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摘要：建立了种群中最佳个体的马尔可夫链模型．定义了仅包含所有全局最优解的状态子集；根据从任意状态 

转移至该子集的概率的授限分布．给出了独立于搜索曲面拓扑结构的遗传算法全局收敛性的精确定义；提出并严 

格地证明了与编码方式和选择策略无关的、统一的全局收敛性爿据定理．对几种不同的遗传算法进行全局收敛性 

分析的结果表明，统一的爿断方法具有昔遍的适用性． 

关蕾词：遗传算法；收敛性；统一爿据 

1 ]Lnll'oclucd．oJa 

Genedc algofithn~(GAs)aIe a class of pcobabi]istic 

sc~ch and q mi 0n a蛳  s based oll tim model 

ofmg∞ic evolutic~．11le convcxgenca~~ ysis of GAs 

is s皿 O∞ oftheIIl0st_加 塔 【崆 fl~eorefic res既 btop- 

ies．s0 ∞ under additional assumptions Ie- 

Pc edinliterature【1—3 J．Inthis paper，wc analyz。d 

the global cenvergenceby n 皿 s oftheh血 k chRL1]of 

thebestmdividu~sin the populatic~．Afar a brief de- 

scription of Mmrk~v cIlain． two fundamental theorems 

aboutthelimitdistribution are in Section 2．See— 

fion 3 is devoted to d既ivc two basic crit~ theorems 

f0rjudging the gl0bal convclgcn~ofGAs le 嚣即乜血m 

and selection-independently．Finally，wc g}vc sl~no％- 

anaplcsthat aim atillustrating how to applythe crit~ ou 

nIeo1日m to judge the global convelgenc~of GAs in 

S~ iou 4． 

2 HmnogeneousfiIIiteM k0v—rh~—dn 

A 丘血 缸̂凼 v d is aIt捆壮 衄 of瑚md咖 vari． 

枷es ( )de血ed㈣ a右血 d 魄 st疵 s of 

caIdinaⅡ砷 I S I= 强d disc I∈N，which de- 

scIib a础Db曲啦 雠 曲nsm0n廿ack 0f (I)0v苜山e 

st砒e叩aceS强d exhibitsM Dv dc n【i衄ce，i．c．，fbr 

anyI， ∈ N．s．t．． 
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p(x( +k)=i。+E l x(o)=／Q， 

