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A ；n锄ct：The boundary feedback control problem for a nonuniform Timoshenko beam with a load at one end was snld- 

led．Fkst，a boundary feedback control 9。l was proposed．and the wdl-posedaess ofthe colTP
．spolgiirlg closed loop system 

was estabfished．Then by using the mulfipfier method，it was provedthat the closed loop system was exponentially stable iftwo 

boundary feedback controls were applied simultaneously to the beam’s邱 where the load was carded
． 
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带动态边界的非均匀 Timoshenko梁的反馈镇定 

阎庆旭 ，冯德兴 

(1．中国地质大学 信息工程学院，北京 100083；2．中国科学院 数学与系统科学研究院。北京 100080) 

摘要 ：对于一端具负载的非均质 Tunoshenko梁 ，研究了其边界反馈镇定问题 ．首先提出了一种边界反馈控制方 

案，建立了相应的闭环系统的适定性．然后利用乘子法证明了，当两个边界反馈控制同时作用于梁的负载端时，闭 

环系统是指数稳定的． 
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1 Introduction 

Consider the boundary feedback stabilization problem 

of the system govemed by a nonuniform Timoshenko 

beam with dynamical boundary conditions ．The system 

to be investigated in this paper is described as follows 

(see[1—5])： 

flD +(K( 一仞 )) =0， ∈ (0，1)， t>0， 

I 一( ) + ( 一w )=0， ∈(0，z)，￡>0， 

{Mw(1，￡)= (z)( (z，￡)一w (z，￡))+t~1(￡)，￡>0， 

I (1，￡)=一 (z) (1，￡)+u2(￡)， ￡>0， 

w(O，t)= (0，t)=0， t>0， 

，  (1．1) 

where a nonuniform beam of length l moves in w 一 

Cane，』D is the mass per unit length，w( ，t)is the de— 

flection ofthe beam from its equilibrium，and ( ，t)is 

the total rotatory angle of the beam at x，lo and E／are 

the mass moment of  inertia and rigidity coefficient of  the 

cross s~tion，respectively，an d K is the shear modulus 

of elasticity．Here the boundary conditions at = 0 in 

(1．1)means that the beam is clamped at =0．and at 

= 1．the beam is ofa load ofmass M and rotatory in— 

ertia J．Here and after the prime and the dot stalld for 

the derivatives with respect to space variable and time 

variable t，respectively． l(t)and 2(t)represent the 

boundary feedback controls applied to the beam ’s fight 

end = Z． 

For the system (1．1)，we apply the following linear 

boundary feedback controls： 

ful(t)=一ct1 (z，￡)+a2( (1，￡)一w (1，￡))，t>0， 

【tt3(t)=一 l (1，t)一 (1，t)， t>0 

(1．2) 

with nonnegative constants口l，口2， l， ．Moreover，in 

this paper，we always assume that 
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Assuii~tion S P( )，厶( )，K( )，E／( )>0， 

V ∈ [0，1]，andP， ，K，E／∈ C [0，1]． 

In recent years，the feedback stabilization problem on 

the beam has attracted a great deal of attention and a lot 

of results on various feedback stabilization problems of 

flexible beam equations have been tumed out(see 

[1—7])．In paper[1]，it is proved that with both force 

and moment feedback controls applied tO just one end of 

a Timoshenko beam without end mass，the energy COITe— 

sponding tO the closed loop system decays exponentially． 

In paper[4]，the feedback stabilization problem of a u— 

niform Timoshenko beam system (1．1)with a tip mass 

and dissipative boundary feedback(1．2)was considered 

and under the condition that口l，口2， l， >0，some in— 

teresting results for the stability ofthe closed loop system 

are obtained．In[6]，the ilniforlTl boundary stabilization 

of a nonuniform Euler-Bernoulli beam is obtained by I1S— 

ing the frequency domain multiplier method．In this pa— 

per，we consider the stabilization of a nonuniform Timo— 

shenko beam with dynamical boundary and some bound— 

ary feedback controls．In a celtain comparatively weak 

condition， the asymptotic stability of the closed loop 

system is derived，while in some comparatively strong 

conditions，the exponential stability of the closed loop 

system(1．1)and(1．2)are obtained based on some of 

the results obtained in[4]and[6]and some of the 

skills used there． 

2 W ell-l~lSedlleSs of dosed loop system 

Set 

『 (t)=肘 (1，t)一口2( (1，t)一 (1，t))，t>0， 

【 (t)=蓐(1，t)+ (z，t)， t>0， 

(2．1) 

then we have 

f拿(t)= ( )( ( ，t)一 (1，f))一口lio(t，t)，t>0， 

【 (t)=一E1(z) (1，t)一卢l (1，t)， t>0． 

(2．2) 

Now the closed loop system(1．‘1)and(1．2)becomes 

l0 +(K( 一 )) =0， ∈(0，Z)， t>0， 

一 (El~o ) +K( 一 )=o， ∈(0，z)， t>0， 

拿(t)=K(z)( (1，t)一 (1，t))一口l (1，t)，t>0， 

(t)=一E／(1) (1，t)一卢l (1，t)， t>0， 

w(O，t)= (O，t)=0， t>0． 

(2．3) 

