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Absn囊ct：With the help of operator semigroup th~ry，the frequency domain InetIl0d and the multiplier techniques weIe 

app~,d．When the Kelvin-Voigt damping was distributed locally on any subinterval ofthe region，the energy of the ll0dl0m0窖e． 

ne0IIs F_．,ulcr-Bernoulli beam was proved t．o decay uniformly exponentially． 
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嵌有 Kelvin-Voigt阻尼片的非均质梁的镇定 

陈叔平 ，司守奎 

(1．贵州大学，贵州 贵阳 550000；2．海军航空工程学院 基础部，山东 烟台 264001) 

摘要：借助于算子半群理论．应用频域方法和乘子技巧，证明了具有局部 Kelvin-Voigt阻尼的非均质 Euler- 

BenKmlli梁的能量是指数衰减的． 
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1 Introduction 

Embedding viscoelastic patches in an elastic structure 

is a stabiliTation technique in engineering．Consider a 

clamped nonhomogeneo us elastic beam of length L．One 

segment of the beam is made of a viscoelastic material 

with the Kelvin·Voigt．constitutive relation．By employ· 

ing the Kirchhoff hypothesis and neglecting the rotatory 

effect，the u~msverse vibration of the beam can be de· 

scribed as the following Euler-Bemoulli beam equation 

witll the Kelvin-Voigt damping and ifflfial·boundary con· 

difions， 

f “+( +DbW~t)，，=0 in(0，L)× ， 

{w(0，t)=w(L，t)=w (0，t)=w (L，t)=0， 
【tt7( ，0)=wo( )，w ( ，0)=tt7l( )， ∈ (0，L)， 

(1．1) 

WhCl~the pIiIl=Ie t~presents the derivative with respect to 

the spacial variables ，w，￡，』D( )>0，p--El(x)>Oam 

the transvm'sal displacement，length，density，and flexu· 

ral姆 dit)，modulus of the beam，and Db≥0 is the 
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damping coeffi cient which is strictly positive on a proper 

subinterval [口， ] of [0，L] but vanishes on 

[0，L]＼[口， ]．The energy of solution to(1．1)at 

time t is 

E(t)= 

1 r1 刳0[p( )I WII( )I +ID( )I ( )12]d ． 

(1．2) 

The pmpo~ of this paper is to prove that the energy of 

the beam decays uniformly exponentially，i．e．， 

E(t)≤Me一 E(0)，t≥0 (1．3) 

for some > 0，M ≥ 1 and all initial values offmite ell· 

ergy．When ID andp are constants on[0，口]U[p，L]， 

Liu K and Liu Z【 J proved the energy decay property 

(1．3)by the frequency domain method．We assuii~ 

Assumption A 

i)0<ID∈C [0，口]U c [口，p]U c [p，L]； 

ii)D6=0 on[0，口)U(p，L]，0<D6∈c[口，p]； 

’iii)0<P∈ C [0，口]U c[口，p]U c [p，L]． 
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W e will prove 

Theorem 1 Under Assumption A on the coeffi． 

cients，the energy E(t)satisfies the unifonil exponential 

decay property(1．3)． 

Recently，Liu K and Liu Z introduced two efficient 

multipliers to establish the boundary expo nential stabi· 

lization of the nonhomogeneous beam equation with only 

bending morflent feedback in the p~ rint．In this paper 

we will employ the similar multipliers and the frequency 

domain method to prove o111-theorem． 

2 Proof of Theorem 1 

Let =￡；(0，三)with the nol'm ll tI ll=(j：lD 
l tI( )12dx)~and V ： 瑶(0，￡)with the nOITtl 

l =(J。p l t7，，( )12d ) ．Define~= ×日 
with the holm I1(ttI，tI)I1 =(I1 ttI + l1 ) ． 

Then溺 is a Hilbert space — the finite energy state 

space．Define in ~ that 

D( )： 

{(w，tI)1w，tI∈ V，一Mspuf'+DbtP (0，￡)}， 

(2．1) 

and 

w，tI)=(tI， )． (2．2) 

Then，the equation(1．1)can be written as the follow． 

ing abstract evolution equation on 溺 ． 

‘ )' (2．
3) (

w(0)，v(0))=(wo，w1)． 

It is known that generates a Co·semigroup，et ，of 

contractions on (see Liu K and Liu Z⋯)．Therefore， 

(w(t)，曲( ))= ‘(wo，w1)gives the mild solution 

of (1．1)for every(wo，w1)∈ Moreover， is a 

bo mxied operator on溺 ．It is clear that the expo nential 

decay propelly (1．3)is equivalent to the exponential 

stability of the Co·semigroup etJJ
． 

岫 1 ( )c ID( )，the resolvent set of 

． Proof of Them'era 1 By the frequency domain 

condition for the expo nential stability of Co·semigroups 

on Hilbert spaces[2l
。 we only need to prove that 

sup{ll( 一 ) ll ∈ ( )}<+ao． (2．4) 

