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Unifying and universal optimal white noise estimators

for time-varying systems
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Abstract: Unifying and universal optimal white noise estimators are presented for the time-varying systems with the corre-
lated noises, including the measurement white noise estimators and input white noise estimators. Unifying fixed-point and fixed-
interval optimal white noise smoothers are presented. And specially, unifying steady-state white noise estimators are also pre-
sented for time-invariant systems. They provide a new way to solve the problems of the state or signal estimation and deconvolu-
tion, and can be applied to data processing in oil exploration. A simulation example for Bernoulli-Gaussian white noise is given

to show the effectiveness of those estimators.
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1 35| E (Introduction)

BEVL R SR A B RS AR Bt B 7S R
% B (deconvolution) , ZEA ML BENER GE R . F 54k
HESGRA I ZHR A . Mendel2 LA Wi B
BRI AHEFA Kalman T FERE THERSE
MRS ABR S E{ER . Mendel I FEMERD
BEFERER - BARREARSG W H RS it
R, H A Ry E RS RE H RS 140 .
BARAXBMBIAH THHEHXGEEFNEREB ALK
FAEE AT, B8R R eI H 7S £ 3 el B . SO
[41F[5 | ARREEFFI ST A ERETE —HH
BEATEE . EAEER ARSI ES, T
B SFEWNNERAEEES, FHERIERESRF
S MREREES) BRBENREARTEE
MHENTRSE, MFHERREBSHREMES
AT R RS FR R, 4 X ET Kalman 38

WORE H 38 :2001 - 03 - 12; W4 SR H #9:2001 - 12 - 26.

TR th T A S R S B AR R G B9 48 — B9 FNE A Y IR
B A MBI LS EERE  EARRREMES
BABHEEERETHOIR .

ZIBEAHXES BRI RS
x(t+1) = ®(2)x(t) + B(t)u(t) + P(t)w(2),

(1)

y(t) = H()x(t) + v(1). (2)
Har, ¢ HEBETE,RE «(2) € R, MH y(2) €
R, B AHBRE w(:) € R ,MWEYFHE »(2) €ER™,
EHISA u(t) €ER,B(2),B(t), (), H(2) BB
HIR AR .

Bl w(e) M) BETHAEBERS,

w(t) Q(z) S(2)
E{[v(z)][WT(j)vT(j)]}= [ST(z) R(z)]&j.

3)
HPEXBES, THEES,5, = 1,0; = 0(¢ =

HETH - BEXERPFEEE(69774019) s BERUTEBRAB ¥ E L (F0L - 15)FHTH .
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i), R(t) > 0.S(z) HAHREE. D, (t,1) =
B2 x(0) FHXT w(2) M o(e) , BRAY _ S()KN(2)BT(1) + Q)TT() — S()T°(2),
{5 po MHFEM P,. (19)
B®ig3 «(:) BERWHEHEERBA . My(s 11+ N) =

BREBREEITEER EFRM (y(: + N),
o y(D)) R AR o(2) FIALRE w(2) B
BR(RERPFTE) EESHF 0(: 1t + N) F (e |
t+ N),%—iEHO0(:t1t+N),0 =v,w.3FN=0,
N>O0EN <O, HFEENIRMNORFEIEES,
P AR TR AE .
AXEFRLE(1),(2)H Kalman 38 3 30
2 +11t+1)=2(t+112)+ K +De(z+1),
@
2(t+112)=®()2(e 1 t)+B()ul(e)+J(2)y(2),
(5)
e(t+1) = y(t +1) —H(t +1)2(2 +111¢), (6)
K(:+1) = P(¢+ 11 )H(+ +1)Q'(t + 1),

(M
P(t +111¢) =
D(t)P(: | )®T(:) + T ()L Q1) -
S(e)R(2)ST(2)1T™(2), (8)
P(+11t+1)=[, - K(:+1)H(:+1)]P(z+1 1), (9)
&(2) = ®(r) - J(2)H(2), (10)
J(t) = T(¢)S()R(2), (11)

WHIME £(010) = 4, P(010) = Py HEHF B (1)
WFE Q(1) N
Q.(t) = H(t)P(¢ 1 ¢ - 1)H"(t) + R(t).
(12)
2 Z—HIB R 8RR & B8 (Unifying opti-

mal white noise estimators )