To incorporate the above closed loop system into a cer- 

tain function space·we define a product Hilbert space 

by 

= ×￡ (0，1)× ×￡；(0，1)×c ， 

where ={ ∈ (o，z)I (o)=0}for k=1，2， 

and (O，1)is the usual Sobolev space of order k．The 

inner product in is defined as follows： 

(Yl，y2) = 

J。K( l一 ：)( 2一面 )d + 

d +j．o pz d + J。 ： +J·三 + 

J o／+l 2d +yl l 2+y2 l 2， 

where =[ ，zk， ， ， ， ]T∈o~for．i}=1， 

2，and 

·

y。垒丽  垒丽  ． 

We define a linear operator in流 

[ z ]T= 

z 

— p-i(K( 一 )) 

，； ( ) 一K， ( 一 ) 

K(Z)( (1)一W (1))一OllZ(1) 

一 E1(1) (1)一卢l (1) 

[ z ]T∈ ( )， 

( )= 

{[ ，z， ， ， ， ]T∈ I ， ∈嵋，z， 

∈ ， = (1)+ (1)， 

= Mz(1)一口2( (1)一 (1))}． 

Then we can write the closed loop system (2．3)as the 

following linear evolution equation in ： 

(￡)= y(t)， (2．4) 

where Y(t)= [ (·，t)， (·，t)， (·，t)， (·，t)， 

(t)，呀(t)] 

田hl卿reln 1 Let be defined as above．then 

generates a Co semigmup T(t)of contraction in ． 

Moreover， has compact resolvent and 0∈ 』D( )． 

Proof For any Y=[ ，z， ， ， ， ]T∈D( )， 

integrating by parts and referring to the boundary condi— 

tiom of Y∈ D( )，we have 

Re( Y，y) = 

一 K(Z)yl口2 I (Z)一 (Z)I 一口lyl肘 I z(1)I 一 
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2 (Z)I (Z)I 一卢l 2J I (Z)I ， 

which implies the dissipativity 0f ． 

For the maximal dissipativity of and for the fact 

thatO∈p(v4)，it is sufficient to show that V’y：[面， 

三， ， ， ， ] ∈ there exists a unique Y=[ ， ， 

， ， ，叩]T∈ ( )，such that Y： ’y，i．e．， 

= 面， ： ，and 

一 ( ( 一 )) =lD三， ∈ (0，Z)， 

(gl~o ) 一 ( 一 )=厶 ， ∈ (0，z)， 

(z)( (z)一 (z))=口l (z)+季， 
一 g／(t)~o (z)= l (z)+ ， 

w(o)= (0)=0． 

(2．5) 

But it can be easily shown by the general theory of ordi- 

nary differential equations． 

The compactness of the resolvent of is easily de- 

rived by using the Sobolev embedding theorem ．W ith 

Lummer-Phillips theorem ，the proof is then complete． 

Thus according to the semigroup theory[8]
． we ob． 

tain： 

Theorem 2 For any Yo∈ (2．4)，and hence 

the closed loop system (1．1)and(1．2)，has a unique 

weak solution y(t)= (t)Yo，where (t)is the fin． 

car semigroup of contraction generated by ．More- 

over，if Iio∈ ( )，then Y(t)=T(t)Yois a strong 

solution to(2．4)． 

3 ~ ptotic decay of closed loop system 
W e nOW discuss the asymptotic stability of the closed 

loop system(2．4)under Assumption S and l+口2> 

0，卢1+ >0．The energy corresponding to the solution 

of the closed loop system (2．4)is 

E(t)= 

( l2+ l 一 ，l2+lD + 

I 1 2)dx+ l I I 2+ 2 I I 2]， 

where Y(t)= [ (·，t)， (·，t)， (·，t)， (·，t)， 

(t)， (t)]T is the solution to(2．4)．It is easy to 

check that under Assmnption S． 

它(￡)= 

一 K(Z) l口2 I (Z)一 (Z)I 一al l M I (Z)I 一 

y2 EI(1)I ’(1)I 一pl 2．，I (1)I ， (3．1) 

Let iR de~ote the inlagi彻 axis． 

I蠢锄蚴 1 As： ⅡIle tll蜀Il口l+口2>0，卢l+卢2>0 

and that Condition S holds，then R c lD( )，the re． 

solvent set of ． 

P啪 f W e prove only the case of口l= l = 0
， 

a2> 0， >0，aS for the d：her cases，the pmofis sim． 

ilar．Since has compact resolvent．it is sufficient to 

prove R n 。(A)= ．If not，then there exists a 

nonzero eigenval~ i ∈ R0f ．Let =[ ， ， ， 

， ， ]T∈ D( )be an ei In ncdoIl of COITe． 

signaling to i ．From Assumption S and the fact that 

0=Re(( 一i ) ， ) = 

一  f)- z)1 2_ (f) 

