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一 类线性不可观非线性系统的动态输出反馈镇定 
陈彭年 秦化淑 

(中国计量学院数学维·杭州．310034) (中国科学院系统科学研究所·北京，100~0) 

摘要 ：本文研究一类不可观非线性系统的动态输出反馈镇定 ．基于逼近渐近稳定性的概念，给出了动态输出反 

馈可镇定的充分条件．本文主要结果的直接推论是零动态逼近渐近稳定的最小相位系统能用动态输出反馈镇定． 

本文的方法也能处理非最小相位系统． 

关键词：镇定；非线性系统；动态输出反馈 

1 Introduction 

Overthe past decade，the problem of stabilization of 

nonlinear systems by output feedb,~ck has been e~ten· 

sively studied．Dyll~mC output feedback stabilization is 

dividedintolocal stabiliza6on，send-global stabilizaton 

and gl曲al stabilization．Forthe results of semi—global 

stabilization and global stabilizaton．Il】 in眭糨 蜘 read- 

may referto[1～7 J and others citedinthosepapers． 

hlthe paper． will smdy the problem of local stabi。 

liz~ollby出IⅡaInIc outputfeedbackofthe aflClllenon]in- 

car sysk∞ 

h’ ㈤ 

ly= (̂ )，  ̈

where ∈皿 ，M∈Ⅱ and Y∈ ；，：M一 醍 ，g：U 
一  ～

， andh：U一 aIe s啪劬 functons，f(0)： 

0，h(0)：0，and Uis a neighborhood of =0． 

Al the problem oflocal stabilization of(1)by 

由，n n|c outputfeedbackhas been studied bymany all— 

Il】0巧．me achievements aIe rlKhel"limited．In fact，the 

systems considered in the Dn rioI】s studies aI℃ mainly 

lineatzable nonlinear systems[ ，9]and locally unifomaly 

completely observable nontinc~ systems【9’ ] Local 

stat~feedback stabin oIl of D n InⅡn phase uonlinea~ 

systemsis studied in【11 J．But the懈： jque used in 

[11]is not npplicableto dymmieoutputfeedback stabi· 

liz 0n．Our xesultmay['l~ldle目口】1e unli．neatizable and 

nollminil~um phasenonlinear systems．which cm notbe 

handled by the methods in prolx~sed【8—10 J．Tbc 

method for the design of dynamic∞m nsa雠 in the 

paperis based 0nthe concept of asymptotic stabil~ in 

t md蜘 i啪 ：- f-：n：d bytheNationalNatnml sd印畔 mda ofOaina(6967400~  98，7 )) theKeyP畸嘲 ofChina(97∞11017) 
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approximation l2]and the design cs to be constnlC
—  

live． 

The paper is 0I ed as~Hows．Se 0n 2 deals 

with dynmnic output feedback stabilization
．

In Section 

3，two examplesincluding a nonminimurn pllase system 

withtmobservable linear approximation are givento il— 

lustrate the applications of 0llr major re．suit Section 4 

draws soi~e conclusions hUm the studywe havemade
． 

2 S乜bilization 

Inthis seclion，Wewill studythe problem ofkr_al$ta— 

bilizafion of(1)by~yaamic output feedback．We fwst 

introduce目 m  opemlions and concepts． 

Considerthe~ cally extended system of(1) 

wheIe f∈ ，i： 1，2，·一，2，and ∈ 丑 ． 

Definethefollowing differenti~ operations： 

v：n( )， 

：，( ， 1)：凳 )+g( ) 1)， 
，‘‘ ： ( ’( ， I， 2，·一， )= 

3y(1) 

山 )+骞 ， 
i= 1，2，3，·。。， ， 

Whe工e ，+1= ． 

W Ii 

ŷ ： ( ，A)：(yT,r ，⋯，(y‘ ) ) ， 

ĵ=(AT，Aj，⋯，AT) ． 

In whatfollows。 always assu that 

—

a
-

Yk
： 0． 

Definition 2．1 The equilibrium of system(2)at 

the originis saidto be asymptotically stabilirable accOrd— 

ing to the Nth 0】d盯 approximation by feedback u = 

。( ，A1)ifthe closed l。0p system of(2)with u= 

a(1 ，以J)is~ ~aUy stable accordingtothe Nth 

order approximation． 

Deletion2．2 The equilibrium of system(2)is 

asyI 枷 caUy stabilizablein approximation by fcedback 

u=口( ，n )ifthere exists a positiveintegerN such 

thatthe closedloop systcnn of(2)with = ( ，A ) 