EE1 FHXRFERNZERSZO),(QERR1
~Big 3 THEEARR G RFEEHEE
#(t1t+N)=0 (N <0), (13)
8(t1t+ N) =
Bt 1t + N-1) + Mo(t 1t + N)e(t + N).
(14)
HP O =9,w,N=0,1,2,-, HEX
M,(211) = R(2)Q:'(2), (15)
M, (t 1) = S(2)Q:(s), (16)

Mp(t 1t +1) = Do(t ,1)H (2t +1)Q71(2 + 1),
(17)

D,(t,1) =~ R(K()D"(2), (18)

D,(z,l){ﬁga(z + D) }H™(: + N)Q7'(¢ + N),

(20)
() = [I, - KGYH()]"®™(2). (21)
EEREFLERE P,(t 12+ N) K
P(t1t+ N) = R(t) (N <O0), (22)
P,(t1t+ N)=Q() (N<O), (23)
Pe(tit+ N) =

Pi(t1t+N-1)-

Mg(e Lt 4+ N)Q.(t + N)M§(e | ¢t + N). (24)
E B0 =, IWEELS G 1+ N)R
v(0) Tl (y (2 + N),-,y(1)) RERWRERE L
FHHE . H N <O BB ~ BiIE3IMHR
(1) 5XRQ) ZERBHA o(t) FHE(ER) F L. &
p(t1t+ N) =0(N <0). ggERBEARCA
o(e1t) =06(2 1t —1)+E[o(2)e™(:)]10:(2)e(2).
(25)
HRXQAMR(O)BAEHEEER
e(z) = H()x(e 1t -1) + v(2). (26)
HfFx(re-1) = x(e) —x(ete - 1). 55 v(z)
AHEXF G 1t -1), FTRBAR6)SA
E[v(2)e™(2)] = R(2). (27)
HAQSHMKXQDAEHEN N = 0L . B H®
X
x(t+111) =
S()[I, - K()H(e)]x(t 12 - 1) -
P()K()v(e) + T()w(t) — J(2)w(t).

(28)
HNEARE
vl +1) =
v(e 1) + E[v(2)e™(z + 1D]01( + De(z + 1).
(29)

EREHR(26)FX(28)5] H

E[v(2)e™(t +1)] = D,(t,1)H"(: +1). (30)
K D,(1,1) BHR(18) B XL . K (30) FRAK(29)
HWEHEXN N = 1 Bor. ARNEAREF(4) X, K
6 =w,

M, (t 12+ N)=E[v(t)e™(z + N)]Q'(t + N).
(31)
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B2 HERATFRXE
2(¢+ N1t +N-1) =
d(t + N,tdx(t 1t -1) +

t+ N

>T0(t+ N,i)[- (G - 1DKG - Do(i - 1) +

i=e+l

(i - Dw(i -1) = J( - Doe(i -1)]. (32)
Hp ,@8X @(t+ N,t+N) =1, %i<t+NEX
O(t+ N,i) = ¢T(2+ N - 1) 9"(i). (33)
R R(26), (32)FR(33)5HE X 6 = v BOL.
FIEAUEE BT 6 = w AL UEEE .
#Hit1 FE),QEBREI~-BRITHER
A SEE Yok R
v(s 1 8) = R(£)Q:'(t)e(2), (34)
w(e1e) = S(e)Q:'(2)e(s). (35)
it 2 R&E(D,QQEREL1~BERI THIE
BB OREGEE0(t 1t + N0 = w,v,

8(t1 ¢+ N) = ZMg(t [t 4+ i)e(t +1i).

(36)
w3 Mp(t 1+ N)WEBHEIHE N
My(t 1t + N) = Dy(t,NVH"(:t+N)Q:'(t+N),
{Dg(t,j) = Dg(t,j- Dot +j-1).

(37)
o j = 2,0, N
ER 2 WHXMAENERLE(),(Q)EREI
~ B 3 TRALE € X [ & M= 328
Bt I N) = 8(t11) + Dg(2,1)r(t + 11 N).
(38)

HP 0 = w,v,t = N-1,-,1, BERERHER
r(t+11 N) =
e(t+1)r(242 | N)+ H'(t+1) Q' (t+1)e(2+1),
(39)
HWIME r(N+11N) =0,H ot + 1) IRQDEX.
FHRIREFEERN
Py(t | N)=Py(t 1 £)-Dp(2,1)S(s + 11 N)D}(2,1).