(3．2) 

we have (Z)= (Z)and (Z)=0．So 

0=i 车一K(1)( (1)一 (1))= i S= 

i (Mz(Z)一口2( (Z)一 (Z)))= 

i (Z)=(i ) Mw(Z)， 

and hence (Z)= 0．Similarly，we caIl derive that 

(Z)=0．Then it follows that and satisfy 

f(K( 一 )) + Ow=0， 

{(gko ) 一 ( 一 )+ =0， 
L w(0)= (0)= (1)= (1)= (1)= (1)=0． 

Thm，it is trivial to deduce that ( )= ( )=0， 

V ∈ [0，Z]，and therefore =0，a contradiction． 

The proof is then complete． 

Based on the criterion of asymptotic stability in[9]， 

we get the main result in this section： 

-Iheorem 3 Suppose that al+a2>0，卢l+卢2>0 

and that Assumption S holds．Then for any initial s1．ate 

y0∈ the energy E(t)correslx)nding to the solution 

ofⅡle closed loop system (2．4)decays asyn~ fically． 

i．e．， 

lira E(t)=0． 

4 E】 伽嘲Itjal decay of closed lo0p sys- 

tI m  

In this section，we derive that under the condition of 

口l，卢l=0，口2， >0，Ⅱle closed loop system(2．4)is 

of exponential decay．The main result in this sI自cIion is 

the following： 

田le咖 4 Suppose that口l，卢l=0，口2， >0． 

Then the energy cxme．sl~nding to the closed loop system 

(2．4)decays ex 伽 y，i．e．，for every y0∈ 

mere exist positive const~lts C， ，independent of y0， 
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such that 

E(t)≤ Ce ll y0 ll ． 

Proof According to[10]，it foNows from Theorem 

1 and Lemma 1 that we need only to prove that 

sup 『I( 一 )一 『I<+ 
∈̂ R 

Assuming the contrary，then by vi_rtue of the continuity 

of(i 一 )一 ，there must be ∈iR and Zn=[t ， 

Zn ， ， ， ， ]T∈ ( )，n=1，2，⋯such that 

ll lI =1，I I一+∞(as n一 ∞)， 

(4．1) 

and 

ll( 一 )Zn ll 垒 ll ll =o(1)， 

(4．2) 

where and afterwards，Z =( 一 ) = [面 ， ， 

， ，季 ， ]T，‰ =o(1)means that‰一0，(n一 

∞)for every{a }． 

From(4．1)and(4．2)， 

(Z ，Zn) = 

㈩  (1)I2+ 

—

EI(广1)fl2 I (z)I + ll + 

j。l ( 一 ：)( 一 )一( 一面 n)( 一 )] + 

j [ ： 一 ：]d =。(1)· (4·3) 
Hence，we obtain 

Re( ， ) = 

]aEK (1)I‰(z)一 ：(z)i2+El(
J

1)f12 I (z)12
=o(1)． 

(4．4) 

Referring to the facts that ，。 一Zn= 面 and n一 

= ，we get 

— ilm{( ， )穷}= 

I2d戈+ 一 d 一 

j．：．D· · d 一j． · · d 一 
I I2_ I =。(1)． (4．5) 

From (4．2)一 (4．5)and the fact that 一 

K(z)( (z)一 (z))= ，lI +o(1)=季 =o(1)， 

and 叩 +Et(z) ：(z)= +o(1)= =o(1)， 

we have 

Mz (1)一 2( (1)一 ：(1))=  ̂ (1)+0(1)=0(1)， 

却 (1)+ (1)=地 (1)+0(1)=0(1)． 

Thus it follows from(4．1)一(4．5)that 

f‰(1)一 ：(1)=o(1)， (1)=o(1)， 

I Zn(1)=o(1)， (1)=o(1)， 

I nl (1)=o(1)， (1)=o(1)， ；o(1)， 

I =o(1)， =o(1)，仉=o(1)， 

{J'：．o· · d +j．： · · 一 1=。(·)， 
K 一 +j． · I2d 一 =。(1)， 

d + I2d 一 1 =。(1)
． 

IlO(MleMlXp+(e - 一1)p )I I d + 

2Re I K(e - 一1)ff),9,dx=o(1)， (4．9) 
J n 

I：(MIeMlXlp+(e - —1) )I ‰1 2dx+ J 0 ’ 

I‘(MieMl聊 一(e - 一1)E／ )I 1 2dx— 
J 0 

( - -1) t-- t -0(1)． (4·10) 

I‘(MleMl +(e - 一1)ID )I ，， 1 2dx+ J 0 。 

I：(MleMlXlp+(e l —1) I 1 2dx+ J 0 ’ 
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广l l(MieMl=EI)一(eM- 一1)E／ )l -- f 12dx=o(1)， 
J 0 

(4．11) 

which，when M i is large enough，is all obvious contm- 

diction to(4．6)，the proof is then complete． 
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