X(1)=il，⋯，X( 一1)=ic-l， 

x(t)= )=p(x(t+k)= + J x(t)= )， 

where ，il，⋯ ， 
一
¨it∈ S．Assumin~thatthe states 

afe mm】b刊 from 1 to Ⅳ．the lz'ansition probab~ ： 

from state i∈ S幻 ∈ S at step can be representedby 

脚(t)．ⅡP ( )isindependent oft，i_c．，for alli， 

∈ S nd l， 2∈ N，s．t．，p~(t1)= p ( )，吐le 

I~lrkov c岫 is saidto behm gc：rI。0us． 

The 0∞ step廿；m 叽 p帕b曲ili在es of a homogenous 

丘n“e～Ia c晡 Ⅱcan be descnt~din a订锄sid0nma． 

扛ixP=(P )，谢帆 ，for alli， ∈S，s．t．， ∈[0， 

1]and∑P =1．Them 。 砌Ithe曲ave pl es 

are caⅡed s“)d c．0iv∞ 触 initial dis臼曲嘶 p。as a 

硎  x ．吐 digln]~ cn the bIk州 d 船 ￡ 

s唧sis = P．1lHe矗玎e，a m蹭螂 finiteM 

d is∞呷ldcly出嘧酬 by(p0,P)，the H咄 dis． 

仃jh d芒呻 ∞ the曲[Il船 ofmatrixP． 

For b0rn c【l llsf~niteMarkov d1ains，thefollowing 

twot量I∞惴ns[4](To easetmder~ ing，血e p礤 0Ds 

h骶：in are s 曲dy di‰ tfromtheⅢjgin ．)hold： 

The叫：衄 I1 Let P be al~midve stochastic埘剐rix 

of妇 Ⅳ，血cn P ∞m as 一 ∞ to a unique 

s龇  )cha c m曲讧 w cIl has n【mz既D即 蕊 髀 — 

less of the initial djj血 m∞ ，i．e．，斯 all i， ∈ S， 

S．t．， 

f露1 l ’ 
wh e露；(p L，。一，p )矾df0 all1≤ ≤ Ⅳ，s．t．， 

≠0． 

1 eO衄 2 Let P be a re~cible s幻cb私dc n壕舡ix 

or a Ⅳ ～ P=(：：)，～c a 
， 蛐0c ma舡ix of orde~m 舡d 置，T≠ 0， 

血∞ P ∞m旧曾 缸 k一 ∞ to a unique stable蛐0cIlas吐c 

ma舡ix瑶gEⅡdI ofthe 龃 distribI曲 I，i．e．，forall 

i， ∈ S，s．t．， 

；)= ， 
L，r 1 

wtlelc石； (pl，⋯，p 0⋯，0)，wh吼 1≤ ≤m， 

s．t．， ≠0． 

Thecrem 1矾d 2 s朗 asthe~ -aatieal丘枷 血d0II 

of觚aly五ng the convergence ofGAs． 

3 ldI；h1ga a 0f c0n1Ie|警mce 

As窖啪rIingthefe．~bleIe 0n of a gl0baI哪曲 。虹 

曲l锄 isIofcardjnaljtyⅣ =l，J，which de~mtes ar_ 

bim~y f~nite set；A al 血m wi吐I inWⅡi曲 

p3pl on size n矾d衄嘴80lⅧ pI曲面 utyp ∈[0，1] 

and Hu】 probability ∈ (O，1)do not vary the 

selection mec嘶 sm in the process of mnDing．Let lls 

垂vethefom~l def_mm0n of son1e 帅s asfollows： 

DeI_ⅡIiIi0n1 Let 

P(I)={口e(I)l i∈[1， ]，I∈N， (t)∈I} 

isthepo 甜Dn atge~eratlon ， 口 ( )da∞ Ⅲl 

individual Iq ng a solution of the feasible Ie西0n； 

，：，_+Rdencfcs afitness佃1甜∞ assigning real values 

to individuals；I ={口 l口 = Igm酲{ 口)J口∈ 

I}}is a sI】bset in the feasible 细 I，eada ofw}Iich 

h the gl0baImⅡimllrnflllll~；The bestindividual in 

the 蚯0n at gerIcr蚯0n I is口 (I)= (t)∈ 

P(I)，wtlelc呵( )gu ects to，(唧(I))≥，(吼(I)∈ 

P(I))． 

Underthe ac妇 ofmutation．c 塔9 惯 铀d sl】edi衄 

ol崩ca￡i锄s，d (1)姐d its fitne~wm c蛔Ⅱge ram 

OVt~r me．But nHe alwaysa【i啦 atkast彻cd (t)in 

％cl1 p( 止Id0n，吐l印妇 ，as I斗 ∞ ，whem汀 0f not 

口 (I)∞m tothe sI】bsctI jJn蛐esthe c al- 

g。IiⅡlIn is啊not g10bally c0刑钮 吐，i．e， 

P(1lma ( )∈ I )=，jP(口 ∈ limP(t))=1 
r+ ● t—●- 

The c、|0I 肋 o【窟湛ofd (t)c锄be desclib。dby a 

kHI∞ 殂∞us丘nitc Ma dIain，for n0碰 0n。c㈣ - 

nie~ce，sIlch aM豳 v nis sifI y saidtobe口 (I) 
- c岫 ．a dy，each s in the state sp S of 

d (‘)一c岫 lⅡli 。o∞兽s mdsto a s0Iu 0n_mthe 

feasible r咄 n I， l S J=J，l_Ⅳ．Let all the 

st珊cs of s be∞ d des。∞d龃t by d (‘)) 

