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Max-algebra description, stability and perturbation analysis
of cyclic queue network
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(Department of Automation, Nankai University, Tianjin 300071, China)
Abstract: Based on max-algebra, state equation for cyclic queue network is derived, and the stability of the system is dis-
cussed. The interchangeability between the derivation and the expectation of performance function is proved, then a method for
computing the sensitivity of performance function with respect to system parameters is proposed. Finally, numerical results are

presented to verify the validity of the method.
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1 5| & (Introduction)

BITHARE R BB E M 31A R4 (DEDS)
BRI B FD T 5, H R L B & B 98 7 ik B ) AR AR
HranRaBERLRaRA B! REM
G5 B 7 3 (40, 3 3h 407 7 1 0157) 3 2R 4 k4T 434
ik EBREMNRERU MR AEN T LR
T —FpREE TR . X6, 7] AR
FRBHETETLRRS , £ RKABEKRERS
BEME, EXTRXERE, FEIT T XERBENR
I ES BB RS TSRO Rt 6E
BB RN . S8 ] T RBEENBSIEN T REL
PITEFRBRSHREE MY EERERRSEY
KRB E | — B IRZMIL T DEDS i
B F BT RERIN sh PSR Fe 4 o Xd 56
BEZ FEAMST. A CEREE SN
DEDS fHREARXE R, M HE 3K .

AT THRFHANEZERGE BB ETH
GRS BEERESEES RERAX[7]0ER
SIAT RERERSE, IEH T Rt mE N AT

TEAREFARE R R B AT B a4 TR PR HEBA
R RER B R B M ITE T &%, FF A E 6K
IE T TR AR,

2 EFRHRAREZMENSRKRESERHR
(Mode]l and state equation of cycle queue
network )

2.1 #E(Model)

EEAR m MREFHEFHAR L, 81 R

5 M, ATHAE - BRA WEWSEB,, WE 1 A7

AT EERE, EMPSRAREL).

J;.J,,_l---JZJll,_ My — My = | M, 7

B1 fEFHBAR L RYon =B

Fig. 1 The diagram of a cyclic queue network
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NMREEEEZHEFRES, WRAHPENEE
BERFAEFRG G, R E A T UHEARS.

BB B, BZER b, R/, REFT L2 AR
HEEEIARHA M (b, = 0,i = 1,m)  RHEEE
TEFRHEAM 4 (b, = «,i = 1,m) MAHHRE
PRHTESRHEBAPIE (b, A RME). MR AEAREM
HHRAETT UL AR EERRSE, HAERS b B
ZrpEE B b, MRS ETIE 0 ARS8 O SR B
2.2 RE&F FE(State equation)

BRAELEFIR,e =— », S R=RU le}.ZER
LEXHAFER INE o M EEQMT -

e b=a+b, a P b=max{a,bl, Va,b € R.
Hp“+ " HAENERNE. EXT LABEITHE
BHRIRABAKARE. ERSIRBEBHELT,IEa
cb=a®b.%e=0,FH,e,e HHNRBRAEL
A TTMEFTT . BT LUE L & 5ERE MR K
RE TR LT IEFHNSEY, B ARKIREE
XTFHHERMERE . L[4 —BBHITE~RK
RAET=LRBEN TR FHER K TR XHWER, THES
HIEFHEBA B R RE T R R .

ARG 2 M, M kAN RE J, MRS EFEA
Pk,6;], K S 6, hEEHIS . iEME J, FRF 6T
18]

P(k,0) = [P(k,6,),P(k,05),,Pn(k,0,)],
0 = (6,,0,,,6,)".

BAMMIN TR : P(k,0,) RT ¢ Mk UL, RT &
52455 P(k, 0) 895340 L] Fi(s:,6,) 265 Fi(s,

i=1

;) 2 P,(k,6;) WA eR%.ic

& = (51"“’5m)T,

P(6,8) = (g1(61,61) ", gn(0n,60)),
Hebh g,(6;,8) = Fi' (1,6, 8), 6 BA[0, 1] L&
WE4m WERER N N(BBX),BE L Em T
AR 55 2% L B IR 55 it [B) W] 3R
Pk(gyf) = (g1(91,51;,),g2(92,52;,),"‘,gm(ﬁm,fmk))-
18 8% = (busbanrr6mi) 6= (8, 1< k< N)LER
281 EMARGH —TREER.