Suppose(2．4)is not true，by the continuity of the re· 

solvent and the Resonance theoI~m，there exist n∈ 

( )，(ttI ， )∈ D( )，r／,=1，2，⋯，such that 

ll(ttI ， )ll =1，l l一 ∞， (2．5) 

and 

( 一 )(ttI ， )； ( ，gn)一 0 in 

(2．6) 

Equation(2．6)implies 

一  = 一 0 in V， (2．7) 

Anv P一朋：=隅。一 0 in￡ (0，￡)， (2．8) 

where =一( ：+Dbv")．From(2。6)，we have 

Re(( 一 )( ，Vn)，(ton， )) I l 12dx一0． r舟 

(2．9) 

We substitute(2．7)into (2．8)to get 

ID 一』l =ID(gn+ )for ∈ (0，￡)． 

(2．10) 

Multiply the above equation  by 面 ，then integrate by 

parts on (0，￡)．This leads to 

ll ll 一ll ll{，一0． (2．11) 

Here，we have used(2．5)，(2．7)，(2．8)and(2．9)． 

Th e rest of the proof depends on the following lena· 

mRS．Let =~／l 1． 一 

IJE 2(Liu K and I_,iu Z⋯) The sequence{w } 

of functions has the following properties ： 

一 0 in H2(口， )， (2．12) 

(I (口)12+l ttI：(口)12+1w (』9)12+lttI：(』9)12) ， 

(2．13) 
-

1 tt(口一)， 二 ttI：( )一 0， (2．14) 

： Wn⋯(tl一)， ： (』9 )一 o， (2．15) 

On the intervals(0，口)and( ，￡)，equation(2．10) 

bec0 

+(pwn")”=p(g + )．(2．16) 

Le~mna3 

w ”(口一)一 0 as／／,一 ∞， (2．17) 

wn"(8 )一 0 as r／,一 ∞． (2．18) 

Since ll w + l1 ll =1 and 一 also 

converges to ZelD in L2(0，￡)，(2．11)implies that both 

II II and II ttI must converge to 1 as 

／7, ∞ ．T s further leads to 

(J。+J口)lD l n l d = 

一lira ( + )p l ：l d =吉 (2．19) 
when(2．12)is taken into acr．o~t． 

In what follows，we will show that 

(J。l l d + n l d )=0 
(2．20) 
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to get a contradiction with(2．19)． 

M~fiOy ec~lation(2．16)by (where =e 一 

1， is a positive constant which will be determined later 

on)and integrate on(0，口)，and then take the real part． 

We obtain 

Re d +Re )” d ： 

Re jolD(gn+ 厂n) nd · (2·21) 
The right-hand side of(2．21)converges to zero．After 

a straightforward calculation(integration by parts)，we 

have 

Re d = 

吉 (1D + )I I +。(1)， (2．22) 

Re jo( ：)” d = 

一 Re{ ( ∥ d + ( d }+。(1)， 

(2．23) 

Rejo( ：) ∥ d = 

一  ：I d +O(1)， (2．24) 

Re Jo( ：) ：d = 

Re{ p I ：I2d + d }， (2．25) 

Re J。 ：d = 

Re{( I I子一 [(p + )I 12+ d }． 

(2．26) 

From(2．17)and(2．26)，we have 

Re J。 ：d = 

一 吉 (p + )I d +D(1)．(2．27) 
From(2．25)and(2．27)，we deduce 

Re Jo(P~．) ：d = 

吉 (p 一 d +D(1)．(2．28) 
Substituting(2．24)，(2．28)into(2．23)，We have 

Re J。( ：)” d = 

』。 3 一 p )I ：I d +。(1)．(2．29) 

(2·21)，(2．22)and(2．29)imply that 

吉( + )I d + 

-『0。( 一 p I2d ：D(1)．(2．30) 
If is taken big enough，we can make 

吉(1D， + )>c。， 一 1 p >c。， 
here cl is a positive constant

． Thus we have proved 

—

lim ( I 12dx+ I 11)n"12dx)=0
0 0 ． (I + )： ． 

n—’∞ J J 

(2．31) 

Multiply equation(2．16)by(e ( ’一1) andin— 

tegrate on( ， )，where is a positive constant large 

enough．Similarly，We can prove 

rL ． rL (j卢I n I d + ：I d ))=0． 

(2．32) 

Thus(2．20)follows from(2．31)and(2．32)． 

So ，we have got promised contradiction． 
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