mlIl山咖。d 1幻 Ⅳ．1tlis leads to the de丘ni吐0n舡d 

a ontheo栅 s of 0b 踊D、reI n∞ ofGAs嚣 fbl- 

l0ws： 

Del妯№ 2 LetP=(P0")bethe也mi m曲讧 

of aⅡd (I)．dIain I state sp S，卸Dd S be the 

state卯bspace∞ch of 出。c虹髑p伽凼Ic叩∞岫 to 

a in setI‘．Ast+ ∞，if ∞lyif 
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n (t)n∞s向s any眦  ∈sintos withprob— 

ability∞ e，i．e．．证  
．  

1irn∑ =1，where i∈s． (1) 
。

jE$ 

the m 旺j吐ⅡIl convergesto 0neofthe 呷血阻． 

Theorem3 Ifthe transitionma~ix P=(珊)ofthe 

n ( )一chainwith s 把spaceS andthe subspace is a 

positive stochastic ma~ix， then the genetic algorithm 

does n。t convergeto lmyo[1c ofthe global ，dn】a． 

Proof Since evea3,positive matrix is also a primitive 

one，itfollows byIheom 1 thatthelimit dis~bufion of 

P is aaniq~ stableonewithout D0nze∞ es．There— 

fore，for皿y ∈ S，s．t．， 

l二衄∑P}=1一
⋯
IL,u∑ P；=1一 ∑ 所<1， 

‘

正 s’ 卜'‘正 s
—  

J：Is’I l ‘ 

sothat e‘ on(1)is not fulfilled，the proofis(x)ln- 

pl曲。d． 

nIe0蚴 4 IftheWansifion ma~ixP=(P )ofthe 

8‘(f)一chainwith s诅Ie space S andthe$11bspa~S is a 

reducible stochastic ma~-ix as the st['uC~ll'g P = 

— c apositive stochastic rna~ix ofor- 

d I S‘ I and R，T ≠ 0，then the genetic }0I 

convezgesto oi1e ofthe ol~ ga+ 

Proof From Theorem 2，we c ob~lill that fⅢ au 

i， ∈ S，s．t+， 

P =Jjm( })=(石，⋯，露) ， 

where石=(pl，⋯，PIs’I，0，⋯，0)．wh％ 1≤ ≤ 

-I 

I s‘I，毋≠0，and∑所 =1．It follows directly 

that，fⅢ any i∈ S．s．t． 

I i 

t 蚤所 · 
E‘ (I)is~lfilled andthe proofis completed． 

1tHⅡ锄 3 and 4 cm be applied di劬 tojudge the 

gl曲laI convergence of GAs iftbe sn1l‘：nⅡe ofmansition 

ma~ix of n‘(‘)． l1ain cm bemade olI乜in． 

4 Application~ ples 

4 1 Proportimml reproduction 

The simple genetic }0IinIms[5 Ilse selection sW~gy 

ofpropollioanl~ vcluaion with crDs V probability 

∈【0，t]and mutation probability ∈(0，1)．Lets 

bethe state space of d‘(f)一d1ainwith cardinality ofN 

=I s l_2 ．Mc Iv豇．1et C=( )，M=( )，詹 

= ( )be the in~mondiate mmsinon m曲 。口m  

spq1dingto∞0ss口 ，mutation and seI。 re叩％叶e_ 

ly， the咖 sjd0nlna血 P of 4 (I)一d】ainc柚 be 

m]帅 relm：Santed ∞ a product of C，M and R． 

i．e+．P=a 偶 ．Since ClD$,$ov~ fna 胛出曲j】is 

each s诅Ie of S to 锄 0山汀 0∞ ． C is stod~ c．Thc 

ⅨIr噼 holds for the other opomu~ and their u'ansi~ion  

n日血i。es． 

AssuIni丑gthelength ofa sluing encodedin bj∞Iyisf 

bits．each sU-mg denotes a s诅Ie in S．LetH(i，J)I印一 

resents theI-Iammmg distancebetween state i∈ S and 

∈ S．Th∞ the transition~'obability stale i to J 