WX [k]A L ERFSHRM, LIRS EREETT

getiE. BREMRS e BRI ERE, EE T K = A,
AHEEE

(Xi[k+1] = Plk+11X,(k] @ Pk +
X nalk]l @ X,LE],
Xlk+1) = Pulk+ 11X [k]® - @ Pilk +
X[kl Pilk+1] X, n k]
X alkl,1 <i<m,
(Xmoilk +1) = Xpoalkl, 1< i< h - 1.
(2.1)
He Pg[k] = Pi[k]Pnl[k]“‘Pj[k]. BRXCQC.DE
BAEESHEER A

q

X[k +1] = ALk +1]X[&]. (2.2)
H
X(k] = (X, [k], Xl k], X[k ], X LR,
X (DT
ALK] = ALkl Aplk] ’
Aulk]  Aylk]
(2.3)
Pl k] e €
k] - | Pelkl Polkd e :
P (k] P, [k] P.LE]d
Py k]
anlh)=| € PolH caalel=[5]
: € €7 (h-Dxm
Pilk]d non)
- B}
e € €
Ayl k] = e € (2.4)
L ¢ € & J(h-Dx(h-1)

0 kN EEBEFEm NRFHMEEA RS
g atmE, W y[ k] = X,[k]. id[e, -, e,e,€,
e )"X[k] = CX[k],KP C =[e,",e,e,e, ",
e]", B REHREFT BN

{X[k +1] = Alk + 11x([k],
y[k] = CX[k].
B X[0] = Xo,MH X[N] = AyX,, HF

(2.5)

Ay = A[NJALN - 1]---4[1] = ﬁA[k].

(2.6)
PN

y[N] = CX[N] = CApX,. (2.7)
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3 {EIRHEBA W 4% A2 E M (Stability of cyclic
queue network)

EX 1 HEFHARE RE(2.5), INRFE
FRALE= 1,2, m, B lim (X [k ]DOV < Q.
s, WFRGERRSIRER . #2008 1= 12 =
= A, WHRRKRBER.

EX 2 XTEFHEBARIZE REE(2.5), INRTHE
ﬁﬁk,ﬁﬁ%&rg(y[k])®l/" = Aa.s. ,HKRGER

B EN.

SCL1)EAEERE ALK WA AEFR T &
GHREMN, S THINER ALK] AT ARNRH
Fik FAX[1] Bl k&

I3 1 EAHEARERE (2.5 5%
Alk] BT 989,

IR 1 HARS(2.5) MR ITEITHEAR 4
RIEMW.

B oy[k] = X,.[k], 7748

lim(y[£])®V* = lim (X, [k])®, as.,
FrLLE

R 1
BEBRE.

BEMAWR TG HEA G ML shr
BT Eu.

4 BEHRHMNEHXBRESKHIISGH

(Critical path and perturbation analysis of

RAF (2. 5) R i 18 - HEBA R 4%

cyclic queue network)

4.1 X FE M (Critical path analysis)

BRWFEE 1 FinEH HEAR & B4 2 8] 1
EEXRER L O, BRBE J, RS /M, EEZR
%ﬁ“gﬁz,S( Oi,k),m(O,-,k),F(Oi,;,) ﬁ%”%/—%
0, WY I 15 AR 55 B 18] L RR 95 B 18] 1 AR 45 56 LA 1], T
P.lk,6;] = m(0; ;) a.s..

#FXLk-1] = S04, WEFH 0, , KEZ
HIAR% 28 M, A= NETE]. & F(O;,) = X;[k], B
400, BAHMBE, Wi x[k] = F(O,,) =
P[k1S(0; ). % X;[k] > F(0.,),%4 0, , FHE
Z, BBERQ. DA XE] = X (k- 1], B X[ k]
B X, (k- 1] 3E. £, 0, AHEER,
Xk =118 X, [k - 2] BRAE ARWKSEHE, WT15%
X[kl =z Xulk - 1] = = Xeau.nlk - 1(i, k)],
H 1(i, k) = minim - i,k}.BTE n MRS
58 1M MRE[/AEBRERIPFRAEERY, B

B i+ 1, k) = m+ 1B, %0+ 1(i,k) = ;24
k- 1(Gi,k) = 08,4 k- I1(i,k) = h + L. %
Oirt,h-1»0is2i k-2 s OusaCioiy k-t ) A Oiie B
B 244