is asymptotically stable w~ording to the Ⅳ出 order ap— 

proximatio~． 

For the concept of~symptotic stability according to 

the Nth order approximation，see，f0rinstance，[12 ． 

The followingⅢle【Ⅷ n 2．1 is OIL／"main resun
． 

Theccem 2．1 If(2)is asymptotically stabilizable 

in approximation by a feedback law of the form u = 

n ( ，血)，then(1)can be stabilized by dynamic out— 

put feedback． 

Proof Accordingtothe assumption ofThcol~m 2．1， 

tim f01l0 system is asymptotically stablein appmxi— 

inatioll： 

Note that the feedback law“： ( ，̂ )depends 

onthe derivatives oftheoutputy．Thuswei~ uccthe 

dynamic system 

r口1=如， 

l ： 
‰ ， (4) 

l +l： ， 

where ∈ ，／= 1，2，⋯ ，̂ +1． 

Let日：(日}，日；，··· 日I+1) ．For system(2)，we 

now usethe new feedbacklaw 

：  (日，AI)， (5) 

whichis an outputfeedbacklawfor system(1)． 

By thedefinitionofy【“”
，

yf“ )call be prcssed as 

Y(‘ ”=F( ，A )． (6) 

Write P = (‘一” 一 
， = 1，2，⋯ ，̂ + 1 and e = 

(e ，ej，⋯，e +1) ．Then =日+e．By(6)，吐lc 

dollloop system consisting of(2) (4)and(5)CaB 

bewritten as 

f ：，( )+g( ) l， 

{ I： 2̂，⋯， ： ĵ， f=口(ŷ+P，̂f)， 

e1= 02，⋯， ： +1，0 +t F( ，̂ J)一时． 

(7) 

Take l as an output of(7)．Then it is easy to see 

that(7)withthe OUtl~lt eJismir．ianmtphase andthe e． 

3  

^  

． 

g 

A  ll 

： ： 

，  

1̂  ， 

)  )  

(  (  
g 

+ = 

h 

A ll 

： ．．“ 
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quation ofitsⅢ0 dynamicsis(3)，whichis as3q'nptofi— 

tally stablein approximation at = 0，̂ {： 0．By the 

resultin[13]，system(7)can be stabiliz~by dym c 

outputfeedback，thatis，吐le∞ exists a dynaffflic compcn’ 

suchthat the closed loop system consisting of(7)and 

(8)is asymptotically stable．Since l： 一日l，the 

feedback law = ("，e1)in(8)is a dynamic output 

feedback．Thisme．isthat(1)is stabilizableby dynam— 

ic outputfeedback． 

Corollary 2．2 Letm =P．If(1)has relative de— 

glee I r1，，2，⋯， }at ：0 andthe equation ofits zelo 

dynamics is asymptotically stable in approximation at 

= 0．then it can be stabilized by dynamic output feed— 

back． 

Proof W e cab a ⅢⅡlewithoutloss of generalitythat 

1 2 ⋯ = ，，since this can always be 

achieved by perfomaing dyaamic extension oil(1)．Let 

(1)be asymptotically stable according to the Nth order 

approximation．Itis knownfzom(13)thatthere exist a 

positive integer 2，alinearfeedback =∑ +。。 

constant，and a local nonlinear coordinate transformation 

such that(2)Call be transformed into the following 

foi"121： 

f =，0(：)+g0( ，}l，⋯，．r+1) ． 

1 l= 2，⋯， ： l，⋯，{ 一l= ， 

l =fl(z，}l，⋯， +』)+gl(z， l，⋯， ) ， 
【 ： l

， 

(9) 

where ：( l， 2，⋯， +1) andfo，go fl andgl have 

the ptopei'ties： 

a)go(0，0，⋯，0)：O； 

b)fl(z，0，⋯，0)=O(Il lI )； 

c)gl(0，0，⋯，0)is invertible； 

d)Ⅲ dyll~ Cs 

= f0(：) 

is asyroptoticany stable according to the Nth order ap’ 

proximation． 

Itis easyto seethat thwe exists alinearfeedback 

= ∑且毫， (1o) 