c Jsed bYmutationis 

m = · 1一P )l-H(i,J >0， 

SOthatM is apositive stochasticmatrix+ 

1he pf0b曲ilitythat 8 ( )is selectedtobe al呻n— 

bet ofthe nextgeneration canbe calculatedbY 

， ： 争 >0，for any ≠J ：0． 
∑，( ( )) 
●=1 

O~ onsly．R is also stochastic andtbeze doesnot e~ist 

any onhmm wi th total es of zc∞ ． 

LetA =a f，P=仙 ，then， 

A=CM =(。 )=∑cik· >0， 
●=I 

P= =( )=∑钆 ‘rt／>0， 
I=1 

sothat P is a D0 s蛐 a ma~ix．It follows by 

theorem 3 that sil珥Ik窘c a1 dDnot converge 

to anyone ofthe删 oO~ma． 

4．2 (一十一， )selection 

W e aesigned amodified genetic 血m which in- 

tnxluoes the niche and migr蚯0n Unplemm~ by 

口ossoverofindividualswim similarfimess and(R 4-n． 

R)sekc妇 ．1~Sre crcssD憎 ．nindividualsinthe o．1r- 

mnpopl~ on are ordered in the sequence of their fit- 

ness 6Dm highesttolowest．andthey are onledy conju- 

g删 to constl~ R／2pairofparents．1hegenesofeac．h 

pair ofparental individuals are m bined ranaonay to 

generate two desc芒nd锄 螺． T 0 individ~ s that have 

Il妇 fitness are determinately cl1【船 Iinto thetempo— 

rary pol~ on bY(2+2，2)scl ．Mutation 

tion is~rronned the蛔叫 髓Iy Ix~ on [~D[gi- 
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bilisticallywithp ∈(0．1)，but oolythemutation 

口 (‘)in the temporary population applies(1+1，1) 

sc cd0n∞choose the better one from n (‘)and the 

mutated n (‘)intothe next population，the cthermu- 

taredindi,,Sdualsm  directly placedintothe n嘲 pol~lla- 

don．Forthe sake of simplicity，assIⅡrIi玎gthm only oi1~ 

n (‘)existsinthefeasible~egion．Clearly，theinter- 

mediate stodaastie ma岫删 C， c0m '0】[1di】【1g ∞ 

n (‘)一chainwith cardinalityN=I S I 印∞d、．e 

c ： 
。 1， 
：：： J 

f 
= 『 21 

P = CM = 

1 

P21 P 
0 

脚 1 p№ 脚]， 
where，w n1< i≤ N 卸d ≤ i，s．t．，0 < ．哪 ， 

l l ‘ 

P <1 and∑ =∑咖=∑P =1．Them血 
i=i Jt1 i=1 

P is妞 s蛳 as妞 曲=Ill船 of妞 redtmblema in 

1l 咖 4．It{bⅡ御 by11艟啪 4 吐lat妞 ra~ified 

algmthmwith妞 (n+ ， )selectionis glOo— 

ally oom 倒 ． 

5 C0nd恤 i0ns 

The曲 e analyses reveal吐lat，in r唧 cctof妞  al- 

it~ive an of converge~：e妞 M姗 蛐 m dd 

inthispap proved∞be apracticalfacility．1he derived 

criterion tb啪 ls based oⅡ口 (‘)-chain i epen． 

dent of encoding selleme and selection Ⅱ旧d mi锄 as 

well as妞 ∞po10gjcal~ tllre of 砌 space．脚  

caⅡbe∞mrd1j呻 at~fied∞judge妞 g】dbal c∞Ⅷ - 

genoe of GAs．But wh∞ 妇 e~ exity of GAs is 

eoncel'ned，it bem0di删 舯蚋 andis 0ⅢfⅡ- 

tllre resea htopic． 
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