PR O,y ZREBIREFMHH O, WEERMS,
F_E‘ 0,-',;,' %Oi,/‘ B@%lﬁ%f*;ﬂﬂiﬂ’ﬁz Oi’,k' < Oi,k-El
M<” EXTHEHELHN—MRIFXER. & O v
RO, WEESHEM, H S(0,,) = F(Oy,p) =
X[k ], %% On o O, WEEEEMH. F5H, B
FREAHAME FE -/ EBRE DI
%,k > mE,ER O,,k-mB0, WEEEMG.
R, B TR HEAM S R —TNBSRE—
APLEEHIE, W & > m B, HH 0y 4o 0, WE
B

SNFEEHANFEML Oy, 0y, EFHEFH B
0,0, , O, R0 = 0; 4,0, = 0;4,0,1 <
0,(r=2,,12,Mw= 00,0, N0, , FO,; ,
M—&EE, MR 0, 2 0, WEEEEM, UK
MO0y p BO;,, B—FRRBER,IEH (¢, K
i k). mw) W o EIRFEHE, BRE m(w)
=®/.1m(0,). B EXHEHET

1 R (K0, k) AN 0, O,
RIEEEER, & Oy v XZEW, 0, , THZE, N
mlw* (' K 5i,k)) = X:[k] - X[k ) + Pa k).
4.2 S HEIE (Principle of perturbation analysis)

WEREHH N, MIERHEA R GRS — %
B 75 B9 2 Bt 1]

T(N,6) = 2p[N,68) = 3X.[N,6), (4.1)
ﬁqj 6 = {Bi).i = 1,"',"1}, ﬁﬂﬁyﬂ

ET(N,8) = -j{—,EXm[N,B].

THHTTSHEABRER R T IBRTZM:

Big 1 g(ry.0, + A6;) — gi(ry,6;) =
ad
a_eigi

EO(A@L, TU‘)

(4.2)

(ry,0;) + O(AB;,ry), W.P.1.

g2 lim = 0.

wah ot E R EMEER
T(N,8, + A8) — T(N, ) JET(N,8,)

E( A > )”379 6, W

fh1H05), At it iR R4

JET(N,8) IT(N, bp)

30 = ETog 60 € 6. (4.3)

Cao X.R.7ZEX[10] Xt — M REREX L(6, &)
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BHTR@.3)NBR &M, Tu F.S.7E3[3]F AHX
NEBEERHRIER T, R (4.3 EFES TR AA R
BRES T X T 847 A =R E#R AT . 48 30X B ERA
TRUAIDXT TFIEAHBA MR E R .

TEIFHEBARI2% (2.5) , HREHIERFI X, = [,
e, ,e])T, AN(2.6)50

y[N] = C-X[N] = C-Ay* Xo = amy,
Kb ah H Ay B m x| TE, BT

T(N,8) = %Xm[fv,ej = %aﬁl.

TERQ.3)F, Ay A, S5 EXx, REEME BERE

Allk]  Aplk] Allk) Aplk]
ALk) = [A2l[k] Al k) - [ Az A, ]
S

. A[k]) 412[k]

A = [ Tl

W oaky om x m WEFEA K] HE mx 1 TE, B
Mo, B8 ok R, RETE A (L] RARE AN
®AliE, 3 k€ 1, N,
Akl = A k] - ALk -1]A01] @
3C - ALk - A [B - 1])--4, [1].
(4.4)
Hefr 4, [#) FTERBUEN Ay, Ap B E,BF ERHEK
RECESCT BB, 3 [3) RIEMRIERR(4.4)
LB 1T MNEENE I TER Pk 208
PRI @ Figkh @ MABBIM. BT A, A, BL
Plk] MERTINGE @ Mk @ BERANEEMEN
JLE,HERMNBAT IEYESRR(4.4) HHE 2
xR GERE R BN TR WA RR A P k) &6 RIK
gk @ Mk @ WIER, RREEHLERERER.H
Womx m VEEAIN] EDITTEETLUES R
Plk] EREINE @ Mk @ B, TE TN,

6) = yam tud P[ k) ZxH RIS @ TRLE
BE . BX[5)MER 2.2 T LURINT E R

EIR 2 TEHHEBAME(2.5), BT 1 FER
2, HHae B 2
JET(N,6,) IT(N,8y)
76, = E 26, 6o € 6. (4.5)

P E B R B A3 A DT A TEAR I HE A R 48 A E F 2E
ETHIEERM.
4.3 MM AYITE (Computing of perturbation
analysis)
PEHEBA 4K (2.5) , 8 LR RE Y

