8r—I 一1)⋯(Al+81F1) ． 

By usingA册 ．I V+岛 ，WC caIIfind aliⅡcar唧  

Fr：Ⅱr— R ，suchthat 

(Ar+Br ) 一1[ V． 

Therefore， 

(Ar+Br )⋯(A1+BlF1)V[V． 

Denote set of(A，B)一invari~t sI】bspa。esto be 

A，B； )．Given V∈ A，B； )，t：：~illC 

A，B；V)=1(F --， )： ： 一 ，i=1，⋯，T， 

s．t．<Ar+岛 )(AN+毋一1 一1)··· 

(AI+B1，1) [ }， 

whichis caⅡ耐 the friend set of (A，B)-invari~ 

sI|k V． 

Using f ofTIleoIen】1，wemay酉ve a∞m— 

pletel~rametemzation of fi'ie~d set of a given(A， 

B)-invariant甜m印a∞s． 

sl1即 V∈ A，B； )． a setof aoes 
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缸 职 t0 be 

= (Ar⋯Ai+1)一 (V+岛 +⋯ + ⋯A +2趣 +I)， 

= 1，⋯ ．T一 1． 

． (FI，⋯，Fr)∈ (A，B；V)if缸ld onlyif 

following constrain~a∞ salis6ed ’ 

f(A1+B1F1)V c 阢， 

l(A2+B2F2)(Al+B1F1)Vc ． { j — 
l(Ar—l+Br_】n一1)⋯(Al+BlF1)V c Wr-l' 
【( +BrFr)⋯(A1+BlF1)Vc V． 

(3) 

b0v o0Ⅱs扛ain招 eould be缸an 白 删 into 

~rapafiblem妇 。qua lsw} 如】口 is删 =Q． 

佻  may删  general solutions topt0 bet- 

岫 (s。c．e．g．，Reference 7)．AⅡthese ge酬 solu- 

石oIIs t0gemcr form a complete mⅡI-e 蚰 of 

A，B；V)． 

Similar t0 重1] rne— ant casc。for an arbitmJly 

昏v∞Sllb~ K c碾 ，We may eonsml~．t a 

(A．B)一invari~t b containedinK． 

Denote f(a，B； )= t V ：V∈／(a．B； 

璇 )j．It follows easily丘∞ ．Il1cI)阿n 1 that the set 

A．B；K)is doscd und盯 唰碰衄 of subsl~ces 

Mdltion． 

P∞p商岫 1 1 set／(a，B； )co呲血ls a u． 

niqJle sI】pI口 element sup A，B；K)． 

n珥n 2 Define se~mce V according 

t0 

：  ． 

= K n (Ar⋯A1)一 (岛 +A胡  一l+⋯ + 

Ar⋯A2塌 + 一 )．i∈N， (4) 

then C ～，i = I，2，⋯ ，and for s0Ine Z．Z≤ 

dim(K)． 

V =sup((A，B；K)． 

c(ar+B )⋯(Al+BlF1) (iT)+ 
r 

∑C(Ar+BrFr)⋯(Aj+明 )Df(iT+ 
』ffi2 

J一2)+cD"(iT+T一1)，i=1．2．⋯． 

AnEllc t0廿le solvability ccn蛐 0n ofDDPin[3]， 

c∞ 妇ilI al Ⅲna丘∞  above∞ ． 

La姻嘲 2 I~P-PMDis solvableif缸ld0nlyiftherc 

懿ists∞ (A，B)一invari~t bspa∞ V，铀d a∞ ∞ce 

of fee~ k mat曲髑 (F1，⋯，Fr)∈ (̂ ．B；V)， 

日】cIlthat 

i)Vc kerC； 

ii)ImD +(Ar+ BrFr)ImD + ⋯ + (Ar+ 

丑 )⋯(A2+ F2)IⅡID c V． 

Note that l1] above solvability condition c∞not be 

verifiedin 酬 ． 

Utilizing La咖啮2缸ld }蹦 y of(A，B)一i~ari— 

ant subspa。e，a verifiable solvability。c iili0n caⅡbe 

developl~1． 

Th咖懈 n2 A联 essary缸ld suttieie~ 咖 啦 fbr 

DDP-PMD t0 be solvableis 

lmD c V n A'1(V +岛 )n⋯n 

( ⋯A2)一 (V +岛 +⋯+Ar⋯A，塌)． 

wl V =suof(A，B；kerC)． 

Proof Ne~ ty．By g Lmmla 2，山髓e叫 st 

既ist V∈ A，B；kerC)aad(Fl，⋯，Fr)∈ _(̂ ， 

B；V)such(I1at 

ImD+(Ar+岛 ) D+⋯ + 

(Ar+B )⋯(A2+B2 )IⅡID c V． 

Taen have 

ImD c V n (V+岛 )n⋯ n 

(AT⋯A2)一 (V+岛 +⋯ +Ar⋯A塌 )． 

B V V ， l1∞耐 lyfollows． 

Sufficiency．Define 

Kl：Ai。(V‘+岛 )， 

阁  (A—r_1)一 ( +岛 +A 
一 1) lhs fbr 

case 0f = 1． ‘ ‘ ‘‘ 

3 Solutionsfor肋 P．P] II) 

In出is sl~iffn． studythe solvability cvndilion of 

DI)P-t~／D l】sing the }le0fy of(A，B)一inv缸iant sub- 

叩aces． 

We ndw y2e me data of the d lo0p system 

(1)铀d(2)： 

y(( +1)T)= 

Kr
一 1=(Ar⋯A2) (V。+岛 +⋯ +Ar⋯A，塌 )， 

gr=(Ar。一A1)一 (V +岛 +···+Ar⋯A2塌 )． 

Note tllatA l V +岛 ．By using 1， 

may丘nd ama自由【Fr：职 —}碾 sothat(Ar+ ) l 

V ．Note 出at 

Ar．1而 A亍 (V‘+禺 )+A 蜀 1= 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com
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I+厮 一I+kerAr=Kl 4-西 一卜 