(40)
Hebr=N-1,-,1, BEREBER
S(t+11N) =
p(t+ 1St +21 N)e™(t+1) +
H'(: +1)Q' (e + 1)H(t + 1), (41)

WPME S(N +11 N) =0.
iE XRBIBIERTEEDPET 0w I N B

i RSN FETIEESEF LT o(2 | N)
451 .

F XRBIESHETEABAORAEER O (11
+N) B EIRABERAGESE (1 V) PHER. X
W3] ERME H D, (¢,1) = QQIIT(1) - SC(2)JT(e), T IE
By D,(t,1) REA19).

3 KA B8RS {8 2% (Steady-state white noise
estimators)

Xt FERAERGE(1),(2),80 &(:) = @,B(2) =
B,I'(t) = I',H(t) = H,Q(t) = Q,R(¢t) = R
S(t) = SHIGaHE ¢ XX, BW(D,H) HELTK
Wixt, (@, Q) WLtk  Xho = o - JH,J
= I'SR',QQ" = Q - SR'ST, MAZEKZ Kalman
WU %> o, P(t+111)—3,K(t)—> K.
HX(9) RARB) A = WREZE Riccati FH

S =@[3 - SH"(HZH" + R)"'HZ]®T +

r(Q - SR's"Hrr. (42)
B R (7)FIX (12) F 182 Kalman 38R K MR
SEHEFTEH Q. 75K
K = SH'[HZH" + R]™', Q. = HSH" + R,
(43)
BHiR@) ~R(6)% 1t > o WBEEA Kalman FIRARH
x(t+111) = ¥x(elt-1)4+ Ky(t) + Bus),
(44)
e(t) = y(t) - Hx(z 12 - 1). (45)
HPEX ¥, = d(1,-KH),K, =PK+J,H¥, K
BEAEC,HE () iR (44) FK (45) £ B Y]
B x(110) BHEHH.

HEHE 14 ¢+ — o LABMTEER.

EE 3 BMAZEREQN),Q)ERKR 1~ &IKR3
MELTRMMEZELERBRERT, A& RS A
MR 7S filh{E 8%

B(t1t+ N)=0 (N<0),0=w,v, (46)
BCt1t+N) = 8(t 1 t+ N=1)+M;(N)e(t+N),
(47)
He N =0,1,2, 3838 My(N) R
My(N) = D,()[(1, - KH)T®TI"'HTQ ",

(48)

{Dw(l) =—- SK™®T 4 QrT - sJ7, (49)
D,(1) = - RK"®T,

M,(0) = SQ;', M,(0) = RQ;', (50)

BREIEBRERSOVRALESREAN
8(t1¢t+ N) = .EMg(i)e(t +i). (51)
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4 {HEGF—HE RS Bernoulli-Gaus- 2(£) = [0 1 +0.2cos 300]x(t) + o(t). (55)
i =3 B 11i-G: 1
sian B 1§ = {4 (& 2% ( Bernoulli-Gaussian WH 1 o(s) BER N(O.02) B, w(s)

white noise estimators for a time-varying sys-

tem)

Bernoulli-Gaussian M7 6(¢) Al H THE G H
wRHE RS ZFOFHI0, Ex F R AN E
HEIJILFAERREAFEZRAER, EHEX N

e(t) = bg(t)ge(t)- (52)
e by(e) —BUAE 0 3% 1 B Bernoulli FMRF , BE3 N
P(by(e) = 1) = 24, P(by(t) =0) = 1- 2,
(53)
T go(t) BRMMILT bo(e) HFHETEN o W
Gaussian F 275 . B E R G

1 0 2m
. 2m O}x(t){zcos 300}w(t),

0.5+sin = — 1

x(t +1) = |:
300

(54)

0 100

200 300

Bl 1 Bemoulli-Gaussian¥i A HEERE w(h) 5
AR P 2% W(e|r +3)
Fig. | Bemoulli-Gaussian input white noise w ()

and optimal smoother W (¢ |z +3)

5 452 (Conclusion)

A ICET Kalman I 5 BIEH T W AHXE S
A AR 2 G0 RO R I 5 IR 7S AR A B TR 7S Y BB E T [
EXEBREARAELRSE, FHIMEATERERR
HTH-WBSBRMMEAQREMGERS, EMNHE
R T 45— B0 A0 P B A B MRS A, R T
X1 ~5]1MBaRAMERHSIMBRYE, &G
TXRBIFHER, IRENESBIMBB R T
FRIAL.
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