In(8) = Ely[N,€)/N] = E[X,.[N,0,6]/N],
Bp NV B TE 7R SR HEBA N 4% & 4 & K 3 IR 45 B 1]
KIHIE . 35 lim Iy (0) = J(6) F7E, WFF 1/J(6) A
ERGHETR, P X, (N,0,8) BRI 7 EHLE
B g(7,0) = {g(7a,60.),i € 1,m,k € 1,N} KK
B.OARR— B, (RS 6, 7 O L#s, HES K
Bl A%, WEF ¥ X, (N,6,8) ieh X,.(N,6,,
g). MEH 2 5, 7EWBMEE 1| RE 2 &40,
JET(N,6°) IEX,(N,6%,8) EaXm(N,e?,g)
Nog® T Nag, = N3G,
W N FE4 KRt RATA
IET(N,6) _ E{aXm(N,G?,g)}

26, = Na§, =~

LEM)(X,”[N,OQ + A8y, g'] - Xm[N,e?,gf])

MN < AG, :
(4.6)

HF X, [N,60, ] BREVLRAEB B M Ak R
PERHL.

AT ALK, T LUE LR 3)
STk — L.

TEREA w T, RE(2.5) BH BIEMULAL, B
ERGEEM, WRGEHXEHEHE—. B 0,, 5
Om_/v E‘J;‘é%ﬁgféﬂg cu* = 0102“‘0m+N,/J‘7\ Ot =
0.;,t€1,m+ N, Wi 1,

X, [N,80,u] = m(w*) = 2 m(0,) =

m(0; ;) = le,.;j,) = Zg{'[ﬁ?‘,u,-‘[k,]].

(4.7)
HoF u [k ])RA0, 1] EHHSNF. 4 6 B
H 6+ 06, B, MBI RS ETEIZE R Pk] =
Plk]l+ k], k€ 1,N, 5 Alk] = g7'[6f +
AGy,ui[k]]) - gr'[60, ui[%]). 25 AG, BB/NET, BT
5172 69 R 55 B 1] 80 0 ALk W BB/, WA
e >0, % | AG | < e BF, REHARUAE, JHHAK
(4.7) 7E 6, 9 —/DARAN B RGL, T2

IT(N,8°)  3Xn(N,6Y,u)

3

-

t=

6, = NG, =
1y aggl(e?‘,ui‘[k,])
NZ,:( 35 : (4.8)

0
e e TP wngs
JET(N,G)

26,
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4.4 {FE3EH](Simulation examples)

FEE 1 BRBER 4 MRS SR IE IR HEA K
BERR, SRS B[UHFEEER L 1, BRI R
= 6. BIRFI[/RFSHMPIMEBLSARE L.

BOTEMBESE N = 100,000, X 3 AN
SHUE,FI AR (4.8) BT E AT RE BT &
BRMAGE X 2HHTHESR, EFNRH8EF
B 20 WML, it 2 —R sl .
ERVHSHT AEAFR™EHEEL 243K
TL,RAREEIREREIHASH T, RRESTIET.

A1 BRFHBRSatiE RS A
Table 1 Probability distributions
of service time on every station
TR %5 4% G4 REK 1A B

M, F](x):l_e_gll Pl(alr].;)=—ellog(l_ul,j‘) 6,

M, F2(x)=l—e_,,~,£922 Pz(azrjz)=—6%108(1—"2.1',) ta

M3 F3(1) = 0;:_6; P3(63yjz)=03+(0%_03)u’3.]l 03
37 V3
M, ERKSTT Pi(8s,7) = 04 8,

k2 REABE KD H EAE T REE AL R
Table 2 Simulated results of sensitivity based on critical path and perturbation analysis

i H B8 6 0> b5 s
14 BHIE 6, 100 14 17.5 144
ﬁﬁﬂ% 0. 0942969 19. 7281 5.26791 0.38274
BT HE  2.50724e -6  4.67692e -3  4.41304e -5  6.79765¢ — 7
®2 S 0, 145.5 6 16.5 146
’ﬁﬁi‘r% 0.564165 0.0436164 7.41172 0. 436246
it 5.8284de — 6 6.68082¢ — 5 8.172¢ - 5§ 3.97095¢ - 7
34 EH1E 9, 144 12 17.5 144
ﬁﬁﬁg—é_ 0.107107 11.185 9. 64057 0.382192
it 1.89103e -6 1.1067le -3  9.09912 - 5  1.93073e — 7

5 #5353 iE (Conclusion)

A XTEFHEA IR RGE, 5+ 97 T A G H0%a
EHE, B XEBAMR T, 838717 —
M ENE S IR S SRS R
MERBREESHN EXLXBEFEEMLITRE
B TR EFREENNS AR H
EXTEAHEA R T E TR EEEENE L.
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