Thelast equationfollowsfrom thefactthat kerArC K1 

Applying Lemma1，wemayfmd amatrix Fr
一 1：砬 

一 such that(Ar一1+Br一1Fr一1)K2 C K1．There— 

fore， 

(Ar 4- r)(Ar—l+Br_lFr—I)岛 C V ． 

Applyi~ Lemma 1 repeatedly，We further find a se— 

queoce ofmatricesFr— l，⋯ ， ：魄 一  suchthat 

(A —f+I+ r In⋯ 1)墨C墨一I，i=3，。一， 一1 

aⅡd 

(Ar+BrFr)·--(A2+ 2F2) 一I c ． 

It cm be verifiedthatAIKr C Kr
— l+蜀 ．By using 

Lemma1 we canfind amatrixFl：盟 —} ，suchthat 

( I+ IFI) c gr一1．Thus，a use of Theorem 1 

gives 

·Al V C V +辫 +⋯ +Ar⋯A2儡 ， 

which means that V C gr So．we have 

(Ar+ r)。。。(Al+B1F1)V C V ． 

Itfollows fix~m Lemma 2 that tlle sequence of matrices 

(，l，⋯，Fr)is a soludonforDDP—PMD． 

Remark 'nleoll~n 2 is readily applicable to tlle 

sll~ty of rrmlfirate control of time-invariant systems． 

Suppose system(1)is~ae-iavariant，and otrr jrl螂 t is 

seeing afeedback controllaw(2)suchthatⅡ1e outputs 

Y at specific samplknglimesy(0)，Y(T)，y(2T)，⋯are 

de~upledfrom tlle disturbances．According to'nleoll~n 

2．山is pmblefais solvableif and onlyif 

ImD C V n A-i(V +卿 n⋯ n 

A一(T-1)( + +⋯ +A 一 厕 ，(5) 

where A=A(f)， =ImB( )．Reference[1]has 

wnthatif we usethe asyl1c 0I吼 ls periodicallytime· 

yawing~ontroUer 

( 一1)=如 ( )， (
6) 

f= 1，⋯ ， ， =0，l，⋯ ， 

instead of(2)，Ⅱm tlle corresponding dc。 liIIg con~ 

diticn，using OUr notations，is 

ImD C V n A一 V n⋯ n A一( (7) 

Itis obvious that condition(7)isⅫm restrictive than 

(5)．Therefore Ⅱ1e synchronous’periodical feedback 

strategy(2)has rllOIl~deoouplkng capability血 the 

MlcIⅡⅨ10lls periodicalfeedback stlategy(6)． 

If DDP PMD for system (1)is solvable，Ⅱm we 

may d均rac ∞ a family of solutions which aIe iIIde· 

pendent oftlle disturbancematrixD． 

1pp0scma舡ioes日l，⋯，m  arId C1，⋯ ，Cr a taken 

sothat hl1日l kerC V ，aIId 

ImHr = kerCr
一 1：A (V +辫 )， 

[m／~2=kerC1=(Ar⋯A2)一 (V +秭 +⋯+Ar⋯A塌 )． 

Define 

A，B；V )= 

}(Fl，⋯，n)： =一(C B ) c一 日 + 一 

(c f) c c 日 ，V ∈R口 ，i=1，⋯， }． 

Corollary Suppose sys~．．m(1)is DDP—PMD solv— 

able，Ⅱm each element ofⅡ1e set (A，B；V )is a 

DDP-PMD solutionfor(1)． 

Proof Define subspaces 

墨 =(Ar⋯Ar⋯ 1)-I( +旃 +⋯ + 

Ar⋯Ar⋯2西 ⋯ 1)，i=1，⋯，T一1． 

By咖 the of T 1 2，any Se of 

feedbackmatrices(F 一，Fr)satisf~ g 

(Ar+BrFr)Kl C V ， 

(Ar一1+Br—IFr—1) C Kl， 

(8) 

(A2+B2 )gr—I C gr一2， 

(AI+ IFI)V 研一l 

is a DDP-PMD solution for(1)． 

The relationships(8)eould be equivalently expressed 

as matrix equ~om 

Q(Ai+B c )珥 =0，i=1，⋯，T． (9) 

By咖 tlle theoryofmatrices(see，e．g．，Reference 

[7])， (A，B，V )is exactlytlle set ofgeneral solu． 

ticks of equador~(9)． 

4 Conclusion 

Int}I-坫 p印er，the disturbance deoouplmg problem of 

periodic arId muldrale discrete．time linear 噶 船 has 

been addressed．A I1ew concept of multifeedback coIl_ 

trolledinvariant subsl~ ism~ eed．A verifiable cri- 

terion for a瑚lb吲Dace to be m山吐 edbBck conm~lled in． 

valiant is given．Using there．a neoess~ a【ld~Iti~ient 

condition for tlle solvabnity of DDP-PTD is obtamed． 

More importantly．We caIl eompletely chanK tlle 

friend set of a veⅡradtifeedbaek continUed mvariant 

subsl~ce and partially dl~ terizeⅡ DDP-P'rD solu· 
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tiom ． 

The stabilityissue ofDDP-P'ID is all~nportant∞pic 

forfultherinvestigatic~．Future ，D血 shouldfirstintro— 

duce~ppropriate notion of( ，B)一controllability sub 

spllcc．then applyittothe disnⅡb∞。e d~ upling prob— 

l∞ with stabilityfor system (1)． 
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