suchthatthe closedloop system (9)and(10)isasymp— 

totieany stable acc0咖 to the Nth order approxima— 

tion．Since Y = l，Y‘ )= +l， = 1，2，⋯ ，r+ 1， 

(10)impliesthat(2)Callbe asymptotically stabilizable 

in approximation by afeedback oftheform ：口( ， 

^2) It follows from Theorem 2．1 that Corollary 2．2 

3 Examples 

Rffimt~ple 3．1 Considerthe system 

f0= + l+g， 

。 ， 

⋯ l拿
2 ： 一 l一 ，+“， ‘ 

L = I_ 

Tbe system(11)is linearly unobservable and Ilol~ - 

mI1IrIphase，sothemethods preseatedin[3．8—10]are 

not applicableto(11)．Iftbe f。e曲ad：“=一 ”： 

is IJs。d，then system(11)istransforaledinto 

fj：z4+ +岛， 

I { ⋯  

I =一 l一 2一，， 

L ： I． 

We nOW prove that(12)is asymptotically stable ac— 

cordingto thefourthorder appi~ ol1．Itis clearthat 

(12)has allinvatiantmanifold 

mhich satisfy equation【。 ] 

f 山积 - ( z--~2(Z ，)l l。 )1 c 4+ -c： + ；c =(一 )一 ，J· 
a 

(14) 

By solving(14)approximately，wc obtain 

l
(：)=一，+O(I=1 4)， 2( )：O(1 14)． 

(15) 

The reductionsystem of(12)is 

0：一，+0(I=I )， 

whichis asymptotically stable accordingto thefourth or- 

dcr approximation ．Thisimpliesthat(12)is asymp- 

totically stable accordingto thefoa-th order approxima’ 

tion．Thus(11)satisfiesthe condition ofTheorem2．1， 

soit callbe stabilizedby dynamic output edb ：．The 

orderofa dynltmic corrffmasatorfor(11)may be 
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ifwein~tat~themethodpresented inⅡle proofofTheo— 

m  2．1 to design the dynamic c0mpensaIm
． We cr衄 

use s0I【Ie better metlx~s to design a dynamic compen- 

sa∞ so long as吐le condition ofTheorem 2．1 is saris． 

fled．By using a-revised method，a dylllR~c ccmpen— 

sa oforder 3for(11)call be given asfollows： 

ru=如， 一 

y -

一

6t

0 12 Y 0)；j I 2=3+(一1)， 
L以 =02一如+20(Y一01)． 

Details ofme design aIe omitted． 

Ezan~le 3．2 Considerthe system 

2 ： 一 + 
1 c23 

{ 1= 2， (17) 
。 

Itis easyto s∞ thatthe system(17)has neither nle 

relativedegree at( ， 1。 2)=0northe z6"fodyilar~cs． 

Bytaking吐lefeedback =-2(y(’ ) =一2 we obtain 

I。= +扣， 

{ 1= 2， (18) 眩
．

¨  

We FlOW show that(18)is asy1Ilpt嘶cal1y stable in 

appmximalion．Let 

= {： +吉鳍+ 1钮2+ 1 c3 如． 
Then Visl~sifive definite on sal腓 neighborhood ofz= 

0， l= 0， ： 0．By a din~t oomputation ，we have， 

on s。II1e neighbomood of==0， 1=0， 2=0， 

= 一
：4+ 1 3+ 

1 一 1 一 + 邑+ 

鼾岛一号 +号： 鳍一{鳍酲≤ 
一

(1一a — 1 c3 )。4+ 1 2c#2
z +扣一 

+{ +g一号 +吉钟+吉畿≤ 
一  =4+{ +{《一号《一 +吉甜+吉 ≤ 
一 {： 一 一吉g． 

This 叩1 that(18)is asymptotically stable coIdiⅡg 

to the fourth 0Ider approximation
． By ．n ㈣ 2．1． 

(17)canbe stabilized by dynamic outputfeedback．The 

design of a dynamic cc~apensalx)rfor(17)is omitted． 

4 Conclusions 

Based Oil the concept of asymptotic stability in ap- 

pmxmaation，wehavepresented a constructivemethodto 

st曲il a class of nonlinear sys~ms by me“ of dy- 

namic outputfeedback．Our result does not as ∞eiocal 

uniform complete observability， and may hall~e solr~ 

nolmlinimmn phase nonlinear systemstam cam~tbe sta— 

bilized by existing methods．Two examples ha ve been 

usedt。illustratethe effectiveaess ofour珥lptDacI1．How 

tofindtheminii~tmlorderdy／llRDic outputfeedback con— 

troiler remains t。be furaher studied． 
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